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Investigations of nonlinear electron oscillations in a cold plasma where the thermal motions may be 
neglected indicate that except for the simplest one-dimensional situation such oscillations will destroy 
themselves through the development of multistream flow. It is found possible to give an exact analysis of 
oscillations with plane, cylindrical, and spherical symmetry. Plane oscillations in a uniform plasma are found 
to be stable below a critical amplitude. For larger amplitudes it is found that multistream flow or fine-scale 
mixing sets in on the first oscillation. Oscillations with spherical or cylindrical symmetry develop multistream 
flow almost always, independent of the amplitude. The time required for mixing to start is inversely pro 
portional to the square of the amplitude. Plane oscillations in a nonuniform plasma are also found to exhibit 
this type of behavior. Some considerations are also given to more general oscillations and a calculation is 
presented which indicates that multistream flow will usually set in. 


I. INTRODUCTION 


INEAR theories of electron plasma oscillations 
have been extensively investigated.!~> Such theo- 
ries serve as a basis for understanding such oscillations, 
but of course give no indication of the part played by 
nonlinear effects. It might be expected that nonlinear 
effects would be important in the generation and decay 
of these oscillations; therefore, it seems worthwhile to 
investigate these effects. 

In this paper some nonlinear longitudinal electron 
oscillations in a cold plasma are investigated. The 
plasma is taken to be infinite in extent and free from 
static fields. It is assumed that the positive charges can 
be treated as a smoothed out background charge and 
that the electric fields can be computed from average 
charge densities. 

It turns out that oscillations with plane, cylindrical, 
and spherical symmetry are particularly simple. They 
can be analyzed exactly, and are, therefore, quite useful 
in indicating what types of nonlinear effects exist. 
Oscillations of an arbitrary form are more complicated ; 
they must be treated by some approximate method. 
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Only a very limited discussion of these will be given. 
A general approach to nonlinear effects has been given 
by Sturrock.® The work presented here is quite different 
from his. Some particular cases which can be treated 
exactly are presented rather than a general method. 


II. PLANE OSCILLATIONS IN A UNIFORM PLASMA 


First consider the case of plane oscillations. Let the 
electrons vibrate back and forth in the x direction, with 
all those particles in a given y, z plane having similar 
motions. Since the y and z coordinates do not enter 
into the equation of motion, they may be dropped from 
the discussion. Let x) and X(x») be the equilibrium 
position and displacement from the equilibrium posi- 
tion. The position of the electron is, therefore, given by 


X= xo +X (xo). (1) 


In moving the distance X (xo), the electrons in the xo 
plane passed over an amount of positive charge which 
is equal to emoX per unit area. The quantity m is the 
equilibrium number density of the electrons. If the 
ordering of the electrons in the x direction is not 
changed, then all electrons which were originally on 
the positive side of a given electron (initial position 
>.) remain on its positive side, and all those electrons 
which were originally on its negative side remain on 
its negative side. Thus, if XY is taken positive for the 


ep. Sturrock, Proc. Roy. Soc. (London) A242, 277-299 (1957). 
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Fic. 1. E/Emax as a 
function of x, for various 
values of A. 





sake of argument, there will be an excess positive charge, 
enoX per unit area, on the negative side of the electrons, 
and an excess negative charge, —emoX per unit area, 
on its positive side. It is necessary that no charge be 
added to or withdrawn from the system at plus and 
minus infinity. Since this is a one-dimensional problem, 
Gauss’ theorem gives the electric field at the electron 
to be 


E=4renX. (2) 


The equation of motion for the electron is 
mi?X /d?= —eE= —4re’'noX, 


@X/df=—w,2X. (3) 


This is the equation of motion for an harmonic oscil- 
lator. Its general solution is given by 


X (xo) = Xi (xo) sinwpl+X2(xo) coswol, (4) 


where X, and X» are arbitrary functions of xo. Thus 
each electron executes simple harmonic motion about 
its equilibrium position independent of its amplitude 
and independent of what the rest of the electrons are 
doing, provided the ordering of electrons in the x 
direction is maintained. 

The ordering of the electrons is maintained provided 
the change in X for a change Ax of the equilibrium 
position is greater than — Axo. Thus if the inequality 


0X/dx> = 1 (5) 


is satisfied, the ordering of the electrons is not changed. 
The quantity 0X/dx» satisfies the same equation as X, 
as can be seen by differentiating Eq. (3) with respect 
to xo. Therefore the expression 


W =w,2(AX/dx0)?+ (AX/Ax0)?, 


which corresponds to the total energy for the oscillator, 
is independent of time. Hence, if W is less than w,? 
initially, Eq. (5) is satisfied for all time. 

Nonlinear traveling waves in a cold plasma have 
been found by Akhiezer and Lyubarskizs.’? Their 
solutions are special solutions to the nonlinear equa- 
tions. Actually any solution to the nonlinear equations 
can be built up from their solutions although they did 
not recognize this due to the complex nature of their 
method. They also apparently did not realize the 
amplitude limitation which exists for their solutions. 

7A. I. Akhiezer and G. Ya. Lyubarskizs, Doklady Akad. Nauk. 
S.S.S.R. 80, 193-195 (1951). 
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An interesting special solution to this problem is 
given by 


Xi=0, X2=A sinkxo. (6) 


Consider the situation at ‘=0; then one has the fol- 
lowing relations: 


X=A sinkxo, 
E=4renA sinkxo, 
x=Xot+X=A0+A sinkxo. 


One may find E as a function of x by eliminating xo 
between Eqs. (7) and (8). When this is done and the 
ratio of E to its maximum value is plotted against x, 
curves like those shown in Fig. 1 are obtained. For 
small A the curves are essentially sine waves. As A gets 
bigger, the waves distort and the maximum and mini- 
mum move toward x=2/k. When A is greater than 
1/k, the curves are no longer single valued. Since FE 
must be single valued function of x, this situation is 
clearly impossible. For A greater than or equal to 1/k, 
Eq. (5) is no longer valid. The ordering of the electrons 
is not maintained and the derivation of the equations 
of motion is no longer valid. For oscillations with such 
large amplitudes as this, there will be fine-scale mixing 
of the various parts of the oscillation and its seems very 
probable that this mixing will destroy the oscillation. 
Also, when this occurs there are regions of infinite 
electron density and density gradients, and any viscous 
effects, which exist in a real plasma, will have large 
effects. 


Ill. CYLINDRICAL AND SPHERICAL OSCILLATIONS IN 
A UNIFORM PLASMA 


An analysis similar to that which was applied to the 
problem of plane oscillations may be applied to radial 
cylindrical and spherical oscillations. Here the electrons 
oscillate back and forth along the radii of either a 
cylinder or a sphere. The equations of motion for these 
two cases are given by 


Tne? 
[(ro+R)?—re?] for a cylinder, 


@R 
i tetR 
@R Aarne” 


sit nseitlibenelpseaslastindu 
d? 3(ro+R)? 


(10) 


[(ro+R)?—ro*] for asphere. (11) 


In Eqs. (10) and (11), 70 is the equilibrium radial 
position of an electron, and R(ro) is its displacement. 
For the cylindrical case, reno(ro+R)* is the amount of 
positive charge within the cylinder on which the 
electron lies: reno(ro)? is the amount of negative charge 
within this cylinder and (r+) is the electrons’ 
distance from the center of the cylinder. The terms 
appearing in the equation for spherical oscillations have 
similar meaning. In the derivation of these equations 
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it is assumed that the ordering of the electrons along 
the radii is maintained. 

Equations (10) and (11) can be put in dimensionless 
form by letting R/ro=p. Making this substitution, one 
obtains 

d’p (p+1)?—1 
Se ns 
(p+1) 


(o+1)*—1 
bay | | (13) 


dt? 
(p+1)? 


These are the equations of motion for anharmonic 
oscillators. The period of these oscillations, therefore, 
depend on their amplitude. Thus, unless all the particles 
have the same amplitude of oscillation (same value of 
Rmax/to), particles with different equilibrium radii will 
have different periods. 

Now consider either two concentric cylinders or 
spheres which have their equilibrium positions sepa- 
rated by less than the amplitude of oscillation. Then 
after a certain length of time the inner cylinder or 
sphere will be going out while the outer one is coming 
in. They will, therefore, cross and there will be fine- 
scale mixing of the type considered for large-amplitude 
plane oscillations, it seems likely that these oscillations 
will destroy themselves by this means. 

The period for the cylindrical and spherical oscil- 
lations may be computed as a function of amplitude. 
One finds that to second order in the amplitude, the 


periods are given by 
Qn Dies 
r= (.—" + ‘), cylinder 
Wp 12 
: ‘). sphere 


Vine 
eget 
Wp 48 


The length of time required for the fine-scale mixing to 
start is roughly the length of time it takes two cylinders 
or two spheres separated by twice the amplitude of 
oscillation to become half a period out of phase. That 
is, 


(14) 


(15) 


n= t/71= N2t3= (t/72) 44, (16) 
where m, and 7; are the number of oscillations and 
period of the inner sphere or cylinder and m2 and 72 
are the corresponding quantities for the outer sphere 
or cylinder. Since the two shells will be close together, 
T2 is approximately given by 


t2= 71+ (dr/dro) (2Rmax)- (17) 


Thus one finds that the length of time for fine-scale 
mixings to begin is given by 


t dr 
oa “(Ziengs) 


Tr dro 


=+3, (18) 
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or 


1 Tr? dro 
fe, 
4 Rinse dr 


Substituting in the expressions for 7, one finds 


=——_—___———,_ cylinder 
P 
Ress (Rites ‘dro) 


6 (21/w re 


t= > ° 
7 Rises (Ries /dro) 


sphere 


IV. PLANE OSCILLATIONS IN A 
NONUNIFORM PLASMA 

Another example of an oscillation which exhibits the 
fine-scale mixing phenomenon is given by electron 
oscillations in a plasma of nonuniform density. Con- 
sider the case of a plasma with density variations in 
the x direction, but with no variation in the y and z 
directions. Let the electrons vibrate back and forth in 
the x direction. An analysis similar to that given before 

leads to an equation of motion of the form 


PX /d? = —F(X,xo), (21) 


tyt+X dre’ 
F= J ——o(x)dx. 


0 m 


where 


In this expression x» and X have the same meaning 
that they had in the section on plane oscillations in a 
uniform plasma. The quantity mo(«) is the background 
density of ions. Here, as in the case of spherical and 
cylindrical oscillations, the frequency depends on the 
amplitude. It also depends on the initial position of an 
electron. Because of this, fine-scale mixing will almost 
always occur. In addition, regions of the oscillations 
which are separated by large distances will have very 
different frequencies. The results of this will be that 
coherent oscillations cannot be maintained over large 
regions of the plasma. Considerations similar to those 
given for the case of spherical and cylindrical oscil- 
lations show that, to lowest order in the amplitude, the 
time it takes for mixing to start is given by 


Tv 


a (22) 
2(dw»/dx)X 


l 


V. MORE GENERAL OSCILLATIONS IN A 
UNIFORM PLASMA 
More generally shaped oscillations are not so easily 
treated. One may, however, obtain a differential 
equation for their motion, which is similar to Eq. (3). 
Let (xo,¥o,Z0) be the equilibrium position for a particle. 
Let X (X0,V0,20), Y (x0,¥0,20); Z (X0,¥0,20) be its displace- 
ment in the x, y, and z directions. In vector notation, 
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the equilibrium position may be written in the form 
ro=ixot+jyotkz, (23) 

while the displacement may be written as 
R=iX+jY+kzZ. 

The position of a particle in space is given by 


r= rot R. 


(25) 


Now consider the particles which, in their equilibrium 
position, occupy the volume element dVo. After the 
displacement they will occupy the volume element dV. 
The displacement of the particles may be viewed as 
a mapping of the ro space onto the r space. If this 
mapping is single-valued and regular, then the two 
volume elements, dV» and dV, are related by the 
Jacobian of the transformation. Thus one obtains 


O(X0,Vo,Z0, 
. —dV =dVo. 
0(x,y,2) 


(26) 


If mo is the equilibrium number density of electrons, 
then their number density after the displacement is 
given by 

ndV = nod V 0, 
or 


O(X0,Y0,%0) 


n= Ny—— , 
0(s,y,2) 


and the charge density is given by 
p=—e(n—Mm). 
Poisson’s equation becomes 


O(x0,¥0,20) 
V,-E= - tren -1] 
O(x,y,2) 


(28) 


The subscript r indicates that the divergence is to be 

taken with respect to the spacial coordinates r; not 

with respect to the initial position coordinates 19. 
Equation (28) can be converted into 


V,-E=4renV,-{R—3 R(V,-R)—R-V,R] 
+é3[R((V,-R)?—V,R:V,R)+2((R-V,R)-V,R 
—R-V,RV,-R)]} =4remV,-W. (29) 
All terms on the right-hand side of Eq. (29) have the 
usual dyadic meaning. One may verify Eq. (29) by 
writing the right-hand sides of Eqs. (28) and (29) in 
terms of X, Y, Z and their derivatives and compare 
results. (This is a rather tedious computation and will 
not be given here.) For one-dimensional oscillations 
only the R term appears on the right-hand side of Eq. 
(29) ; for two-dimensional oscillations R and }R[(V,- R) 
—R-V,R] appear, and for three-dimensional oscil- 
lations all the terms appear. 
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Equation (29) gives the divergence of E in terms of 
the divergence of a rather complicated expression W. 
Thus E must be equal to 4reno" plus the curl of some 
function P. 

The magnetic field is assumed to be negligible since 
for electrostatic oscillations the displacement current 
cancels the electron current. Therefore, the curl of E 
is zero. The function P must be chosen so as to make 
this so. If E were simply set equal to (4reno¥) this 
would not in general be true. For example, if the 
motion were a one-dimensional shearing motion such 
that 

A= V oyo, X= Voyol, 
Y=0, Y=0, 
Z=0, Z=0, 


then all the terms in the expression for YW except R are 
zero, and R is the curl of k,Voy’/2. Since V-R is 0, E 
may be set equal to 0 and P is equal to — k,AmenoV oy"/2. 
No electric field is set up by such a shearing motion. 
P in effect cancels out the shearing terms on the right- 
hand side of Eq. (29). Shear motions will give rise to 
magnetic fields, but these have been neglected. 
Equation (29) may be used to determine &. Then 


VXVXP=—4remVXW. (30) 


The solution of Eq. (30) determines P, and once P is 
known E is determined by 


E=4renh¥—VXP. (31) 


The motion of the particles is found from Newton’s 
equations of motion. All these equations must be solved 
in a self-consistent manner. 

It may be verified that the plane, cylindrical, and 
spherical solutions discussed earlier, satisfy these 
equations. It also follows from these equations that 
small curl-free disturbances obey the equation 


@R/d?P=—w/PR, w,?=4re'no/m. (32) 


Thus all such disturbances oscillate with the plasma 
frequency. 

Large-scale oscillations other than those already 
discussed can not be analyzed exactly. Some approxi- 
mate method such as expanding the motion in terms 
of the amplitude of oscillation must be employed. A 
complete analysis of this type has not been carried out. 
However, the following example may serve to show how 
things go. 

Consider the case of a two-dimensional oscillation. 
Equation (31) reduces for this case to 


E=4reno: {R—3[R(V,-R)—R-V,RJ}+VXP. (33) 


The two dimensions in which the oscillation takes place 
may be chosen to be the x, y space. Equation (33) may 
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then be written in terms of X and Y to give 


iF.+jE,=4reno{iLX+4(X (OV /dy). 
~V(dX/dy)) +i ¥+3(¥ (0X/dx), 


—X(dV/dx),) }+VXP. (34) 


The equation of motion is given by 


i(d?X /d?)+j(@YV /d?) = —w,7{i_X+4(X (dV /dy). 
—¥(dX/dy).) ]+j[V+3(¥ (0X/dx), 


—X(dY/dx),) ]}—(e/m)VXP. (35) 


) 


It must be remembered in solving Eq. (35) that dX /d? 
and @’Y/df are second time derivatives keeping the 
particle constant (constant x9 and yo), while the de- 
rivatives on the right-hand side keep the spacial 
coordinates x and y fixed. ; 

Now consider the problem where X and X andY 
and Y, at time ‘=0, have the values given below: 


X= eX, sinK 1% sina, 
X= €W»X 9 sinK xo Cosa, 
Y=e¥ 9 sinK oy sing, 
Y= ew y sinK2yo cos. 


Here ¢ is to be small. To first order in € the above initial 
conditions will give rise to two plane oscillations at 
right angles to each other. The equations of motion 
may be solved by the following iteration method. Let 
X, and Y, be the results of the mth iteration. Let P,41 
be the P determined from X, and Y,, by the use of 
Eq. (30). Substitute X,, VY, and P,,,, in the right-hand 
side of Eq. (35) and integrate the resulting equation 
to obtain X,,; and Y,4:. The two constants of inte- 
gration are determined by the initial conditions. This 
procedure may be varied by keeping only terms of order 
e” and lower in the nth iteration. 
Take for X; and Y, the solution of the linearized 
equations: 
X1= Xo sink 1x sin(w,lf+a), 


Y1=e€Y 0 sinK2yo sin(w,f+ 8). 


(36) 
(37) 
Proceeding as described above, one finds 


a ee 
P,=k2menoe’X oY o———_[sinK 1% sinK 2yp | 
24K, 


9 


X [sin (wpf+a) sin(w»t+,) ], 
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X= Xo sinK 1% sin(w,l+a) 


1 (= } "Ko 


——— sinK 1x9 cosk | tw? cos(a—B) 
K?+K/? 


+4 cos(2w,t+a+B)+4w pt cos(a+s) ], 
Y,.= eVo sinK 2vo sin (w»l+B) 
1 eX 0K 
soe 
2 K?+Kr 
+4 cos(2wpf+a+)+jw,t cos(a+p) ]. 


-f- 
2 
(39) 


sinK eyo cosK 1x0 4w,"l cos(a+f) 


(40) 


If one goes further and calculates X;, keeping only 
terms of order é& and lower, one finds 
X3= Xo sinK 1x» sin(wyf+8) 
1 PX oVoK 
2 Ret Ry 
+ cos(2wpt+a+fP)+ wt cos(a+ fp) 
— (1/48)w,‘t4 cos(a—B)+ 33 cos(2w,!+at+8) 


sinK 1x» cosK syol tw, cos(a+) 


— (1/24)w,*f cos(a+f) ]+higher order terms. (41) 


A similar expression is obtained for Y;. Higher iterations 
give only terms of order é and higher. From the equa- 
tion for X; it is clear that X, is no longer periodic with 
period w,. There are terms which increase with time. 
These can be interpreted as a change in frequency, 
amplitude, and phase of the oscillation. These terms 
depend on the position of a particle and on the relative 
phase a+ of the two waves. Thus, particles at different 
positions will in general get out of phase. This is similar 
to what happened for cylindrical and spherical oscil- 
lations. It seems likely that the mixing phenomenon 
found there will occur here also. In fact, it seems likely 
that it will occur for almost all oscillations. 

Sturrock® has found results of a similar nature by a 
much different method and for the quite different case 
of two plane oscillations whose planes of oscillation are 
tilted slightly with respect to each other. 
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Simplified Treatment for Strong Short-Range Repulsions in 
N-Particle Systems. I. General Theory* 
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A new variational approach is developed for studying the properties of systems of particles interacting 
through singular short-range repulsions that give rise to strong two-particle correlations. The correlated 
trial function ¥,=e%@, (state y) results, with proper choice of S, in a simple form for the energy expectation 
value (H)—as well as for other matrix elements of interest—which is devoid of all reference to the strong 
repulsions except through e?5 factors and hence is particularly suited to calculation. In many cases an inde- 
pendent-particle type ®, seems appropriate. The cluster evaluation of this form for (H) is discussed, both 
in the few-particle and many-particle cases. Using the techniques of Iwamoto and Yamada, simplified 
convergent cluster expansions for the energy expectation value are derived for many-fermion and many- 
boson systems. A program for application of this method to nuclear problems is being initiated. 


1. INTRODUCTION 


HE goal of this paper is the development of a 
simple variational procedure for determining the 
wave function and energy of an N-particle system in 
which short-range repulsions produce marked two- 
particle correlations. The essence of the method is the 
choice of a trial wave function of the form VW = eS, with 
the correlation function e* so chosen that, when W is 
inserted in the energy expectation value (H), terms are 
generated which cancel out the short range repulsive 
potentials. For the physical systems considered here, 
the resulting expression for (H) may be brought into a 
particularly simple form. The subsequent prescription 
for evaluating (H) always involves a cluster expansion. 
A similar approach of less specific nature has been 
developed, and applied to systems with short-range 
hard-core interactions, by several authors, notably 
Dingle,' Jastrow,? Iwamoto and Yamada,** Iwamoto,° 
Dabrowski,®? and Emery®: in place of the factor e* 
a product of two-particle correlation functions is 
assumed; its parameters are determined by a varia- 
tional procedure. Emery,* in particular, has discussed 
the general restrictions on the choice of such a trial 
function. The cluster expansion technique for the 
evaluation of the resultant expression for (1) was first 
introduced by Jastrow,? a more systematic treatment 
of the cluster method being given later by Iwamoto 
and Yamada.’ 

In Sec. 2 an equation for S is derived. The vital 
criterion to be satisfied is the following: the transforma- 
tion Y,=e', should produce a form for the matrix 
element of the Hamiltonian between stationary states 


* Supported in part by the Office of Scientific Research. 

1R. B. Dingle, Phil. Mag. 40, 573 (1949). 

2 R. Jastrow, Phys. Rev. 98, 1479 (1955). 

%F. Iwamoto and M. Yamada, Progr. Theoret. Phys. Japan 
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reprcsented by Wg, Wa in which the short-range repul- 
sion term in the interaction no longer appears. S is 
further chosen so that this expression for (Ws,HV,) has 
an appealingly simple structure. Next (Sec. 3) the 
correlation factor e* is specialized permanently to a 
product of two-particle correlation functions e%%, 
(i,j=1,---, NV). Suggestions are offered for dealing 
with certain three-particle terms which then arise in 
the relation previously derived for S. A rough estimate 
of their size is given in Appendix A. The gross char- 
acter of the S,; is found to be such that the wave func- 
tion V, vanishes very rapidly when two particles in the 
system come close together—as it should. In Sec. 4 
we set a=8 and look into the physical meaning of the 
resulting energy expectation value; the forms assumed 
by other matrix elements of physical interest, when we 
insert V,=e',, are also investigated. In Sec. 5 the 
choice of the “‘model function” ®, is discussed. An inde- 
pendent-particle type ®, should be quite satisfactory 
for many problems. Section 6 presents a cluster method 
for evaluating (H) (hence V) for systems in which N is 
small. If V is small enough, say four or less, it is possible 
to include, without excessive labor, the contributions of 
all the clusters. Here our interest focuses on the very 
light nuclei H*, He*, and He‘. Explicit formulas are 
given for V=3. In Sec. 7 we follow the lead of Iwamoto 
and Yamada‘ to set up a convergent cluster develop- 
ment of (H) for both many-fermion and many-boson 
systems, with our special choice of two-particle correla- 
tion function. The expansions obtained are considerably 
more manageable than those of Iwamoto and Yamada, 
and should be especially useful in nuclear problems. 

In Appendix B an alternative approach is pursued, 
starting from the many-particle Schrédinger equation 
with eS substituted for the wave function ¥. The 
result is a Schrédinger-type wave equation for ® with 
a non-Hermitian correction term. Some preliminary 
calculations indicate that this approach has only 
limited usefulness. 

Utilizing just the results of Sec. 1, we exhibit in 
Appendix C the beginnings of a perturbation method 
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(to general order) valid for interactions including 
strong short-range repulsions. The matrix elements 
that appear differ from those of ordinary perturbation 
theory only in the presence of e* factors. 

Our discussion has developed from a study of nuclear 
problems, but actually the variational treatment 
sketched above has a much wider field of application. 
Thus the terminology is kept as general as practicable. 


2. FORMAL DEVELOPMENT OF THE METHOD 


Consider a system of JN identical nonrelativistic 
particles of mass M, the coordinates (space, spin, and 
isospin) of the k&th particle being denoted collectively 
by a. We write the Hamiltonian for the system in the 
general form 

H=K-+V, (1) 


with K the sum of the free-particle Hamiltonians, 


i? 
(2) 


and V the interaction term (not necessarily a sum of 
two-body interactions alone.) Then V is decomposed 
into 


V=VatVr, (3) 


such that Vz contains all the strong® short-range inter- 
particle repulsions that may be present, but is otherwise 
unspecified for the moment. 

For our work we take the wave function of the sys- 
tem, in any stationary state y, to have the structure 


W,=e,, (4) 


where S is a real function of the particle space co- 
ordinates r,, (k= 1, , V), chosen, when possible, to 
eliminate Vz from all matrix elements (Vs,HW,.). In 
the calculations, the ‘“‘model wave function” ®, will be 
treated as a tria! function, and will, most often, be 
taken to resemble the wave function for the system in 
the absence of Vr. 

The next step is to derive an appropriate differential 
equation for S. From (1), (2), and (3), we have 


(W3,HV.) = J V,* |-" 


“©The inte interparticle repulsive oil is called strong if the 
probability of finding two particles close together is greatly re- 
duced by the presence of the repulsive potential. If the repulsive 
potential is not strong in this sense, the energy shift generated by 
it can be evaluated by techniques which are adequate for the 
attractive long-range component, in particular the first and second 
order Hassé, Brillouin-Wigner, or Schrédinger procedures or 
suitable refinements on these procedures (including calculation 
of third-order contributions and uniform displacement of the 
zeroth-order spectrum). In this connection see, for example, 
A. M. Feingold, Phys. Rev. 101, 258 (1956); P. Goldhammer and 
E. Feenberg, Phys. Rev. 101, 1233 (1956); M. Bolsterli and 
E. Feenberg, Phys. Rev. 101, 1349 (1956); and W. J. Swiatecki, 
Phys. Rev. 103, 265 (1956). 
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where the 


N 
J- II dx, 
n=1 


implies an integration over the position variables r, 
and summations over spin and isospin variables mz, tn, 
for each particle of the system (n=1, V). Inte- 
grating by parts and then inserting (4), we see 


= fvetanve = [vee . Viva 


= fest ( VS) *bs*h, + V.,* . ViPa 


+VpS:Vi(bs*ba) ]. 


Another integration by parts converts the last term to 
fesves: Vi (,*,) = fetausy+2 VS)? }bg*,. 


Now we assume Vr may be chosen such that 


9 


1 
— > [(V:5)?+ (AS) ]=Ve (6) 
2M « 


is soluble for S,° in which case our matrix element 
reduces to 


(W3,HV.) 


h? 
= J | es z. V ,* ° ViPot+ eS 3* V ,4e°@, - (7 ) 
| om 


So if V4 commutes with S," the transition matrix ele- 
ment (state a to state 8) assumes a particularly simple 
form, 


(H) pa= (W3,HV.), ‘(We a)! (Wa,Va)! 


h? 
e fen 2 Vishy* + ViPatbs*V bal 
(8) 


L 


e H 
— (fesnen) ( fes.%.) 


0 This assumption is tenable for a wide range of problems. See 
Sec. 3. 

Note added in proof.—A more flexible procedure results from 
replacing Ve in Eq. (6) by wVp, the parameter yu then entering 
into the calculation of the energy as a variational parameter. 
Since eS Vp vanishes when two particles come together the presence 
of a term (1—y)Vp in the transformed matrix element of H is not 
objectionable. This change can be incorporated in the formalism 
simply by substituting Va’ = Va+(1—u)Ve for Va and wpVe for Ve 
in all equations after Eq. (6). Calculations in progress on the 
ground-state properties of liquid He* confirm the usefulness of 
the more flexible procedure. Especially simple relations are found 
using the Lennard-Jones 10-6 potential. 

41 Tn Sec. 4 we shall study the matrix elements of some operators 
that do not commute with S. 
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a form well suited for calculations, as we shall see. Note 
Vr has been completely removed—the short-range 
repulsions manifest themselves only in the “weight 
factor” e’S multiplying each volume element [[ndrp. 
In fact we may obtain this result from the matrix ele- 
ment in terms of V, written as 


h? 
i)ae= f |— 
2 


Viv* ° VivatW,* VY, / 
k 


(fem) (Sor) 


merely by replacing VW or &, V by Va, and J],dr, by 
2S] [,drn, or, equivalently, from the form assumed by 
(9) when the short-range repulsions are absent (V=®, 
V=V,) by J] ,dr. > e]],dr, alone. 

We emphasize that this development, as it stands, 
does not apply to strong short-range repulsions that 
are state-dependent, because S is assumed to depend 
only on the r;, and hence, by (6), so must Vr. If we do 
permit state dependence in S, a simple form for (H)ga 
like (8) (except with the e’’ factors applied to one of 
the ®’s) may be realized, for S a solution of (6), but 
only if 

[e5,V.S ]=[e5,A,S]=0, (i=1,---,N). (10) 
and consequently only if Vr, as well as V4, commutes 
with S. However, for the most useful state-dependent 5S, 
namely 


S=D [Si5? (ri +55 (riorv-o;], ?— | rT; I) 
i<j 


the requirement (10) is not met, so instead a very 
complicated expression for (H)ga involving the nonzero 
commutators [e%,V,5S] and [e%,A,S] results. In any 
case the greater flexibility in Vz allowed by a state- 
dependent S does not seem to justify the added com- 
plications—and we shall rely on a simple state-inde- 
pendent S in all subsequent discussions. 


3. REMOVAL OF STRONG SHORT-RANGE 
TWO-PARTICLE REPULSIONS 


In the presence of strong short-range (wo-particle re- 
pulsions—this is the case of vital physical importance 
we choose 

S= > Su, (11) 


(i,7) 


(2, 7=1,---,N), 


with S,; a function only of the separation r,; of particles 
i and j. S;; is defined to vanish. (Here, and in the future, 
we adopt the summation notation of Iwamoto and 
Yamada: > (i1,---,in,) means sum over all combinations, 
Ddia,--+,in, Sum over all arrangements, of the NV possi- 
bilities 1, ---, V for the m indices 1, ---, 7,. An analo- 
gous notation is to be used for products.) Then, by 
virtue of the symmetry of S;; in 7 and 7, it is easy to 
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reduce (6) to 

h? 
Vr=— DL L(VSi)?+ (AS) +L (ViSin- VeSij) J. (12) 

M wn k 
For later reference, observe at this point that 
YS YK (VS: VeSe;) 
(i,j) k 

= es [(ViSix ® VieSkj) + (ViSji° ViSix) 
(i,7,k) 
+(VjSij- V5S5s) J. 


Ve= dD Vi;*, 


(i,9) 


(13) 
(14) 


Next, writing 


where V;;" is the corresponding interaction potential 
of particles i and 7 inside the system, we make the 
identification 


h 
ye vsult (ASiQth (ViSix- VieSkj) ]= Vij”. (15) 


The presence of the three-particle terms (V,5 i%-ViSi;) 
should in many cases cause no discomfort; this is borne 
out by the estimate of their importance given in 
Appendix A. In some problems, however—in particular, 
in those problems in which the contribution to (H)sa 
of these three-body terms outweighs the effect of any 
such interactions known to be present—it would be 
advisable to redefine S;; and V ;;* so that no three-body 
terms appear in the differential equation relating them: 


h 


yest (AiSi;) J=Vi5*. (16) 


Then, of course, such terms (now not associated with 
the interactions of the system particles) would turn up 
instead in the transition matrix element. Unless other- 
wise indicated, though, we shall adhere to definition 
(15). We expect it to be quite satisfactory in nuclear 
problems (see Appendix A). For N=2 both choices 
give the same result: 


h? 
ye Vesa + AsSu) Jou. (17) 


[When the pair i, 7 is isolated, we denote V ,;* by 0,;*. 
The assumption that many-body forces are absent from 
Vr is equivalent to setting V ;;*=»,;" for ail N. Obvi- 
ously, then, V;;*=0,;" in (16). ] 

In performing calculations, we are faced with two 
alternatives, the choice between them depending on 
the extent and detail of our phenomenological knowl- 
edge of the system at hand: 

(1) If the form of the core” is considered known, as 

12 By “core” we mean that portion of the overall two-particle 
potential v;; (isolated 7, 7) which becomes positively infinite very 
rapidly as r;; > 0. (We shall not be interested in cases for which 
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in the case of a collection of He® or He* atoms, (17) 
must actually be solved for S;;. It is here that we use 
whatever flexibility remains in Vr, to render (17) as 
easily soluble as possible. 

(2) If the shape of the core is ambiguous, as in the 
nuclear problem, a satisfactory recourse is to choose 
Sj; so that 0;;*, as given by (17), is very singular, and 
positive, for r;=1,;, but goes to zero rather quickly as 7 
and 7 separate. This is easily done: for example 

e77/ar 
Sij ss ane Br—, 
r 


nh? 1 2 1 Br 
| Bat(—+—+ raat )e tier ever} 
M rv Par rap rap? 


which, for Br large and az of the order of the core 
radius, has the required properties. 

In the problems that concern us the gross nature of 
Si; will clearly be characterized by 


Br>0,, t=fu, 


leads to 


Sy = 2, 


r—0 ( 1 8) 


Sij ee 0, 
r>C 


which forces the wave function VW, of (4) to vanish very 
rapidly as two particles in the system come close to- 
gether, and approach ®, as all particles in the system 
recede from each other. The approach to ®, is also very 
rapid if S;; has very short range, as will often be the 
case. This is just the sort of behavior expected on 
physical grounds. The short-range two-particle repul- 
sions quite evidently assist in the realization of 
saturation. 

In our treatment we do not deal with hard cores, of 


the form 
14;%= + ©, 


dee | ar a OMe 


‘KC, 


but this does not seem, at present, a disadvantage, since 
we can choose 2,;* to be extremely strong, and ex- 
tremely singular, for small r. 


4. SIMPLIFIED EXPRESSIONS FOR SOME MATRIX 
ELEMENTS OF PHYSICAL INTEREST 
First of all, if we set Pg=,=® in (8), (H)ga be- 
comes just the expectation value of the energy of the 
system (in state a) 


(H)aa= (H) 


he 
= f eo — vi" Vib 20} ‘i f ESH*p, 
k 
(19) 


V,;® is taken finite at r;;=0.) The radius C of the core is defined 
as that value of r;; at which 1; vanishes. Obviously, this quantity 
is somewhat state-dependent in the nuclear problem. 
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a formula upon which the major part of our work will 
be based. Specifically, what has happened is this: be- 
cause of our choice for S (and hence, to some extent, for 
V r), the contribution to the expectation value of the Vz 
term in the interaction part has been completely can- 
celled out by correlation contributions (both negative 
and positive) to the kinetic energy part, leaving the 
above form for (#7), in which the only residual influence 
of the short-range repulsions is embodied in the corre- 
lation factor e*S. Now the factor e*’ greatly diminishes 
the contribution to (H) of that portion of configuration 
space in which any two particles are very close together. 
In other words, the important contributions to (H) 
come from the region of configuration space in which 
the over-all interaction V is well approximated by V4 
and W well approximated by %. This interpretation 
supplies a strong physical argument for the usefulness 
of the form (19). For if the effect of correlations other 
than those generated by Ver (these other correlations 
being predominantly of longer range) is small, we see 
why it should be quite satisfactory to construct ® from 
appropriate single-particle wave functions. 

Before going on to outline in detail the evaluation of 
(H) for actual physical systems, we are led to study 
some other matrix elements which, when expressed in 
terms of the ’s, might allow a similar analysis. 

Some of the operators that interest us do not com- 
mute with S. To study examples of this type, let each 
particle of our system carry a charge e. Then in the 
presence of an external electromagnetic field with 
vector potetial Ay we must include in H a term 


e 
H’=—-> A(ri)-vi, 
Ck 


(20) 


where A(r,) is the vector potential of the perturbing 
radiation field, evaluated at the position of the kth 
particle, and the velocity operator v, of the &th particle 
is given in terms of its momentum operator p, by 


(21) 


1 e 
ve= __| Pe Ao(n) Ao=Ar—A. 
M c 


In spite of the fact that H,’ does not commute with 5S, 
its matrix element 


(We,H.'Va)/L (Wp, Va)! (Waa)? |= (H') pay (22) 


(which for spinless particles is just the usual first order 
nonrelativistic electromagnetic transition matrix ele- 
ment if the W’s are the true many-particle wave func- 
tions for the field absent) can still be reduced to a 
simple form in terms of ®,, &g. For we have 


[estsracen)-valest.)= foptA(n) -2S(U,S) Pq 


+ f es0ptA(n) : Via, 
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the first term of which may be transformed as follows: 


1 1 
a p*A(11)- (Vie*5)ba= —- f E5V,-[45*A(rs)ba], 


~ 


so if the gauge is chosen such that V,;-A(r,)=0, 
(k=1, ---, N), the two terms collapse to 


fecora ( rx) Vi (e5@,) 


1 
= | f ence *[bp*Viba— (Vibs*)®, |. 


Thus we obtain 


é 
(H-') a= — a dD Alta): {Ps*viPat (vuts)*Ba} / 
k 


a 
H j 
( f e%,%6,) ( f 256,40, . (23) 


Note that this may be generated from the matrix ele- 
ment in terms of V,, Vg, written in the form 


é 
He )ne=—— [ E AC) (¥stVVet (vi¥s) a) / 
Cc k 


I(f vis) ( f v"V.) ; (24) 


merely by replacing Y by ® and multiplying each vol- 
ume element [],dr, by e?S. Further, 


jsa®(r)=3 > DY es 


k metk 


x {Dg*ev. Pat ( ev,Ps)*P,} II dxXn | r=r, 25a) 


n#Xk 


plays the role of 


Jea(r)=4 + ) 


k mxtk 


XK {(Vs*ev Vat (evi s)*Va} [] dxn|re=r, (25b) 


nk 


the usual Ba matrix element of the electric current den- 
sity of the unperturbed system.” 
1 A quite similar situation to that for (H,’)sq exists 
for the expectation value 
eh 
(ur )= coum, \ i z LW) /(¥¥), (26) 
2Mc k 


ai 


of the orbital magnetic moment operator of our system 
of charged particles. Here 1,=(1/h)(tiXpx) is the 


WH. A. Kramers, Quantum Mechanics (North-Holiand Pub- 
lishing Company, Amsterdam, 1957), first edition, p. 397. 
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orbital angular momentum operator of the &th particle. 
Again, due to the presence of the p-operators wy does not 
commute with S. But following exactly the same pro- 
cedure as before we are able to cast (wz) into 


eh 
w.)=—— fesxeorne+ aya) / fesere, (27) 
4Mc k 


which is, of course, to be compared with 


eh 
(w.)=—— front / fvrv, (28) 
4McY &k 


Other operators of concern to us commute with S: 
the spin interaction and spin magnetic moment opera- 
tors, the nuclear -decay interaction, the Coulomb 
potential, and the quadrupole moment operator. Their 
matrix elements, 


(Wp, OVa)/(Ve,¥s)!(Va,Va)}, (29) 


all revert to the form 


i } 
fesvror./|( fests) (ferv.) } (30) 


The type of qualitative discussion we gave for the 
energy expectation value (19) may be repeated for 
each of these quantities. It is noteworthy that in some 
of the matrix elements, not only are independent 
particle @ functions a reasonable choice, but also the 
e’S factor may perhaps be omitted altogether without 
serious error. In this connection the expectation value 
of the ordinary nuclear magnetic moment operator and 
possibly the nuclear electromagnetic and 8-decay transi- 
tion matrix elements are likely candidates. Thus our 
method may throw some light on the success of the 
shell model in predicting these (and other) detailed 
nuclear properties. However, actual quantitative in- 
vestigation of these points is required. 

We should remark, of course, that since e* is invariant 
under reflections and rotations of the coordinate axes 
and under rotations in isospin space, the parity, angular 
momentum, and isospin quantum numbers of our total 
trial function V, must be the same as those of the model 
function ®,. 


5. CHOICE OF MODEL FUNCTIONS 
In the rest of this paper we shall concentrate on the 
energies of N-particle fermion and boson systems for 
which V4 is expressible as a sum of particle-particle 
interaction potentials, 


Va= 2 Vis, 
(i,7) 


(31) 


with V ,;4 well-behaved and predominantly attractive. 
It is further supposed that V,;4 is the same for all NV; 
hence we write it as v;;4—its value for i, 7 isolated— 
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and set 
Va= > 0,4. (32) 


(i,7) 


(This assumption that V4 contains two-body forces only 
is certainly not essential, but it is one which is con- 
venient, and often made in regard to V, the /otal 
particle-particle interaction sum.) 

Unless otherwise noted, the ® functions we assume 
are the following: 

(1) Fermion systems (total wave function antisym- 
metric with respect to interchange of any two particles) : 


(33) 


1\} 
p= (—) »D 6, II gi (x), 


where there are XN distinct single-particle states 
grui(vi=1, ---, N; i=1,---,N), with one particle in 
each state, and we sum over all permutations 


ee, 


The quantity 6, is +1 or —1 according as y is an even 
or an odd permutation of 1, ---, V, respectively. For 
the ground state the ¢’s are chosen as those correspond- 
ing to the N lowest single-particle energies. 

(2) Boson systems (total wave function symmetric 
with respect to interchange of any two particles) : 


gilesgyel yt 
p= (= ) de II ¢gvi(Xi), 


TT? 


(34) 


where there are V’,1<N’<N, distinct single-particle 
states g»;(v;=1, ---, N’;i=1, ---, N), with g; particles 
in the ith state, and we sum all distinct permutations 
of vyv2-+-vy. For the ground state, all particles are as- 
signed to the same single-particle state, namely that 
corresponding to the lowest single-particle energy; we 
write 


Po= ¢o(%1) es ¢vo(xn) = Il ¢o(%;). (35) 


How are the necessary ¢’s determined? 

For NV extremely large, the answer is simple: we take 
for the complete (orthogonal) set of ¢’s the set of all 
plane waves satisfying periodic boundary conditions in 
a large box of volume Q, the relevant single-particle 
energies (for choosing the correct ¢’s to use in a given 
) being just the free-particle energies. Thus we con- 
sider as models perfect (noninteracting) Fermi and 
Bose gases. One free parameter is left when the corre- 
sponding ® is inserted into (H)—the particle density 
p=N/Q, or equivalently, the particle spacing parameter 
ro (radius of the sphere containing one particle) ; this is 
to be determined by variation of (#). 

For N finite, but not small, the problem is much more 
difficult. The most convenient solution is to adopt a 
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suitable independent-particle model on more or less 
intuitive grounds (say some species of shell model in 
the case of nuclei) and then deduce the ¢’s and their 
corresponding energy order. The resultant ® will always 
contain at least one natural variational parameter. A 
more systematic prescription—and one whose realiza- 
tion would involve considerable labor, more labor than 
we would care to expend—is the following: Given a 
system of fermions, take for the g’s the complete 
orthogonal set of solutions of the Hartree-Fock type 
wave equation 


i 
-—sves(x)+ f OE > gt*(x) (U,V 14D) gy (x5) ] 
2M iv 

X 9; (x)dx= €;¢;(x,), (36) 


where 


(i. V;4l) = + hg (U'k,v1241k) a, 
k 


=¥'f [Cet ederre- gn* (x1) gu* (x2) | 


XK v194 g1(%1) on (%2)dx dx, (37) 


the sum extending over all occupied states k, and e; is 
the single-particle energy corresponding to the state /. 
Here we visualize particle 7 moving in state 7 through 
the system under the influence of a nonlocal average 
potential due to all the other particles. This is just a 
step in the procedure that might be followed to find the 
total energy of the system—to be computed from 


E=h' 6-3 L'(5,V14)) 
7 r 


(38) 


if it were valid to neglect the last term on the left in 
the transformed Schrédinger equation (derived in 
Appendix B): 
h’ hn? 
—— ¥ A.O+ Y H4b-— ¥ V.S-V.b= Eb. (39) 
2M «k (k,l) M & 


al 


But, as we go on to point out in Appendix B, this term 
should not be left out, so (38) is likely to provide a bad 
approximation to the total energy. This does not mean, 
though, that the ® function constructed from (36), (37) 
is not perfectly adequate for use in (H): in fact, since 
the region of configuration space in which the solution 
of (39) differs from that of (39) with the V,S terms 
missing is quite unimportant in our special form of the 
energy expectation value, we expect such a model func- 
tion to serve rather well. An analogous scheme may be 
set up for a system of bosons; in this case symmetrized 
two-particle matrix elements are involved in the defini- 
tion of (l’,V,4l), rather than antisymmetrized ones. 
For N small it is desirable to use a ® depending on 
internal coordinates only——-a ® independent of center- 
of-mass coordinates. This is especially important for 
N=2, 3, 4. As is well known, a simple exact factoriza- 
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tion of the center-of-mass motion is possible if harmonic 
oscillator single-particle wave functions are used. 

Note that if the y’s we pick are orthogonal and nor- 
malized to unity, so are the ® functions (33)—(35). We 
shall henceforth assume all model functions have been 
normalized to one. 

For N very small, we are likely to know something 
more definite about the structure of the (internal) wave 
function in the absence of repulsive cores, say from 
previous calculations (this, for example, being true of 
the triton). If so, we may by-pass the above discussions 
and proceed instead as follows: Write down a suitable 
functional form for © containing one or more varia- 
tional parameters and minimize (H) (by numerical 
calculation) with respect to these parameters. Then 
since we presumably know e®, this determines a fairly 
good wave function for the system. 

How good is our total wave function (4) if an inde- 
pendent-particle type model function is used? We may 
easily obtain a qualitative idea from the following 
considerations. 

There are, roughly speaking, three important types 
of correlation in the systems of interest to us, all of 
two-particle nature : 

(1) the short-range correlations due to the repulsive 
cores (very effective in nuclei for, say, | r—1;| =r<0.5 f; 
i, j any two nucleons, f=fermi= 10~" cm), 

(2) intermediate-range correlations due to the at- 
tractive forces (effective in nuclei for, say, 0.5 f<r<3f), 
and 

(3) longer-range correlations, also due to the at- 
tractive forces (not effective in nuclei). 


For fermion systems the correlations of class (3) are 
defined as those corresponding to momentum transfers 
considerably less than the Fermi momentum. Hence 
they are forbidden by the exclusion principle except 
for the most energetic particles. For boson systems 
there is no such distinction between the second and 
third categories. 

Let us write the exact wave function for our system as 


V,7=F4,. (40) 


Consider first the case NV — «. Then since ®, is com- 
pletely uncorrelated, the ‘‘model operator” F must 
properly introduce each of the above types of correla- 
tion into the total wave function V,”. Ignoring state 
dependence of the short-range correlations (as always), 
our wave function (4), coupled with the connection 
(15),"* approximately includes all of (1), plus part of 
(2). [As seen in (15), in general V;;" is taken to con- 
tain, besides the core, a relatively weak attractive 
component of slightly longer range. ] However, the 
majority of the intermediate and all the longer range 
correlations are omitted. To visualize these relations, 
we may set 


(41) 


— 
F2eSF’, 


4 Or (16), if appropriate. 
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where F’ properly introduces the remainder of (2), and 
(3) if necessary. 

The supposition that the effect of correlations (2) 
and (3) in the true wave function is slight does not 
seem to be too bad for nuclei, as indicated by the 
correlation structure results of Brueckner and Gammel,!® 
and discussed by Amado.'* Furthermore, Iwamoto and 
Yamada‘ achieve saturation in their study of the 
nuclear matter problem using simply a state-inde- 
pendent core correlation function. So in the nuclear 
case (4)—with ©, given by (33)—is expected to be a 
rather good wave function. On the other hand, these 
longer range correlations are of vital importance in the 
liquid He* problem, because of the Bose statistics and 
the higher particle density. So in this case (4)—with 
®, given by (34)—is expected to be rather crude. 

For a finite system the qualitative situation should 
not change greatly, but some two-particle correlations 
arising from the 2,;4 will then be approximately in- 
cluded in the trial ®, (which can no longer be con- 
structed from plane waves). 

Finally, even if a simple model function is not com- 
pletely adequate, calculations with such functions can 
serve as the first step in a systematic perturbation pro- 
cedure (as outlined in Appendix C). 


6. ENERGY EXPECTATION VALUE FOR 
FEW-PARTICLE SYSTEMS 
We now indicate a technique for the evaluation of 
(H) as given by (19) and (32) which is practical for V 
small. First write 
(H)=(K+0)/N, 
nh 


K=— | &S> V,4*-V,4, 
2M k 


v= fesse > De®, 


(k,l) 


w= f eSH*p, 


Then note that 


eS =exp(2 D) Sij)= II (1+745), 
(i,7) (i,7) 
where 
ij es - 
and insert the expanded form of the product, 


es=1+ + nit Zz ~ NisNkl 


(i,7) (4,7) A (k,l) 


2) a ae * 


(i,7) (k,l) A(m,n) (5,7) 


NiMkIMmnt ssh: (48) 


raat A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
95). 
16 R. D. Amado (to be published). 
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into K, U, and MX. If the system contains a finite 
number N of particles, the expansion (48) breaks off 
after 2N‘Y-D)? distinct terms, some pairs of which 
generate identical contributions to one (or more) of the 
integrals (43)—(45). For a small number of particles, it 
appears feasible to evaluate all of these (different) 
contributions. 

Observe, incidentally, that in any case, N large or 
small, »;; may be fitted to a simple analytic form for 
convenience in integrations. 

If we consider N=3, there are only eight distinct 
terms in (48) (see Fig. 1). For a system of three fermions 
in its ground state, take a model wave function 


3 
Po = ho(112,713,723) + 2 6, II Xvi(m;,t;), (49) 


v=(! 2 3 i=1 


Vil v2 V3 


with ¢o symmetric, normalized, and real.’ Then the 
results for K, U, and XN are rather simple: 


h? 
— 3 ff (vsbulrnorady 
2M 


+n 2(Vid0(r12,713,723) y+ (V3h0(112,713,723) ¥] 
+memal_(Vido(ri2,713,723) y+ 2(V2bo(r12,713,723) ¥] 
+ nom sne3(V 10(112,713,% 23) \}dridrodrs, ( 50) 


V= fff eet natit + 2m + 2mematie 


+m2m130224+12M 13M 230124} 


X bo" ( 119)713,723)d4 dds, 


matt fff 3net3nenetmenm) 


XK do? ( 119,713,723) dT dreds. 
In (51), 
0,;4= > ya > 


(k,l) miti mjtj 
XK [X4* (mits) X1* (mj,tj) — Xi* (mits)Xa*(mj,t;) | 


X 05j;4Xx(mi,ts)Xi(my;,t;). (53) 
(Specializing to the triton, with central, charge-inde- 
pendent forces, 0,;4=3[0;;4(singlet)+2,,4 (triplet) ].) 
The integrals involved in the relations (50)—(52) may 
be further reduced, of course, by a proper choice of 
coordinate system. If for a system of three bosons in 
its ground state we take v,;4 as independent of spin and 
isospin, and hence just ®o= Po(712,713,723), again with go 
symmetric, normalized, and real, then the above answers 
for K, U, and N may be used to calculate (H) for the 
system, provided i;;4 is replaced by 2;;4 in (51). 

17 Such a wave function appears satisfactory for the trition in 


the absence of core and tensor force. For example, see H. Feshbach 
and S. I. Rubinow, Phys. Rev. 98, 188 (1955). 
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Fic. 1. Terms contributing to the cluster expansion of the 
correlation function e*S for a system of three particles. 


' 2 3 


2 ' \ 


This complete cluster expansion approach should be 
most useful in studies of very light nuclei. Calculations 
which include the effect of the tensor force are now in 
progress for H*, He*®, and He*. Numerical results will 
be reported in a forthcoming paper. Extensions to the 
p shell may be possible if certain approximations are 
found to hold in these s-shell problems. In regard to 
few-boson systems, it is of interest to see whether or 
not a configuration of a small number of He‘ atoms 
form a bound system; this question is also under 
investigation. 


7. ENERGY EXPECTATION VALUE FOR 
MANY-PARTICLE SYSTEMS 
When N is large, we cannot hope to treat individually 
more than a few of the vast number of cluster con- 
tributions to ®, U, and I; thus we are forced to seek a 
convergent cluster development of (H) the first few 
terms of which provide the major part of the answer. 
The natural expansion parameter is £s= Vws/Q, where 
ws is the volume associated with the cores, or, more 


precisely, 
ws f nudes n= eSi—1, 


and 2 is the normalization volume of the system. For 
nuclear matter, 


(54) 


Es~ (C/10)® yo, 


(using ro¥1.07 fermis, determined from the Stanford 
electron scattering experiments, and C=0.5 fermi), 
so if the coefficients of all powers of és were of 
about the same magnitude, a calculation to first order 
would suffice. 

Such an expansion, in powers of §=Nw/Q, with 
w= SL f*(r:;)f(rij)— 1 ]dr;;, has been derived for general 
short range two-particle correlations f(r,;) ina thorough 
investigation of the cluster method for many-particle 
fermion and boson systems by Iwamoto and Yamada’ 
(I-Y). It is worthwhile to see what form the results of 
I-Y take for our special choice f(r,;)=e%". Consider 
first the quantities H;, H;;, Hj, involved in their gen- 
eralized normalization integral (7, 7, ---, g=1, «++, NV) 


1(8)=> 6, f IT goi* (xi) TL S* (rin) f(rjpe8tie ai) 
v i (j,k) 


XK [] cblimn(zizm2n TT gy(xpeb4o(») TT dx,, (55) 
q 


(1,m,n) p 
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which are so defined that 


(V,HY) @ | 
H)=———=—Inl(§)| , 
(Vv) 0B | Bm 


(56) 


with V=[]T]«.f(ris) , ® being given by (33). [See 
I-Y Eq. (4). ] For these quantities we have 


h? Aig;(xi) 
A(x) = -——_—_, 
2M ¢i(%1) 
— Die ae 
M 


[Vn p;(Xm) Bee ] 
: a, VS) (57) 
k 


Hijj(%1,%m5 °° * 
¢i(X1) 





¢j(%m) 
+014 (x1,%m); 


i? 
Aix (X1,%m Xn) =— me ViSmi af ViSin) 


+ (Vien . VmSmt) + (ViSin . WiSead i 
Since there are terms in the above H,; involving the 
coordinates of three particles, let us instead define 
A(x) = H;(x,), 
nh? [Vigi(x1)-ViSim } 
M 


[Vas 2) (Xm) 5 ViwSmt_} 
$$$ ] +014 (X1,%m), 


Yj (Xm) 


Aix (215m Xn) =(), 


Ai(x1,4m) = — 
¢i(X1) (58) 
5 


Recalling Eq. (13) from Sec. 3, we see that (56) still 
holds with H; replaced by A;, Hi; by Hi;, and Hijx by 
Aix. Now if we carry through the derivation of a 
cluster expansion by exactly the same procedure as 
developed in I-Y, the result is the same as their (30)- 
(33) except that no Af and also no V/- Vf terms appear. 
Writing explicitly only the zeroth-order terms in és 
(for brevity), our modified expansion reads 


(H)= ( Hi(x))+( E Ay(x:,«))), 


(i,7) 


(59) 


h? 
(> A,(x;))=—-— (4, An1)+---, (60) 
i 2M 


i 


(2 Ai (x;,%;)) 
i 


= OM L (,E54LViSi2- Vit VoSi2° V2 his)a 
i t.2 


+4 DG,ESr24i{)e+--+, (61) 
ig 
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in a notation obvious from (37). For the ground state 
the g’s corresponding to the N lowest single-particle 
energies are to be used (as pointed out earlier). 

Similar results may be derived for the analogous 
boson problem. But let us consider only the ground 
state of the boson system and adopt, for the moment, 
the trial &-function Q-*” of I-Y, for which 


H;(x1) = 0, 


y (62 
Fi 5( i,m) = Vim (1,%m)- 


Then, corresponding to their [A4], we find 


N? 
H)=— ff esutdnde 


N3 
+— ff f es numinsAdndeadaet- - 
203 


with the n’s defined as in (54). 

Actually, we would like a cluster development of the 
simplified form (19) of the energy expectation value. 
Following a program quite similar to that of I-Y, who 
start instead from the form (9), this can be realized 
without much trouble—at least for the ground state 
boson system. Consider the generalized normalization 
integral 


(63) 


1s(6)= f esvrew. (64) 


Then clearly 


Ts(0)= fess =X, 


aI s(8)| : 
| = f eS*H'd, 
OB |pm0 


= (H), 


B=0 


so that 


fe] 
—- InI s (8) 
op 


(H) being given by (19) and (32), if we choose 


H! h = V0* Vid 
2M H*p 


+L 0454. (66) 


(i,j) 

For a boson system in its ground state we take the trial 
® function (35), which is somewhat more general than 
that of I-Y. Then 


H'=). Ai (x)+ X Ai; (xi,%5), 


(7,9) 


(67) 


h? Vigo* (x1) + Vigo(x) 
Hi (x1) ag 2 
2M —s go* (x1) go(x1) 


Hi; (21,%m) a Tan (X1,%m) ; 





(68) 


consequently the generalized normalization integral 
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takes the separated form 


Is(8)= II go(xs) TT PSinehtin rh TT go(aiete? TT dam. (69) 


(7,k) 


If we now apply the cluster expansion techniques of I-Y, this Js(8) generates the following formula for the 
energy oO value: 


(H)=N- five cpant— ff e512. oo¥ (x1) po* (x2) 0124 $0(%1) go(%2)dxidx2 


mz2| Vigo(x1) |?| go(«2) | andes ( f fre ¢o(21) |*| go(x2) dnd) 


\ 
2M 


x(f fermen (a1) go* (X2)V124 ¥0 (x1) go(x 2)dXdx2+ ~f frat x1) |? | ¢o(x2) | “dxdzs) 


+ vf f fest 4nsdnane"(an eet oul) eal) | oul) *dxdxzdx3;+---. (70) 


This expression has the great advantage that S,; only appears in the form e?‘—there are no Laplacians or 
gradients of S,; in the expansion. 

The procedure just outlined does not go through in a straightforward way for fermion systems because of the 
antisymmetry of ®. However, an expansion of the energy expectation value having the desired form—devoid of 
Sij except in e?S4 and n,; factors—can be derived from the modified I-Y result [of which the zeroth-order terms are 
given in (60), (61) ] by a series of integration by parts relations 


(1j,E5'A ij) a= — 2(i7,€5"#V 112° Vitj)a— (Viij,e*5"- Viti) a, 

(ijk,eS!qysA ijk) a= — 2 (ijk, SqosV S12: Vitjk)a— (Vrigh,eSna3- Viijk) a, 

(4jk,eS 223A vtjh) a= — 2(ijkye>*g23V 25 12° Votjh)a— 2 (ijk, StS8V S05 Votjh)a— (Vaijk,e>'nos: Vaijk)a, 

(ijhe?Si2t?S25A of 7k) g= — 2(ijh,e?512*?S28( VoS 9+ VoSo3) : Votgk a— (Votjk,e?S2+?523- Votik) a, 

(éjheSt%,sqogA ijk) a= —2(ijh,e25**qramosV1Si2° Vitjh)o— 2 (jh e?Si8+2S129 9001513 Vrijh)e (71) 
— (Vyijh,e?5*291 325° Vitjk) a, 

(ijh,e2S12*2Siap9 3A ijk) a= — 2(ijhk,e812+2518995(VpSyo+ViS12) * Vitjk)a— (Vrifke2S12#28139 9.0 ik) ay 

(ijhl,e°5°%pa4A vi jhl) a = — 2(ijhl,e25*%s4V1Si2- Vrijl) ar — (Vrijhl,eSys4- Vrijkl)a, 


which allow us to transform away all terms linear in V;S;;. [Here we adopt the shorthand notation 


(Vii), erSiz. vide ff (rler@der (x2) — ¢}* (x1) \¢i * (x 2) |}erSi2- Vigi(x1) 9; (xe \dx dx, 


3 
(ijk, S'2no3:A ijk) a= FIL 2 II gon (xn) eS*o3A1 9: (x1) 9; (42) Ga (xs)dxdxedx;, 
tik 


) n=] 
Vl v2 v3 


etc., a generalization of that of (37). ] The prime of the last relation in (71) has the same meaning as in (32) of 
I-Y. The connections given above are sufficient, in particular, for the revision of all the zeroth- and first-order 
terms in our expansion (59). [This may be seen for the first-order terms by referring to I-Y, Eq. (32). ] In each case 
the first term on the right side is the one we are setting out to eliminate; the leftover terms on the right side linear 
in V,S;;, if any, are either dealt with by a trivial extension of some prior relation or treated explicitly in a following 
one. The free sums [see I-Y, (31), (32) ] over the state indices are an essential ingredient in the removal of some of 
the terms—for example, note the fourth and sixth relations. The transformed expansion has much to offer from the 
calculational standpoint. It would be interesting to work out the nuclear matter problem again, on the basis of this 
expansion, for more realistic forces than those used by Iwamoto and Yamada. 
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APPENDIX A. ESTIMATE OF THE THREE-BODY 
INTERACTION TERM OF EQUATION (15) 


Write 
X2=D (ViS1e* ViSee) =D (ViSiz-VoS2x), (Al) 
k k 


and replace the summation over the instantaneous 
positions of the & particles by a weighted average over 
their positions : 

N 


Xp 


Q 


(A2) 


e? (S13st S23) ( ViS13 ° VoSo3)dr3=2 19. 


Then we have (n,j=eS#—1, 1, 7=1, ---, N) 

> N : 

X 2=— V e753. V2e?528) drs 
Q 


113° Vones)drs 


fi 
me 


40 


N 
= vi ¥ ~f nme 
40 
N 
= |. : frmsie| 
40 


for the effective two-particle interaction generated by 
the three-body forces. 
But go back a step and note 


N 
X= [vi fcoomsdnete 
40 
N 
~ | — f (vsSubenads, 
20 


Nws ' 
oe fe89C0v.5u)-+4Qs5:) nade [os 
Q 


where 
ws= f nats: 


Now if we replace 23//n23drs in the second factor by a 
Dirac delta function, there results 


(A4) 


(AS) 


is Nws 
X»2~ —— el (VaSi2)?+3 (ArSi2) J. (A6) 


This replacement is rather crude if r12<C, but fairly 
good for r12>C [see (18) ]. At any rate we see that 
|Xi.| is smaller than the two-particle interaction 
(ViSi2)? by a factor of order (Nws/Q)e?S*. For the 
nuclear matter problem, Nws/Q~75, so 


ta . : 
|X 12 | /(ViS2)?~ es, 
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which is certainly negligible when the nucleons are 
close (r12<C) and small when they are not (r12.>C). 

It looks plausible that the correlations and energy 
shift generated by 512—X 1. may be ignored. 


APPENDIX B. USEFULNESS OF THE TRANSFORMED 
SCHRODINGER EQUATION 


Suppose we write the Schrédinger equation for our 
N-particle system as 


2 


—— F AW+ (Vat Ve)V=EN, (B1) 
2M & 


hh? 

Vem EL Vas)" (Oe8)] ©) 
iv. k 

and set 


V=e9, (B2) 


S a function only of the r,(k=1, ---, V). Then since 
AW =[(VpS)b+ (A,S)®+2(V,5 + Vib) + (A,B) Je8, 
the differential equation to be satisfied by ® is 
h? h? 


ee _ Aye+ V.?— pe = Vis: Ve= E®, 
2M «& M «¢ 


(B3) 


Specializing to the deuteron, we have V4=v124 and 


h? 
as (A+ Ao) P(x1,%2) +0124 (41,22) 
2M 


h? 
- (M8: Vit VoS - V2) ®(x1,"2) = EP(21,%2). 


Let S(=Si2)=S(r), r= |t1—12|, and choose a central 
v424=04(r). Then, separating out the motion of the 
center of mass, and appealing to the fact that the cen- 
tral deuteron is in a 4S state, we are left with the wave 
equation 

h? dS do(r) 


Wee 2d 
(<4 — Join) test(no(e)-2 —— 
M\dr rdr Madr dr 


ep(r 


for the relative motion, where v34 is the *S component 
of v4, and —e is to be identified with the binding energy 
of the system. As usual, write ¢(r)=(r)/r; the result- 
ing differential equation for u is 


h? du 


2h? —(~ u 
M dr’ 


+0344 —— — ——*) =e.  (B4) 
M dr\dr r 
Note, in particular, the net replacement 
dSifdu u 
(VS: Vit VoS: V2)®(x1,%2) — 2— -(—-“). 


dr r\dr fr 


Now it has been found for some simple forms of S 
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and v34 that the criterion 


© 2n? dS duo Uo ie 
f ug— —(— — ire f ugv34dr, (BS) 
0 Mdr\Xadr r 0 


where wu» (taken real) is the solution of (B4) with the 
last term on the left absent, is not met, the two inte- 
grals being in fact about the same size for the empirical 
core radius (~0.5 fermi), and “correct” range and 
strength of v34 (adjusted to fit the low energy scattering 
data and the deuteron binding energy). This indicates 
that we cannot ignore the non-Hermitian terms in 
(B3), that they are instead quite appreciable. Thus— 
for nuclear problems, at least—it would appear there 
is little recourse but to follow a variational approach. 


APPENDIX C. A PERTURBATION METHOD FOR 
SYSTEMS WITH STRONG SHORT- 
RANGE REPULSIONS 


an orthonormal set of functions 
and define the Hermitian matrix 


First we select 
@;, Be, +++, B,, °° 
elements 


h? 
m= fes| 2M y» ViPm* ViPntPn* VaP,, ’ (C1) 
M « 


(C2) 


Cc sides 2S, *, 
Tan= f ESd,,*®,. 


Then the model function 


p= pa Coin ; 


m 


(C3) 


introduced into (8) with g=,=®, yields ((H) — E) 


Bad c*t Mudd, te thos (C4) 
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so that the extremum conditions 0E/dc,=0 (m= 1, 2, 
+++) require 
DX Cal Hnn— ENnn |=. (C5) 
n 
These equations provide the possibility of computing 
the energy eigenvalue Z, and the expansion coefficients 
Cm, to an arbitrary degree of accuracy. For example, if 


Kir Fmm 
—< 


Dir Tlane 


m1, 


| ites 
|Him— Ilr = 
| en 


we find easily 


Ky | Mim |? 
E=— +> SC im— ICqy | / 


Mir m=2 Mar | 


Ky 1 iCmm _— 
art 1 eae mm ee . ( ( by ) 
aT ll | 


The complete formal series for the energy and expansion 
coefficients will be presented in a later paper, together 
with a discussion and evaluation of the correction term 
of (C7). (For this evaluation a cluster development 
must again be employed. In the many-particle case 
some slight generalizations of the I-Y technique will 
be necessary.) 

The extensive calculations of configuration inter- 
action corrections to the shell-model energy spectrum 
and other shell-model properties involve matrix ele- 
ments like H,,, and Mn» except for the presence of the 
correlation factor e*. It is not likely that this factor can 
always be replaced by unity without occasionally in- 
curring serious error. 
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Trajectory-Wise Analysis of Cylindrical and Plane Plasmas in a Magnetic Field 
and Without Collisions* 


Lew: Tonxst 
Radiation Laboratory, University of California, Livermore, California 
(Received September 19, 1958) 


The anatomy of the transition region between vacuum and a fully developed magnetically immobilized 
ionized-gas plasma has been examined by following particle trajectories in detail. The mathematical 
formulation has required machine computation for its full interpretation. This approach recognizes the 
structure imparted to the plasma by the radius of gyration and thus serves as a critique of the magneto- 
hydrodynamic method. It furnishes the microscopic verification of that macroscopic approach and supple- 
ments it by showing that the sharpness of transitions in a plasma are limited, in effect, by the gyration radius 
in the stronger, not the weaker, magnetic field. Especially, it brings out the greater importance of the tensor 
character of the plasma pressure in the cylindrical case where the combined kinetic and magnetic energy 
density in uniform interior regions of the plasma is not equal to the magnetic energy density in the vacuum. 
The analysis also exhibits the intense mass motion at the surface of a strong plasma constituting a para- 
magnetic electric current and probably having dynamical effects. The numerical work has been correlated 


where possible with direct theoretical results. 


I. INTRODUCTION 


HE earlier work in the Sherwood Project on the 
magnetohydrodynamics of an ionized plasma 
used as a favorite device the concept that a magnetically 
immobilized plasma, when bounded, had a sharp 
boundary outside of which there lay only vacuum and 
magnetic field. Certainly diffusion would obliterate the 
step function in density, and the original attainment of 
such a step function is probably impossible, but aside 
from these considerations the question arises as to how 
thin a transition between vacuum and full plasma 
density can be in view of the considerable size of an 
element of plasma structure, namely the diameter of the 
charged-particle orbit. The analysis which follows was 
undertaken to throw light on this problem. It keeps the 
particles in view to a later stage in the analysis. Since 
this work was done more insight has been gained than 
then existed into the limitations of the hydrodynamic 
approach and a new method has been proposed based 
on distribution functions of the plasma particles which 
are solutions of the Boltzmann equation without its 
collision terms. This is, however, only a partial answer 
because it only transfers the seat of difficulty to the 
problem of expressing physically plausible distributions 
in the terms acceptable to the method. 

The approach here is more primitive. It is based on 
the realization that if one imagines proceeding from 
left to right from a known vacuum magnetic field into 
an immobilized plasma, one is always in a magnetic field 
which can be calculated on the basis of trajectories and 


parts of trajectories already encountered. For this 


* Work was performed under auspices of the U. S. Atomic 
Energy Commission. Preliminary reports on this same subject 
have been issued as University of California Radiation Laboratory 
reports: UCRL-4439 (Revised) (January, 1955); UCRL-4466, 
Parts I (December, 1954), III and IV (March, 1955). 

t Consultant to the University of California Radiation Labora- 
tory, Livermore, California under contract with the Atomic 
Power Equipment Department, General Electric Company and 
Lewi Tonks. 


reason the trajectories can be calculated to be consistent 
with the field at each point. Position will be described 
by a single coordinate, radial distance, only. Every 
trajectory has an apogee, the turning point at which, as 
one approaches the axis, it is first encountered, and a 
perigee, the turning point at which it is left behind. 
Thus at a point in general there will be a multitude of 
trajectories to be kept track of, namely all those whose 
apogees but not perigees have been encountered. 
Although the calculation indicated is sound in principle 
it becomes unwieldy in practice. The simplification 
adopted was to confine attention to particles of a single 
charge e, single mass m, and single speed » perpendicular 
to the uniform vacuum magnetic field Bo. The first 
analysis was done for the case where the field lay in the 
z direction, the plasma face in the y, z plane and the 
only variations lay in the x direction. The numerical 
calculations were made for this case. Here it appears 
reasonable to analyze the cylindrical case with results 
which reduce easily to the Cartesian case. 


II. FORMULATION OF BASIC RELATIONS 


Referring to Fig. 1, the vacuum magnetic field Bo is 
uniform in the zg direction (perpendicular to the paper). 
The plasma density is assumed to be uniform in the 
z direction and the plasma lies within a radius ro. We 
now define a Class p particle. It is one which crosses the 
element of area dzdp (lying at r=p, 9=0) in the negative 
§ direction (i.e., clockwise) whose velocity vector lies 
within a small angle @ normal to @=0, and which 
traverses 0=0 within a short time interval dt at ‘=0. In 
the figure, dp lies at the apogee, P, and for ease of 
analysis @ extends to the right from the normal to OP. 
Trajectories 1 and 2 bound the stream of class p 
particles. To within second-order quantities they are 
congruent to each other, and trajectory 2 may be 
alternatively looked upon as being trajectory 1 rotated 
through the angle @ about P as center, or as being 
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trajectory 1 rotated through the angle B about O as 
center, again to second-order quantities. Since these 
trajectories are circles in the neighborhood of P, 


da=(p—a)p, (1) 


where a is the local radius of gyration (see Fig. 1). 
Let the number of class p particles be 


a(p)adtdpdz, (2) 


the dependence of o upon p being the factor which 
determines the plasma density as a function of r. 

At some instant / the Class p particles will occupy the 
volume (A BCD)dz, where 


AB=vdl. 


This volume is the same as (A BC’D’)dz, where BC’ and 
AD’ are arcs with the plasma axis O as center, and, as 
remarked 

sAOD’=8, 
and 


AD’=Br. 


This is the base of a parallelogram of which the corre- 
sponding height is the radial component of vdt or 


rdt 
to give a volume 


Br |7| dids. 


Putting »,(r) for the particle density of Class p particles 
and equating total number of particles, we get directly 


n,(r)Br| 7 | dtdz=2cadtdpdz, 


where the factor 2 recognizes that both outgoing and 
incoming trajectory branches contribute to density. 
Then, using Eq. (1), we have 


p—a(p)]1 
#,(r)= 20(0|—— a. (3) 


a(p) Ir? 


Here it is to be clear that a is the local trajectory radius 
at p only, but that 7 will be a function of p as well as r. 
Of course, o is a function of p only. The absolute-value 
designation has been taken from * with the under- 
standing that the evaluation of m, and later of the 
current, jg, shall be based on the portion of trajectory 
occurring prior to the apogee, i.e., at negative times, 
when 7 is intrinsically positive. 

As previously, we then have for the total density of 
all contributing classes 


n(r)=- er... (4) 
rd, ar 


2 f- o(p)(p—a) 


and the current density from all contributing classes is 


») (p—a)a(p) 6 
jn=2e f aoe 


r a y 


CYLINDRICAL 


AND PLANE PLASMAS 


Fic. 1. Trajectory analysis for cylindrical plasma. 


where p(r) is the apogee of the oldest trajectory passing 
through r. 


III. PRESSURE AS A TENSOR 
From Eq. (4), 
d 2d pr?” (p—a)oi 
(u(r) w)=— fo "Ap, 
dr dr 


- ar 


Now the integrand vanishes at the lower limit either 
because *7=0 at an apogee or because o=0, and it 
the upper limit because *=0 there; 


vanishes at 
accordingly, 


d er) (p—a)oylor 7 
—(n(r) (i) wv) =2f : *(- oi ao 


dr - a ror Pr 


Since 
r=F[p,r(p,t) ], 


*=rdr/ dr, 
and using also the trajectory equation: 
#—r0?=w(r)r 
(where w=eB/mce, as usual), we obtain 
d rT) (p—a)a {wh FP F 
—(n(r) (Fm) =2f one toned. 
dr ‘ a r £f # 
Now from Eq. (5), we have 


w(r) je °T) (p—a)a w6 
=— = -2f —dp. 


4am dr e ; a r 


B dB 


Addition then gives 


dsb \) (p—a)a (rb)?—7* 
—( +mn (y(n) =m f ~~ aia —dp, (8) 


dr\8r . arr r 


a relation which will be seen to emphasize the special 
importance of the tensor character of the pressure in 
cylindrical geometry. 

Equation (8) reduces to the Cartesian case if we let 
r become infinite keeping 74 finite. The right member 
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vanishes and we have, directly, 
( B?/8m)+-mn(7) = constant. 


This is easily generalized to a range of particle masses 
and speeds, and it is readily seen that between two 
regions in each of which B is constant and the plasma 
motions are isotropic, this becomes rigorously 


B?—B? 
—+p.— pi=0, (9) 


Sar 


where p designates the scalar pressure. 
Nothing like this is possible with the original Eq. (8), 
that transition regions leave their imprint on 
isotropic regions. The right member of Eq. (8) is directly 
expressible in terms of tensor components. The first 
and third factors in the integrand constitute a density 
increment as can be seen by reference to Eq. (4). 
Factoring in the second factor thus yields an increment 
to (poe—prr)/r, so that Eq. (8) can be alternatively 


dsPB 
i, 
dr \8r 


an equation which can be derived in other ways. 


sO 


written 


(10) 


IV. EQUATIONS FOR THE PLANE PLASMA 


The conversion of Eqs. (4) and (5) to the plane case 
is accomplished directly by the substitutions 
r=X,—x, n=Xe—p, 
where X,, is allowed to approach infinity and y takes the 
place of p in labeling the particular trajectory under 
observation ; we then have 
2 o(n)w(n) 


n(x) = dn, 
v 


jy(x) = -2f 


n(z) 


(11) 


ouwy (n,x) 


|<| 


dn (12) 


for the particle density and current density, respec- 
tively, with the coordinate x increasing from left to 
right. Here also 

w(n)=eB(n)/ (mc). (13) 
Now by using 
(14) 


dB,/dx= —4rj,/c, 


and letting the plasma boundary lie at +=0, we find 
the equation for the magnetic field to be 


8re fr? 
B(x) = By-— f dx’ 
cv Jo |¢(n,x’) | 


The equations of the particle trajectories are the 
usual 


=” o(n)o(n)y(n,x’) ‘ 
- (15) 


n(2’) 


Y=—wt; =I. (16) 


TONKS 


V. EQUATIONS IN DIMENSIONLESS FORM 
To put these equations in dimensionless form we 
make the following substitutions of dimensionless 
capitals for the lower case variables: 
(17) 
(18), (19) 


w=NeBo /(mc) =(lwo, 
(x,x°".n,y) = (XX 7, Y )v Wo. 


t=T/wo, 


The new equations are 


Srre2v x xX" ¢ (vH wo) (H) y 
0(X)=1-—— f dX’ f cr ai 
mew? J o H(X’) X 


(20) 
aX dY 
—-—(X)—=0, 

df dt 


ay dX 
+2(X)—=0, 
dt dl 


where 


X=dX/dT, 


cic. 
It only remains to put 
8re’v Sarmv 


——o (vH/w) = a 
mew? By 


to make the field equation dimensionless also: 


x x” §(H)Q(H)Y 
2(X)=1-— f dX' f — dH. 
0 


(22) 


H(X’) « 


If now we apply the same conversion to Eq. (11) we find 


Be xX §(H)2(H) 
-f ~~ dH 


n(x) = (23) 


4armv” H(X) | x 


In the absence of collisions there is no natural 
distribution of particles to govern the choice of the 
build-up function S(H). For orientation purposes 
S(H)=Sp is probably the most useful choice because it 
leads into an asymptotically uniform plasma. 
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Fic. 2. Density and field distribution in weak Cartesian plasma. 
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x=X/wo. 
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VI. SOLUTION FOR WEAK PLASMAS 


The solution of the equations is a machine job and 
has been done on the Univac. It is worthwhile, however, 
to solve analytically that order of approximation in 
which the particle density is so low that the depression 
of B is so small that the deviation of the trajectories 
from circular is negligible. Then the orbit radius is 
unity, and for the trajectory 


X=H+1-cosT, 
X=sinT, 
aX /d?=cosT = Y 


and for fixed X 
dH=-—sinTdT. 


The first integration in Eq. (22) for S(H)=S, 
constant, is conveniently carried out in the two regions 


(A) 0<X’<2: 


x’ (X’—H-1) 
sf —_—_—dH=—s[1—(1—X"}"}}; 
; : 


(B) 2<X’: 
x’ (X'—H-1) 
sf -——dH =0. 
x’—2 X 
y=cos'(1—X), O0<y<-nr 
the second integration leads to 
—25(y—3 sin2y), 


1 
—3Sr, 


0<X<2 
2<X 


a(x)-1=| (26) 


which represents the depression of the magnetic field 
in dimensionless form. The quantity (2/mr)(Q—1)/S 
= (2/m)(AB/BoS) is plotted against X as Curve A of 
Fig. 2. 

Turning to the particle concentration given by 


¥, O<X<2 
wm, oer. 


(27) 


In Fig. 2, n(x) is shown as Curve B, but plotted 
against X. 

Now we can compare the depression in the field to the 
particle concentration and it will suffice to do this for 
0<X<2 because for X >2 relations remain constant. 

Q(X)—-1 dB “= 


sin2y 
tiaras eile l= ). 
n(x) B? 2p 
The best rough approximation for the introduction 


Bon 
of temperatures T is to put 


mv?/2~kT, 


(28) 





(29) 
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whence 


d(B*)— 8rnkT[1—sin2y/ (2p) ]=0. (30) 


For X >2 the bracketed expression should be replaced 
by its X= 2 value, namely, unity, and thus the generally 
accepted relation is confirmed. Here we have an example 
of the effect of anisotropy of the plasma causing a 
departure from the simple condition expressed by 
Eq. (9). This departure is shown by Curve C of Fig. 2, 
which is a plot of the negative of the bracket in Eq. (30). 


VII. PRESSURE INTEGRAL OF EQ. (22) WITH A SPEED 
DISTRIBUTION AND ANY PLASMA STRENGTH 


Equation (22) can be generalized by including in it a 
continuum of source terms S(H,v)dv for a range of 
velocity classes. It is not difficult in this way to arrive 
rigorously at the result 


d 
— (B+ 8rmn(i*) y) =0. 
dx 


(31) 


For the Maxwellian case it becomes, as expected, 


d 
—(B?+8rnkT)=0. 
dx 


(32) 


VIII. ELECTRIC CURRENTS AND MASS MOTIONS 
IN THE BOUNDARY LAYER 


At a distance x, from the plasma edge where the 
plasma is essentially Maxwellian and uniform (except 
for the dearth of those high-speed particles which would 
penetrate the plasma edge) imagine a plane P as shown 
in Fig. 3. To the right of P trajectories are circular so 
that there is no mass drift. At any point in that region 
all directions of motion are equally likely for all velocity 
classes so that there is no net current density. 

We shall be interested in the total current per unit 
z depth of plasma, and we have just seen that all of it 
lies to the left of P. There we analyze the electric 
current not by volume element but by particles in their 
trajectories. Some trajectories cross ?, many do not. 


UNIFORM ISOTROPIC 
PLASMA 
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| 
| 
| 
|? 
| 
| 
| 


Xp x 


Analysis of boundary layer currents. 
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The current, in terms of field depression AQ, arising. 
from the former will be denoted by J,, from the latter 
by Js, and precise meaning is given these quantities by 
writing 


Q—1=J,4+J2. (33) 


The cut trajectories are responsible for a current 
because, as with trajectory 7, of Fig. 3 the particle 
makes its contribution to J; by its transport from A via 
B to C; its transport from C to A is balanced, as we 
have seen, among all the other particles to the right of 
P. Particles in circular orbits like 72. which lie entirely 
within the region contribute nothing to Jo, but for 
particles in trajectories like 73; their progress from 
D to E in each cycle does contribute to J». 

Now J; and J, can be separated out of the double 
integral in Eq. (22). The area of integration is shown as 
OABCDEO in Fig. 4. Since X, lies in a uniform region 
the orbit there is circular, constant in size, and actually 
of radius (dimensionless) 1/Q(X); and H=H(X) is 
parallel to H=X. A little reflection will show that 
reversing the order of integration is physically equiva- 
lent (1) to selecting one trajectory (71=constant) and 
summing its current contributions, and then (2) 
summing over all the trajectories involved. It then 
becomes evident that the cut trajectories are those 
included in the area CDEC. For this, the double 
integral for a single velocity class is 


X et 2/2 


—- f dX 
He 


since S(H,v)Q(H) is constant in a uniform plasmaf and 
the equations of motion are 


J ty? 


‘eee 
4 


He 


= —75§,/(2Q), 


(34) 


X=H+4+2"(1—cosQT), Y=2-'@2NX/de. 


We must now determine S, to be consistent with a 
Maxwell distribution. Applied to particles of speed 2, 


Fic. 4. Integration 
region 








H 


tJ, and S, are the contributions to J; and S, respectively, 
by particles lying the range dv. 


TONKS 


Eq. (23) becomes 


BeS, 
Ny = 2nhm = exp(—hmv*)do, 
4rmv’ 


h=1/(2kT). 


Therefore 


® 


s-f S,dv=8nkT/ (Bo?) = (Be — B?)/(rBe’). 


0 
After summing Eq. (34) over all 2, we then have 


J, =—(1—@)/20, (35) 


and from Eq. (33) 


Jo= (1—2)?2/29. (36) 


These equations lead to the following comments: 


(1) J: is a paramagnetic current which is more than 
overbalanced by the diamagnetic J;. 

(2) In weak enough plasmas where @ is only slightly 
less than unity (very slight depression of B) J» is 
negligible compared to J; which is a confirmation of the 
earlier treatment of the weak plasma case. 


TABLE I. Weak plasma relations 
Yo = (8/3)S 
Theor. Calc 


T=2r 
Theor. Calc 


6.28 6.28 


AQ, = —4$xS 
S Theor. Cale 


—0.1583 
—0.0485 


—0.01571 
~—0.0471 


0.01 


0.03 0.08 0.128 


(3) As B is severely depressed, 2 approaching zero, 
both currents grow without limit. 

(4) The current J2 is associated with a mass motion 
of the charged particles which will transmit disturbances 
in one region of the boundary layer to adjacent regions. 

(5) These currents must be regarded only with 
respect to the plasma region to the left of P as a whole. 
They can be quite misleading as regards the field 
distribution within the boundary layer. 


IX. NUMERICAL SOLUTION FOR STRONG 
PLANE PLASMAS 


A. Introduction 


In making the numerical solutions the plasma edge 
lay at X=0. To the left, 2=1, S=0, and to the right S 
was chosen to be a constant because this allowed the 
plasma to build up to uniformity independent of special 
behavior of S. 

The double space-integral of Eq. (22) makes it 
necessary that the uniform differences of the integra- 
tions shall be space-like and that the time intervals 
required by the equations of motion be derived from the 
fundamental space interval AX. The machine will 
calculate the trajectories of those particles which are 
first encountered at X=0, X=AX, etc., that is, of 
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those particles for which H=nAX, n integral. Such 
trajectories will be called reference trajectories. 

Near X=0 all trajectories are arcs of circles of radius 
unity, so that in a weak plasma there would be 2/AX 
space intervals in a diameter. Therefore, this is the 
minimum number of reference trajectories which were 
“active” at any time once we have penetrated beyond 
X=2. We chose AX=0.1. The number of “active” 
reference trajectories in a field 2 were, therefore, 20/2. 

The integrations were carried out simply on a trape- 
zoidal-rule basis. As a consequence the particle energy 
showed appreciable build-up with trajectory life, and 
this was reduced to a fourth-order effect by using 


X nyi=X aL 1-4} (QAT)?]+QATY,, 
¥ nyi=YnL1—3(QA47)?]—QATX,, 


to calculate forward for the velocity components. To 
obtain AT, the Taylor expansion 


AX=ATX,+40Y,(AT)? 
was solved. An alternative method which avoided the 


intervention of AT by using the angle, ¢, of the trajec- 


TABLE II. Depression of field and transition layer thickness, L. 








1-2, L 
Fractional Com- Eq. 
error puted (38) 


0.008 2.0 2.02 
0.004 2.1 

0.002 2.1 

0.005 : 

0.007 

0.017 

0.027 


Com- Eq. 
puted (37) 
0.01571 0.01583 
0.0485 0.0483 
0.0817 0.0819 
0.1708 0.1718 
0.2709 =—0..2728 
0.3838 0.3903 
0.5227 0.5367 
0.6264 0.6531 


Error 
0.00012 
—0.0002 
0.0002 
0.0010 
0.0019 
0.0065 
0.0140 
0.0267 











tory with the x axis was used later for the case where 
lighter particles (electrons) were included in the plasma. 
The problem was set up on the Univac. 


B. Quantities Remembered and Univac Limitations 


The quantities stored for final typing were & at all 
reference planes and Y and T for completed trajectories. 

The fast storage of the Univac limited the number of 
active trajectories to 60 and this is the number present 
in a field Q=20/60=0.333. The value of S which will 
give this field is readily found from the relation 


1-0,2 1-1/9 


=0.2829, (37) 





TT T 


which follows fairly directly from Eqs. (23) and (31). 

Undue caution in setting up the problem led to not 
using all possible digit positions so that the results were 
not as accurate as had been hoped for. Answers are good 
to better than 5% as will be seen in the presentation 
of results. 


1.0 
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Fic. 5. Transition layer at the edge of a 
single-speed-particle plasma. 


C. Weak Plasma 

Table I shows the comparison between theory and 
calculation for a weak plasma. The quantities compared 
are (1) ultimate depression of the field, AQ,, where the 
plasma becomes uniform, which is after one Larmor 
diameter, (2) the time for a complete orbit, 7, taken 
for the first trajectory, i.e., H=0, and (3) the drift, Yo, 
of the orbit in one cycle, also for the first orbit. It is 
here that agreement seems to be least satisfactory, but 
it must be noted that the total y excursion of the 
trajectory is two radii, that is, 2, so that with respect to 
this quantity the error is only 2.4%, about the same as 
the error in AQ... 


D. Depression of Field 


Equation (37) furnished a check on the ultimate 
depression of the field as given by the Univac. Table II 
shows the results. The error relative to the depression 
of the field by the plasma is shown in the fifth column. 


E. Thickness of Transition Layer 

What was surprising was the rapidity and definiteness 
with which the final field value was reached. This is 
shown by the curves of Fig. 5 which give the course of 
the magnetic field with depth into the plasma. Even 
when the reduction of field is to 0.374 where the number 
of live trajectories at any position is not quite trebled, 
there is still a definite termination to the transition 
region. 

Although it has not been possible to derive an expres- 
sion for the transition layer thickness, L, from the 
theory, the results show a simple empirical relation 
which is exact within the accuracy of the computations: 


4 


os ; (38 
1+ (1-75)! 


4 


This is the diameter of an orbit in a field which is the 
average between that in the vacuum and in the fully 
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developed plasma. The numerical comparison between 
the computed layer thickness and the Eq. (38) thickness 
appears in the last two columns of Table IT. 


F. Period in Uniform Plasma 


In all cases where the Univac ran long enough before 
the automatic stop operated, so that the first reference 
trajectory which lay entirely in the uniform plasma was 
completed, it was possible to compare the computed 
half-period r/2 with 2/Q,. Since the computed field 
showed some variability in this range, a mean value was 
used. In the third and fourth column of Table III are 
the computed half-period of the trajectory and its 
diameter. The fifth column is the averaged field over 
the orbit found by averaging the field at perigee, center, 
and apogee. The last two columns contain, respectively, 
the corresponding half-period and the comparison with 
Column 3. 


G. Paramagnetic Drift Current 


Finally the results have been used to compute the 
paramagnetic drift current, J2. This should result from 
summing X/7 for all trajectories. This was done for 
S=0.25 and the computation gave 0.2842. The Univac 
gave 

2, = 0.4773, 
whence by Eq. (36) 
J2=0.2862, 


a check to within 0.5%. The formula 2, for S=0.25 is 
0.4633 from Table II and this leads to J2=0.3109, a 
difference of some 8%. 

It may be important that the transition layer can be 
as thin as has been found possible here. If Eq. (38) can 
be extrapolated—an admittedly dangerous business 
we find that the transition layer can be very thin 
relative to the orbital diameter in a strong plasma. Even 
within the range of the computation this ratio has fallen 
to about one-half. Undoubtedly this is a consequence 
of the fact that the trajectory curvature adapts im- 
mediately to the local field. 


X. NUMERICAL SOLUTIONS OF PLANE CASE 
INCLUDING ELECTRONS 


If we identify the particles we have been dealing with 
as positive ions, it is of interest to go on to examine the 


TABLE III. Relation between period and field. 


, Space 

Half- eae ale Average Half- 
period diameter _ field period 
1/2 202, Q, rQ,,.7! 
3.766 
4.391 
5.093 
6.621 


Relative 
defect in 
period 
—0.006 
—0.007 
—0.004 
—0.003 


S Hu 
0.10 22 
0.15 24 
0.20 25 
0.25 28 


0.8289 7 

0.7108 4.420 
0.6142 5.115 
0.4732 6.639 


* Hy is the ordinal number of the first reference trajectory to lie entirely 
in a uniform field. 


TONKS 
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Fic. 6. Transition layer at the edge of a composite plasma. 


effect of including electrons in the analysis. The simplest 
assumption regarding their energy is that it is the same 
as that of the ions. Their velocities will then be of the 
order of 100 times that of the ions and their Larmor radii 
will be less by that factor. Therefore the electrons can 
smoothly accommodate to any distribution demanded 
by the less accommodating ions. In particular the 
anisotropy in electron velocity distribution will be two 
orders of magnitude less than that of the ions so that no 
purpose would be served in analyzing electron trajec- 
tories in the same detail as the positive ions. It is 
appropriate to use the slow-space-variation formula 


Je=moen,'/ (2B) (39) 


(emu) 
for the electron-current density 7, arising from an 
electron-density gradient m,’. For electrical neutrality, 
which we now invoke, 


n(x) =n»(x) =———_ 
4m p00" 


a ’ 
> 


Be f S(H)Q(H)dH 
H(X) 


with ,(x) now given by the right member of Eq. (23). 
For the weak plasma case, Eq. (39) integrates 
directly to give the depression of the field due to the 
electrons: 
A.B= —2xm,{v2)yn{x)/ Bo. 


In this case, by Eq. (27), 


Bes 
n(x) =ny(x) =}, 
4rm,?," 
where Y=cos"!(1—X) is the angle traversed by the ion. 
Now, combining and noting the assumed equality of 
energy, we have for the effect of the electrons 


A.B/Bo=ALQ= — 3 Sy, 


whereas for the effect of ions, we have Eq. (26). The 
electrons do, therefore, modify the shape of the field 
transition, making it more linear with angle and less 
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linear with x. In the present case, 


Q—1=ANQ=—S(y—} sin2y). (41) 


Here S is the buildup function of the ions alone. 
For the strong plasma case, B in Eq. (39) is not 
constant so that 


, 


z= Mn, 
A.B=—2xm.(v2) f ——dx}. 
0 B(x) 


Since n,’, found by differentiating Eq. (40), involves 
three terms, it is more convenient to integrate by parts 
to obtain 


e . € 1) B’ 1 
A.B= —2em(o2)a|~ o f | 


B(x) B(x)? 


By substituting for ,(x) from Eq. (40) and noting the 
equality of kinetic energy, we get 


1 ‘i S(H)Q(H)dH 
22(X) J yx) |X| 


x 0’ (X3)dX, x SQdH 
0 Q(X)? H(X}) x 


A, is given by Eq. (22) as before, but now 
Q(X)=14+A,0(X)+A,2(X). 


Application of the Univac to this generalized problem 
involved nothing essentially new. 

The results of the Univac calculations parallel those 
of the last section. 

Since each ion is now accompanied by an electron, the 
plasma arising from a value of S here is to be compared 
to that from a value 2S in the ion-only case. Figure 6 is 
a plot of the course of the magnetic field with depth into 
the plasma. A notable feature is the sharp initial and 
final drops in field which are presaged by the weak-field 
equation, Eq. (41). 

Tables IV and V exhibit the same kinds of result for 
the ions-and-electron case as did Tables II and ITI for 
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TABLE IV. Depression of field and transition layer thickness, L. 


1-2, L 
Fractional Com-_ Eq. 
error puted (38) 


2.03 
2.19 
2.45 
2.70 


Com- 


puted (1 —2xS)* Error 


0.03183 0.03183 0 0. 
0.1698 0.1718 0.0020 0.012 
0.3806 0.3904 0.0098 0.025 


0.5436 0.5725 0.029 0.059 2.801 
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TABLE V. Relation between period and field. 





7/2 2, 


3.2493 0.96848 
3.8174 0.82954 
5.1226 0.61252 

0.43983 


the ions-only case. Here in Table IV, by treating the 
magnetic field near the end of the transition layer as if 
(Q—@,,)! varied linearly with X (on a purely empirical 
basis), an interpolation for a fractional final interval 
was found and used in the Z (computed) column. 

In Table V, the comparison to be made is between 
the values in the last column and z. 


XI. CONCLUSION 


The specific result of the present analysis is that the 
transition between vacuum and uniform plasma is not 
limited in sharpness by the orbit diameter in the uni- 
form region but is fixed more nearly by the vacuum 
field. A strong plasma in which 8rnKT approaches By? 
need not therefore have an essentially thicker transition 
than a weak plasma in the same vacuum field, thus 
freeing the hydromagnetic approach from a possible 
limitation. 

Somewhat more generally, the paramagnetic con- 
tribution of the particle drift in the boundary has been 
separated out from the predominant diamagnetic effect 
which, by the present method of accounting, arises from 
certain parts of circular orbits. 

More generally, still, it has been possible to use the 
trajectory approach in a self-consistent mathematical 
description of a plasma in a magnetic field and to 
derive, in this way, relations hitherto derived by 
neglecting the structure imparted to the plasma by the 
orbital motion. In particular, the more fundamental role 
of the tensor nature of the pressure in the cylindrical as 
distinguished from the Cartesian case becomes very 
clear. 

It will be necessary to solve many simple problems 
involving trajectories in as many ways as possible to 
gain the insight needed to solve some of the less simple 
problems which now confront us. 
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General Relation between Fluxes from Collimated Point and 
Plane Sources of Radiation* 
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The radiation density (flux integrated over all directions) from a collimated point source is shown to be 
representable as a Fourier-Hankel transform of the density from a collimated plane oblique source. The 
spatial moments of a point-source density are similarly expressible as linear combinations of a finite number 
of moments of plane-source densities corresponding to different source obliquities. These results are valid for 
any type of radiation, provided that the medium is unbounded, homogeneous, and isotropic, and provided 
that a linear transport equation applies. The plane-geometry representation of densities and density- 
moments is equivalent to a ‘‘separation of variables.” It allows one to solve a sequence of problems in one 
space variable (distance from a source plane) for different values of the source obliquity, and to use the 
information thus obtained for constructing the solution of a problem involving two space variables (e.g., the 


longitudinal and radial distances from a point source). 


1. INTRODUCTION 


HIS note is concerned with a separation of vari- 
ables which facilitates the solution of the trans- 
port equation under the following conditions: (1) The 
interaction of the diffusing particles with each other is 
negligible compared to their interaction with the atoms 
of the medium, so that the transport equation is linear. 
(2) The medium is unbounded, homogeneous, and 
isotropic. The results of this note pertain to the spatial 
density distribution of particles, i.e., the flux integrated 
over all directions. The more complicated case of the 
joint spatial and directional flux distribution, for which 
an analogous separation of variables holds, is treated 
elsewhere.'* 

A basic solution of the transport equation can be 
obtained by calculating the (cylindrically symmetric) 
density distribution F(z,p) at a radial distance p and 
longitudinal distance z from a point source which emits 
particles in the z direction. The density distribution 
resulting from an arbitrary source can be represented as 
the sum of distributions from different point-collimated 
sources with different locations and directions of emis- 
sion. The point-source density F(z,p) is difficult to 
obtain because a two-variable transport problem in z 
and p must be solved. So far, almost all of the exact 
solutions of the linear transport equation have been 
achieved for the case of one space variable only. 

An alternative basic solution of the transport equa- 
tion is obtained by calculating the density distribution 
G(z; 00) at a distance z from a plane source which emits 
particles with obliquity 4. It will be shown that the 
point-source distribution F(z,p), and therefore the den- 
sity distribution corresponding to an arbitrary source, 
can be represented as a superposition of density distri- 
butions from plane sources with different locations and 
obliquities of emission. This result may be regarded as 
* Work supported by the Office of Naval Research. 

1 Fano, Spencer, and Berger, Encyclopedia of Physics (Springer- 
Verlag, Berlin, 1959), Vol. 38, Part 2. 

2 The time- and energy-dependence of the flux are disregarded 
because they are irrelevant to the discussion. 


an analog and generalization of the well-known plane- 
to-point transformation for isotropic sources.’ 


2. PLANE-TO-POINT SUPERPOSITION OF DENSITIES 


Let us consider the density G(z; wo) at a point P 
located at a distance z from a plane source that emits 
radiation in direction wo. (See Fig. 1.) The source is 
assumed to lie in the plane z=0. The unit vector wo is 
represented by spherical coordinates @) and ¢o, with the 
z axis as polar axis. 

One can regard the plane source as consisting of many 
point sources, all of which emit in direction wo, and 
which are distributed uniformly over the source plane. 
We now focus our attention on one of these point 
sources, say S, and denote the cylindrical coordinates of 
the point P relative to S as p, z and a. The contribution 
of S to the density G(z; @o) at P is equal to the density 
F(p’,z’) from a point-collimated source emitting in 
direction wo, where p’ and 2’ are the radial and longi- 
tudinal distances, respectively, of P relative to S with 
respect to an axis passing through S in direction wo. The 
contribution of the source point S depends only on the 
relative distances p’ and 2’, but not on the absolute posi- 
tions of S and P or their relative orientation, because of 
the assumed homogeneity and isotropy of the medium. 

Assuming one point source per unit area of the source 
plane, there are pdpda point sources such that the rela- 
tive coordinates of P with respect to them lie between 
pand p+dp and between a and a+da. By summing over 
the entire source plane, the following relation is obtained 
between plane-source and point-source densities : 


G(z; wo) -{ odp f da Fp’ (p,z,a),2'(p,z,a) |. (1) 
0 0 


We want to invert this integral equation to obtain 
F(p',z’). The first step of the solution consists of applying 
a Fourier transform in z. We multiply (1) by e~** and 


3 See, e.g., R. Marshak, Revs. Modern Phys. 19, 185 (1947). 
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integrate with respect to 2: 


f dz e~'VG(z; wo) 


—D 


-f pip | asf da e~*%F[p’ (p,z,a),2’ (p,2,a) |. 
0 oa) 0 


Note that in Fig. 1 the distance SC=2' cos, QB 
=p’ sind) and AB=CD=’ sin® cosa’, so that one can 
make the substitution 


(2) 


(3) 


z=p’ sin®y cosa’+z’ cosby 


on the right-hand side of (2). Furthermore, we may 
replace the volume element of integration pdpdzda by 
p'dp'dz'da’ inasmuch as the Jacobian of the transforma- 
tion from the unprimed to the primed coordinates is 
unity. The resulting expression is 


f dz e~'¥G(z; wo) 


a D 
=f pao f dz! ¢~ ia’ cosboft'( 9’ 2°) 
0 D 
xf do’ e~ tae” sin6o cosa’ 


The right-hand side of this equation does not depend on 
¢o. Therefore G(z; wo) is also independent of go, and we 
shall write G(z; 00) from now on. 

The integral with respect to a’ yields a Bessel function: 


f da’ exp(—igp’ sin®y cosa’) =2mJo(gp’ sind). (5) 


After the replacement of g and @ by new variables, 


Go=q Sino, gz=q Ccosdo, (6) 


one can rewrite (4) as 


(1/ ae) f dz exp[ —isz(q,?+42")! |G(s; 0 


2 
-f dz’ é€ vue f 
0 


2» 


w 


p'dp’ Jo(qp’)F (p’,2 (7) 


To this equation we apply inverse Fourier and Hankel‘ 
transforms, i.e., we multiply (7) by (1/2m)e*%?’q,Jo(q,p’) 
and integrate with respect to g. and g,. This leads to the 


4For a description of Hankel transforms, see, e.g., I. 
Sneddon, Encyclopedia of Physics (Springer Verlag, Berlin, 1955), 
Vol. 2, p. 298. 
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desired solution of the integral equation (1): 


F(p’,2’)=(1 2m) f dq; cine f 9049p Jo(q pp’) 


0 


a 


xf dz exp —iz(q,?+-q.")* |G(z; 4). (8) 


zx 


Note that the argument 4 in G(z;@o) is equal to 
tan“'(q,/q.). As g, and g, assume different values, 4 runs 
through all angles between 0 and 7. Thus the evaluation 
of F(p’,z’) requires knowledge of plane-source densities 
for all obliquities. 

Many methods of solving the transport equation in 
plane geometry yield as a direct result the Fourier 
transform of the density rather than the density itself.* ® 
In connection with the evaluation of F(p,z) this is 
actually an advantage because only the integrals with 
respect to g, and g, in (8) need then be carried out. 

As a simple example of the application of (8), we 
consider the case of a purely absorbing medium, for 
which 
k 

e#s/cos%0 = if 2 cosfy>0 


G(s ; 60) = 
| coso| (9) 


=() if zcos#y)<0, 


where & is a normalization constant and a is an attenua- 
tion coefficient. The Fourier transform of G(z; 60) is in 
this case 


“ k ik 
f e'%G(z; 0))dz= 


= . (10) 
= a+ig cosh) ai—q: 


The inverse Fourier transformation yields 


1 as tk 
: f et dee’ dq.=ke es’ if 
dr J» di—4q: 


=(0) if 


z’>0 
(11) 


2’ <0. 


The inverse Bessel transform yields a delta function: 


1 ea 
f Gedy J o( Gop’) 
2x 0 
1 2 w 
‘ f da! f qodg, €~'%9P" cosa’ 
4r? 0 0 
1 w@ o 
=— f aq. f dq, e*4=7'+ ay") 
4n? J . ‘, 


5(p’) 
= 5(x’)5(y’) =—, 
2mp’ 


(12) 


5 L. V. Spencer, Phys. Rev. 88, 793 (1952). 

6 Wilkins, Hellens, and Zweifel, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1956), Vol. 15. 
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Combining (11) and (12), we find the density from a 
point-collimated source in a purely absorbing medium 


to be 
, 


p 
F(p’,2/)=ke-*"'——_ if _2’>0 
2mp’ (13) 
=0 if 2’<0. 
This result is of course obvious from first principles, be- 
cause in a purely absorbing medium, i.e., in the absence 
of scattering, the radiation remains concentrated on a 
line corresponding to the direction of emission, and is 
attenuated exponentially along that line. 


3. PLANE-TO-POINT SUPERPOSITION OF 
DENSITY MOMENTS 


One of the most effective techniques for solving the 
transport equation is the moment-method, according to 
which one first determines the spatial moments of the 
flux, and then constructs flux (or density) distributions 
by moment-fitting. The moment method has been 
applied to the calculation of the diffusion of x-rays,” 
electrons,®:? neutrons® and cosmic rays.!° The flux mo- 
ments are computed with the use of recursion relations 
derived from the transport equation. These recursion 
relations are much simpler for plane-source densities 
than for point-source densities. It is therefore of prac- 
tical importance that there exists a relation which is the 
analog of (8), according to which any finite moment of a 
point-source density can be obtained as a finite linear 
combination of plane-source density moments. 

Plane-source density moments may be defined as 


1 x 
G,,(00)=- f dz 2"G(z; 00), (14) 
tJ _. 


1 


and point-source density moments as 


1 «© Qn 
F jm =—— f asf 2rpdp piz™F(p,z). (15) 
jim! J. 0 


We want to express the F'jm’s as functions of the G,’s. 

Upon multiplying (1) by 2"/m! and integrating with 
respect to z, one obtains an expression for G,,(@0) which, 
with the use of (3), can be brought into the form 


1 @ w Qn 
G,(00)=— f vp’ f as’ f da 
n! Jo —w 0 


X {p’ sin cosa’+2’ cos0o}"F(p’,2’). (16) 


The right-hand side of (16) can be further transformed 
by expanding the binomial, carrying out the integration 

7L. V. Spencer and U. Fano, J. Research Natl. Bur. Standards 
46, 446 (1951). 

8H. W. Lewis, Phys. Rev. 78, 526 (1950). 

®L. V. Spencer, Phys. Rev. 98, 1597 (1955). 

1B. A. Chartres and H. Messel, Phys. Rev. 96, 1651 (1954); 
B. A. Chartres, Phys. Rev. 105, 707 (1957). 
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over a’, and making use of the moment definition (15). 
The resulting equation is 


2) 


{}n] 
Gn(0)= > sin?/6, cos" 
Fs 


j=0 


Jorn, n—2jy (17) 


where the notation [4a] indicates the largest integer 


<a and is the binomial coefficient a!/(a—b) !d!. 


a 
b 
Only even powers of sin# occur in (17), so that G,(0o) is 
expressible as a polynomial in cos@o: 

in) 


G (90) = y a nj cos"—?6o, 


i=0 


(in) ky (2k 
G.j= >, (—1)( )( )ePe n—2k- (19) 
k=j J k 


It will now be shown that the inversion of (19) yields 
277 j+tim) SR 

F 35, xn=——— pa ( asian 
2) p NG 


Gr 


This result can be proved by inserting (20) into (19), 
whereby one obtains the equation 


(18) 


(20) 


[in] [}n] 1 k 
Pr dk (—1)( )( Jan 
k=j i=k RJ Nf 
[in] i 1 k 
= an & (14 )( ). (21) 
ij k= i RI Nj 


The last sum in (21) can be evaluated with the use of a 
generating function: 


Econ )() 


(—1)? qi i 
=——— lim —(1-y'=( ) lim(1i—¢)*~? 
; tl 


ji "ae j 


(1 if i=j 
lo if i>}. 


(22) 


Thus (21) is an identity, which proves (20). 

In order to evaluate the point-source density moments 
according to (20), one must have the expansion coeffi- 
cients dn; of G,(@0). The evaluation of F2;,m requires 
knowledge of the [3m ]+-1 coefficients a2;;m,x% for k= j, 
j+1, ---7+[4m]. These coefficients can be determined 
from (14) after one has obtained G, (60) for 7-+[4m ]+1 
different values of the obliquity 6. 

There is another method of evaluating (20), which 
depends on a Legendre polynomial expansion of G,, (0) 
and has the advantage of fitting very naturally into the 
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. framework of the moment-method. Equation (18) can 


be rearranged as a Legendre series 


{hn} 


G (90) od is bnjP n-2j(Cosdo), 


j=0 


(23) 
with the expansion coefficients 
baj= (n—2)+9) f SiN4od8y Pa »;(COSA»)G » (80), (24) 
0 


where P; is the /th Legendre polynomial. Legendre 
polynomials can be written as"! 


(41) 
Pi(cosé)= S- ¢1; cos'-*40, 


7=0 


FOC) 


On the basis of this representation, the coefficients a, 
in (18) can be expressed as linear combinations of the 
coefficients 5,; in (23). The insertion of these combina- 
tions into (20) yields the following equation: 
i 


i+tim) fk 
* ie Do itm, i p (crim 2i,k—dy (27) 
(’) i=0 k=k* ] 
j 


where k*=i or j, whichever is larger. 

The coefficients b2;;m,; in (27) can be interpreted in 
two different ways. One may consider them as the 
integrals over G,,(40) computed according to (24). This 
computation can be done exactly if one knows G,,(6o) for 
j+[4m]+1 different values of the obliquity #0. From 
another point of view, one may regard the coefficients 
boj;m,i aS the moments of the density from a plane 
source which emits particles according to an angular 
distribution P2;;m~2:(cos#). Such Legendre-polynomial 
source distributions have no direct physical meaning 
(except for the polynomial of order zero) because they 
can assume negative values. But they constitute a 
useful system of functions in terms of which one can 
represent physical sources by superposition. Their use- 
fulness derives from the circumstance that the chain of 
recursion relations by which the moments are calculated 
assumes its simplest form for Legendre-polynomial 
sources.' It can therefore be assumed that the coeffi- 
cients b2;;m,; are directly available from a moment 
calculation, without further integration. Altogether 
j+[4m]+1 different Legendre-polynomial sources, of 
order 2j7-+m, 2j+m—2, ---, 1 (or 0), must be con- 
sidered in a calculation of F2;, m. 


(25) 


277 j+f hm] 


uE, T. Whittaker and G. N. Watson, Modern Analysis 
(Macmillan Company, New York, 1946), American edition, p. 302. 
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Note that (20) or (27) yields only even moments in p 
(with index 27). The reason for this lies in the structure 
of (16). In this equation, the binomial in p’ and 2’ is of 
such a form that after expansion the odd powers of p’ 
are accompanied by odd powers of cosa’. These odd 
powers of cosa’ vanish when one integrates with respect 
to a’, so that only even moments with index 2) are left. 
If one calculates moments directly from the recursion 
relation appropriate to a point source’ one also fails to 
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obtain odd moments in p. In order to obtain the missing 
moments, one would have to proceed indirectly, first 
evaluating the density distribution from the even mo- 
ments, and then taking appropriate averages of the 
density distributions. 
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Thermodynamics of Inhomogeneous Systems 
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A self-consistent thermodynamic formalism is developed for the treatment of the equilibrium of systems, 
some of whose parameters vary continuously from place to place. The method is specially designed for the 
description of transition interfaces separating two phases. The energy per unit volume is assumed to depend 
explicitly on the space derivatives of the molecule densities. Equilibrium conditions are obtained for the 
appropriate internal variables of the system, and all externally measurable intensive variables are uniquely 


defined by a variational procedure 


INTRODUCTION 


HE detailed description of the transition layer 
between two phases of a substance requires the 
treatment of a system in which some parameters of the 
system such as matter density and entropy density vary 
continuously from place to place in the system. The 
purpose of this paper is to provide a systematic formal- 
ism for the treatment of such systems within the frame- 
work of thermodynamics. The method developed here 
provides unique definitions of all externally controllable 
thermodynamic variables and consistently describes all 
physical operations that can be made on the system. 

The power of a phenomenological description of 
inhomogeneous systems has been recently demonstrated 
by Cahn and Hilliard! They represent the effect of 
inhomogeneity on the free energy of the system as a 
dependence of the free energy on the density gradients 
at each point as well as the density. The free energy is 
considered to be represented by an expansion in the 
various derivatives of the density close to the homo- 
geneous state. The history of such types of treatments 
is well described by Bakker,’ and I shall not present any 
further discussion of that method. 

The basis for the present treatment is similarly an 
assumed pointwise dependence of the local energy 
density on the space derivatives of the densities at the 
point. This mode of description is introduced into the 
framework of a Gibbsian thermodynamic treatment. 

1 J. W. Cahn and J. E. Hilliard, J. Chem. Phys. 28, 258 (1958). 

2G. Bakker, in Handbuch der Experimentalphysik, edited by W. 


Wien and F. Harms (Akademische Verlagsgesellschaft, Leipzig, 
1928), Vol. 6. 


or simplicity a one-component system is treated, and 
the explicit dependence on only two derivative terms is 
included. 

The method should also be useful in the treatment of 
critical-point fluctuations. 


DEVELOPMENT OF THE THEORY 


We shall take under consideration a one-component 
system in some infinitesimal state of strain relative to an 
assumed reference state. Each point x; of the reference 
state is presumed to be continuously displaced to the 
corresponding point x,’ in the strained state such that x,’ 
is a differentiable function of the unprimed «’s. For fluid 
or fully isotropic systems, the choice of the reference 
state is relatively unimportant; for crystalline solids, 
however, the reference state must be selected in general 
with sufficient care so that the system is both con- 
veniently and adequately specified. Since we shall re- 
strict our present discussion to the fully equilibrated 
isotropic solid or fluid, we shall not be concerned with 
the latter problem. The energy of the system will be 
presumed to depend explicitly on the strains e;;, defined 
by the relationship 

e;;= Ox /Ox;. (1) 
Another important parameter in the description of the 
state of strain is the dilatation e, the ratio of the volume 
of a small volume element v’ in the strained state to the 
volume of the element v in the reference state from 
which it was deformed. The dilatation is given by the 
Jacobian of the transformation represented by the 
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strain, 
€= O(x1' x2" x3’) / 0 (41,%2,%3) = Dete;;. (2) 


Since the strains are infinitesimal we may, as is usual, 
approximate e by the relationship 


e=14+)0; 0(x,’—x,)/0x;. (3) 


As further variables for the system we shall choose the 
energy density ¢, the number of molecules per unit 
volume n, the entropy per unit volume s, and the two 
variables y; and \ which we define by the relationships 


yi= On/0x;, (4) 
and 
A=); 0'n/dx2Z=V'n. (5) 
These variables are all defined here relative to the 
reference system. When they appear primed, they are 
to be considered as formally defined in a similar way for 
the strained system in such a way that the matter which 
was in unit volume at x; in the reference system is then 
in volume e at x,’ in the strained system. 

The change of energy in a unit reference volume due 
to a general set of infinitesimal changes of the inde- 
pendent extensive variables is given by the somewhat 
clumsy expression 


5(ee’) = T6(es’)+p5(en’) om Lis pijoei; 
+30; wd(eyi’)+v6(er’), (6) 


where the intensive variables T, u, — p;;, wi, and v are 
the partial derivatives of ee’ with respect to each of the 
corresponding extensive variables es’, en’, e;;, ey:’, and 
eX’, holding all others constant in each case. In what 
follows, these intensive variables will be frequently re- 
ferred to as intrinsic. For the conditions of our problem 
we may examine 6(ee’) at the state for which e;;=6;;. In 
other words it is most convenient to take the equi- 
librium state to be the same as the reference state. The 
strains may then be treated rigorously as infinitesimal. 

Remembering that each extensive variable includes 
an implicit factor of the volume of a unit volume of our 
reference state, it is clear that ee’ is a homogeneous 
function of the first degree of the remaining extensive 
variables. We shall replace ee’ by e, the energy density 
relative to a volume element of the reference state, and 
shall expand the term >_;; p:;6e;; in the form 


Lis pipe. j= poe+ pi;'de;;, 


p= , Dd: Pii, (8) 
bis’ = pis— pais. (9) 


The energy density can now be written, because of the 
above-mentioned homogeneity, as 


e= Tes'+pen'— pe— doi; pis eis +> Di wieyi tren’, 


or, when it is unnecessary to note the strain dependence 
explicitly, 


where 


(10) 


e=Tst+yun— pti wryitrr. (10a) 
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Because of the restriction to fluids or fully equilibrated 
solids, the nondiagonal strain term in Eq. (10) can be 
eliminated. This is so because we allow that in any fixed, 
bounded small unit volume changes of strain may be 
brought about by “plastic flow.” We require that, 
relative to such virtual changes, the energy e be an 
extremum. We prescribe, as is possible, that the total 
energy content, the volume, and the matter and gradient 
contents be unaltered by these changes. Then, from 
Eq. (6), 

be= -> i; pisbe:;. 


The changes of strain may be made independent by 
subtracting the constraint equation for the volume, 
multiplied by a suitable Lagrange multiplier p. The 
constraint is 

pie= p 24 6e;;= 0, 


and so we obtain 
5(e— pe) = >i ;(pij— pdi;)be;;=0. 
Thus results our first equilibrium condition, 
Pis= pai, 


and so the intrinsic stress p;; is purely hydrostatic at full 
equilibrium. Note that this intrinsic stress is not neces- 
sarily the same as the observable mechanical stresses. We 
shall see later how the mechanical stresses are defined 
through virtual processes which are related to coherent 
strain fields. 

The next equilibrium condition concerns virtual heat 
transfer among the different parts of the system subject 
to the conditions that the total entropy S and all the 
remaining extensive variables be unaltered. Here the 
total energy E must be an extremum. 


sh 6 fd e=0, 
T6S= Tb { av s=0; 


The multiplier 7 will of course be identifiable as the 
measurable temperature of the system. Since there is 
only a point dependence of ¢ on s in our assumed form of 
e, Eqs. (12) and (13) immediately become 


(T—T )ds=0 


(11) 


(12) 
and 


(13) 


(14) 
at every point of the system, and so 


T=T>. (15) 


Equation (15) is the second equilibrium condition and 
prescribes both the constancy of T and the definition of 
the extrinsic temperature 7°. 

The next equilibrium condition is more descriptive of 
the particular state of the system. The virtual process 
considered is the variation of m at each point holding s, e, 
and the total number of molecules N constant. For this 
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process we may refer to Eq. (10a). 


sE= ff do(uint+-¥ woyi+vdr)=0, (16) 


pod = f dv pgin=0. (17) 


Equations (16) and (17) may be combined, thereby 
rendering all 6n’s independent, and partial integrations 
may be performed on the terms involving 7; and A. The 
result is 


5(E—poN) =0 
= fect (u— po) — >; Ow,/dx;+V'v jin 


+> fda (o—av/axion+rbyJ (18) 


where da; is an element of surface. 
This leads directly to the third set of equilibrium 
conditions: 


u—po— >: Ow;/dx,+-V?v=0, (19) 


subject to the conditions that everywhere on the 
bounding surface, 


> ; da;(w;— dv/dx,;)=0, (20) 


and, since }°; day; is independent of 6 at the 
boundary, 


v=0. (21) 


These equilibrium conditions together with a specifica- 
tion of JT», N, and the shape of the boundary surfaces 
prescribe the possible configurations or distributions of 
n, yi, and X as functions of position and the value of uo, 
which is clearly the extrinsically measurable chemical 
potential for the system. We note specially that u, the 
intrinsic chemical potential, is not necessarily constant 
throughout the system. 

The fourth set of equilibrium conditions arises from 
considerations of equilibrium with respect to coherent 
elastic deformations of the system. These processes will 
define the usual externally measurable stresses and ex- 
press a relationship among the boundary stresses and 
the other intensive variables. In a sense, these equilib- 
rium conditions will be redundant with respect to those 
already stated, and we shall show that they can be 
derived directly from Eqs. (19)—(21) together with a 
generalized Gibbs-Duhem relationship which subsists 
among the intensive variables. Nevertheless it is in- 
structive to proceed in this redundant fashion since it 
enables us to identify the boundary stresses and also the 
measurable stresses everywhere in the system. The 
virtual displacements considered are to be thought of as 
produced by a coherent, continuous, infinitesimal strain 
in which points at x; are moved to x,’=,;+6x;. For such 
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a strain, en’ and es’ are left unaltered, and so 

sE= f do Liss Peder +L wd(eys))+v0(er’)]. (22) 
It is readily verified that when e= 1, 


0 0 0a 
i(ey,)= -£(1— — es (23) 
i Ox; Ox; Ox; 
0 00 
5(ed’) = -E( 2s poe 


OX; 


and 
a 
Ox; OX; 


Ox; OX; Ox; Ox; Ox; 


where the derivatives operate on 6x;, and \;;=0?n/ 
0x,0x;. Then 


a ad 9@a 
p= — faos| pie to(7— io—— ) 
al Ox; dx; Ox; Ax; 


0 0 0 
$1(as—t— ~ 


x; Ox; OX; 
0 0a 0 0 


0 
+2——— —) he, (25) 
Ox; OX; OX; 


+2y,—— 
Ox; Ox; 


After partial integrations, 


0 
6bE=>d_ | dvdx; — pjitwrjytrr;; 
i) Ox; 


ov Oa Ov 
-———(noctrr-n—)] 
Ox; Ox j Ox ‘ 


Ov 
—> dal (pietecrrtors—as ; Jon 
ij 


OX; 
Ov\ 0 
+ (no: VYi- n—)— ie, 


Ox; OX; 


7) 0a 
+ (5 +yn— —)éx,] 
Ox; Ox; Ox; 


0 Ov 
dapx)—(novt rv - ), (26) 
0 é 


Xs Ox; 


+h 


and, by employing equilibrium Eqs. (19)—(21), we may 


reduce this to 
0 Ow; Ov Oy 
dvbx ; — | bmn. = —— 
Xj Ox;  OX,0x; 


sE=D 


ax; 
HD | dajéxj[n(u—po) +7 wit rr] 


—-> da ox; pj. (27) 
i7 
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Note that we have retained one term proportional to v 
at the surface even though v=0 at the surface. This has 
been done simply to preserve the symmetry of the re- 
sults and to provide a clue for introducing higher 
derivative terms. 

Now for equilibrium we require that 5E=0 for all dx; 
subject to the constraint that every element of boundary 


surface remains undeformed, or 
> ; da,ox;=0. (28) 


Multiplying Eq. (28) by a Lagrange multiplier P that 
is a function of position on the surface, we obtain the 
unconstrained equilibrium condition. 


(29) 


6E+>. fase, P=0, 
7 


This leads directly to the equilibrium conditions 


=0, 


Ow; Ov Oy 
| (30) 


te) 
} ie | phn ty greener 


i Ox; Ox; Ox; Ox ;,OX; 
and, at the boundary, 


P—p+n(u—po) +X writ rr=0, 


where we have used the condition p,;= p6;;. It will be 
shown below that Eq. (30) is equivalent to Eq. (19). 
We may rewrite Eq. (31) in the form 


(31) 


P= p—n(u—po)— Li wri”. (31a) 


This should be considered as the defining equation for 
P, the measurable stress everywhere on the boundary 
surface. 

Finally in this section we shall compute the total 
energy. That is clearly, from Eq. (10a), 


B= f del Ts+un— p+ Evento} 


= ToS+uoN— f ae p, (32) 


where the final result is obtained by partial integrations 
and the use of the equilibrium conditions, Eqs. (15), 
(19), (20), and (21). Note specially that the last term in 
Eq. (32) depends on the intrinsic stress as we have 
defined it. 


THE SURFACE APPROXIMATION 


For some choices of boundaries and distributions of 
phases, for which the inhomogeneity is of a sufficiently 
restricted form, the system may be adequately described 
with the help of the concept of the transition surface. 
Where this is possible the system may be paramaterized 
in terms of the total entropy, total number of particles, 
total volume, and the area and shape of the transition 
surface. We shall refer to this mode of description as the 
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surface approximation. The simplest case, and one for 
which this treatment is rigorously possible, is one in 
which the density varies along only one coordinate 
direction. In order to avoid difficulties of integration, we 
shall consider a system for which v=0. For such a 
system there exist solutions of the equilibrium equation 
for which this type of one-dimensional variation is 
possible. 

Consider, then, a system in a container with the shape 
of a right cylinder. The direction along the axis is chosen 
to correspond to the z coordinate. Let the area of any 
cross-section normal to the z axis be A. Equation (30) 
can be integrated directly since all « or y components of 
w or ¥ are zero. . 


0/62 p—n(dw;/dz) ]=0, 
a= n(dw,/02)= Po, 
Po= p- n(u—po), 


where Po is a constant of integration. The pressure 
anywhere on the wall of the container is, from Eq. (31a), 


(33) 


(32a) 


(32b) 


P= p—n(u— Mo) — wes. 


Since at each base of the cylinder the boundary condi- 
tions require that w,=0, it is immediately clear that Po 
is the same as the measurable pressure on the base. We 
may rewrite Eq. (33) as 

P= Po—wr):. (34) 
This equation shows directly that the measurable pres- 
sure on the side faces of the container varies as a 
function of z and in fact P is in general less than Po. We 
proceed next to evaluate the integral in Eq. (32). 


fe P= f dil P+n(u—m)+o] 


=A fas P 
= -A f ds(Po—P)+A fas Po 


=—cA+PyV, 


where V is the volume and 


= [dsr FP. 


Substitution of these results in Eq. (32) yields the 
evaluation, 


(36) 


E=ToS+puN—PoV +A, (37) 


which of course is the expected result in the surface 
approximation. 
It is particularly pleasing that o is exhibited here 
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directly as a mechanical tension in terms of the meas- 
urable boundary stresses. By use of Eq. (34) we may 
obtain the further result that 


o= fas Ws 2: 


We shall not discuss in any further detail the con- 
figurations in which curved surfaces appear. It can be 
readily appreciated, however, that differences of pres- 
sure, encountered in crossing curved surfaces, will be 
easily accounted for by Eq. (30) so that no separate 
introduction of Rayleigh’s law is needed. 


(38) 


GENERAL DISCUSSION 


Since the states of the system are fully determined by 
the solutions of Eq. (19) subject to the boundary 
conditions given in Eqs. (20) and (21), it is necessary 
that Eq. (31), the stress equation, be consistent with 
Eq. (19), the chemical equilibrium equation. This is 
readily demonstrated as follows. If the divergence 
operation indicated in Eq. (30) is carried out, we obtain 
the result 

ap. 
0=——n— | 
Ox; Ox; 

Op Ou 

=——2n—— 


- (39) 
Ox; OX; + 


Ox; Ox; 

But this last equation is in fact always satisfied since it 
isa form of the Gibbs-Duhem relationship corresponding 
to Eqs. (6) and (10) when 67=0. That relationship can 
be written in its more general form as 


O=sbT+nbpt+> ; y bw; +rdv—Sp. (40) 

With this final point established, it is clear that the 
rather clumsy detail of the foregoing treatment is not 
required for any further problems. The explicit atten- 
tion to the strain parameters was needed only to provide 
a rigorous basis for defining the observable stresses. All 
information about the system is obtainable from solu- 
tions of Eqs. (19)—(21) together with Eq. (31a). From 
the form of those expressions it is clear how higher 
derivative terms might be added as well as additional 
components. 
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There is one feature of the foregoing treatment that 
has not yet been considered. That is the question of 
whether or not one or two terms such as 7; or A are 
sufficient to make a good approximation to the physical 
problem. I think that fair success may be expected for 
the representation of surfaces where the transition is not 
too abrupt between the two phases, but there is a 
distinct possibility of trouble at the boundary of the 
container where the transition is necessarily sharp. This 
trouble is already indicated by the rather stringent 
boundary condition that v=O at the external surface. 
In a sense this is an artificial problem since the system 
of interest should be pretty well independent of the 
container walls if a sufficiently large system is considered. 
It seems then that there should exist a different set of 
possible boundary constraints which might remove the 
excessive dependence of the system properties on the 
container walls. This improvement remains to be made. 
One possible way of accomplishing this is to introduce 
an explicit surface interaction between the system and 
the walls of the container. Such a prescription might 
proceed as follows. 

Let the total energy be 


(41) 


p= fa e+D fata n+ By; ], 


where « is given by Eq. (10a), and A; and B are con- 
stants that depend on the nature of the system and the 
container walls. All the equilibrium conditions derived 
above still hold with the exception that Eqs. (20) and 
(21) are now modified. Those boundary conditions now 


become 
(20a) 


(21a) 


po da,;(w;— Op, Ox; +A i) = Q), 
v+B=0. 


and 


The stress equilibrium equations now lead to exactly the 
same formal results as before. 
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The velocity of first sound at 5 Mc/sec was measured in liquid He* between 0.34 and 3.14°K. The results 
are fitted within 0.2% by the equation u=183.9—5.98T?—0.1307*—0.001767* (m/sec). Initial pressure 
coefficients of the sound velocities and a number of derived thermodynamic quantities are also reported. 


KNOWLEDGE of the velocity of sound in any 

liquid as a function of temperature and pressure 
permits the calculation of a number of thermodynamic 
properties. The velocity of first sound in liquid Het* has 
been reported by several investigators.~* In the 
present study, an ultrasonic pulse-echo method operat- 
ing at a frequency of 5 Mc/sec has been used to measure 
the velocity of sound in liquid He’. 


APPARATUS 


The experimental equipment includes mechanical, 
electronic, and cryogenic components, all of which were 
modified somewhat after completion of the major part of 
the work reported here, but before making the check 
measurements. 

Figure 1 is a diagram of the sound cell and its integral 
helium-three Dewar which was machined from a solid 
copper block. The whole assembly is cooled by pumping 
on the He’ bath in the annular space through a }-in. 
diameter Inconel tube which also serves as mechanical 
support. Sound velocity measurements are made on a 
separate sample of He*® condensed in the central 
cylindrical volume of 1.6 cm* marked ‘“X-liquid.” 

In the original cell, A, the transmitter (bottom) 
crystal of X-cut quartz was mounted rigidly to its 
backing cone with epoxy resin and was excited at a 
repetition rate of about seven times per second by a 
highly damped (2 cycle) ‘wave train” of 200-volt peak- 
to-peak amplitude from a 0.1-usec pulse transformer. 
A thin-walled perforated brass cylinder of }-in. diameter 
and with ends machined parallel to within 0.0001 in. 
determined the length of the sound path to the receiving 
(top) crystal, which was held only by spring pressure. 
When this cell was disassembled it was ascertained that, 
in spite of repeated soldering of the cell, the crystals 
had remained intact and were in the same condition as 
when they were first installed. 

The modified cell, B, used for the check measurements 
has a shorter but more carefully machined brass spacer, 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 Findlay, Pitt, Grayson-Smith, and Wilhelm, Phys. Rev. 54, 
506 (1938) and 56, 122 (1939). 

2J. R. Pellam and C. F. Squire, Phys. Rev. 72, 1245 (1947). 

3K. R. Atkins and C. E. Chase, Proc. Phys. Soc. (London) 
A64, 826 (1951). 

4C. E. Chase, Proc. Roy. Soc. (London) A220, 116 (1953). 


5K. R. Atkins and R. A. Stasior, Can. J. Phys. 31, 1156 (1953). 
6 A. van Itterbeek and G. Forrez, Physica 20, 133 (1954). 


a pair of crystals held in place by six “C” clamps and 
no backing cones. Crystal excitation is the same as 
with the original cell. 

The received signals are amplified directly in a broad- 
band amplifier without the use of intermediate fre- 
quency stages or detection so that the detailed structure 
of each signal (Fig. 2), rather than its envelope, is dis- 
played on the timing oscilloscope. A combination of 
precision step and continuously variable delay circuits 
permits delay measurements accurate to +0.05 usec for 
delay times from 0 to 1000 usec. The continuously 
variable delay is controlled by a ten-turn helical poten- 
tiometer and was originally designed to cover a range 
of 100 usec. For the check measurements a Kelvin- 
Varley circuit of fixed resistors was added, allowing 
an optional reduction of this range to 10 usec. This 
improves the resolution by a factor of five. The elec- 
tronic equipment is, of course, similar to the more 
conventional radar trainer sound velocity apparatus 
as used by Pellam and Squire? and Atkins and Chase’; 
but the use of separate crystals (as did Chase‘) avoids 
some of the problems associated with nonoverloading or 
gated amplifiers, and the direct display of the 5-Mc/sec 
oscillations instead of the pulse envelope reduces the 
ambiguity in locating the ‘‘foot”’ of a signal. 

With the two crystals, one has, in principle, the 
choice of obtaining sound velocities either by trans- 
mission or by reflection measurements. When using 
both crystals, signals corresponding to 1, 3, 5, and 7 
transits through cell A could readily be observed and 
measured in He‘, but only 1 and 3 transits were dis- 
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Fic. 2. Typical oscilloscope pattern. Sweep speed 0.4 usec/cm. 
Beginning of signal set to center line. Background (cross talk) 
from triggering circuits evident at left. 


tinguishable in He*. When either crystal was used as an 
independent transducer (with the opposite crystal 
simply serving as reflector), echoes corresponding to 2 
and 4 transits were apparent, but they were not suffi- 
ciently above noise to be used for precision velocity 
determinations. Also, there was no difference in gross 
signal strength or shape when either the tightly or the 
loosely bonded crystal served as the independent trans- 
ducer. Finally it should be noted that the number of 
multiple-transit signals discernible in He* with either 
cell is less by almost an order of magnitude than the 
40 or 50 echoes that can usually be seen in He* with the 
same electronic apparatus and a sound velocity cell in 
which the liquid is not confined to a small capsule. 
From a measurement of the relative intensity of 
successive signals in Het near 2°K, one obtains an 
apparent pressure attenuation coefficient of a=0.4 cm™ 
with cell A and a=0.23 cm™ with cell B. This is, of 
course, much higher than has been reported for He’ 
at that temperature and must be primarily an inherent 
property of each cell. It is not clear whether these high 
inherent cell a’s can be ascribed entirely to a slight 
misalignment and frequency mismatch of the crystals 
or whether they are caused by edge or surface inter- 
ference effects in the small cells. In addition to these 
effects there is a loss of acoustic signal strength upon 
transit from one medium to another. This acoustic 
impedance mismatch is greater between quartz and 
He’ than with any other liquid and, as can readily be 
calculated from the data presented below, the in- 
creasing mismatch alone reduces the He’ signal in- 
tensity at 3°K to 25% of its value at 1°K, which in 
turn is less than one-half of the He‘ intensity at 
about 2°K. 


THERMOMETRY 


The temperature of the liquid under investigation is 
inferred from the vapor pressure of He’ in the thermom- 
eter well shown in Fig. 1, using the Tg scale of Sydoriak 
and Roberts.’ Depending on the temperature range, 
either a mercury manometer, an oil manometer, or a 
calibrated McLeod gauge is used to measure the vapor 
pressure. As discussed previously,* thermomolecular 


7S. G. Sydoriak and T. R. Roberts, Phys. Rev. 106, 175 (1957). 
8 T. R. Roberts and S. G. Sydoriak, Phys. Rev. 102, 304 (1956). 
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pressure ratio corrections have to be applied when the 
measured vapor pressures are less than about 300 u of 
Hg. In our apparatus, these corrections amount to about 
48% of the observed pressure or 25 millidegrees at 
0.34°K. The uncertainty in the temperatures thus ob- 
tained is of the order of a millidegree. To this must be 
added the uncertainty in the temperature scale itself 
and the possibility of thermal gradients at the various 
interfaces, which are difficult to estimate. However, 
since the sound velocity is not a strong function of the 
temperature, thermometry errors are probably negli- 
gible in this work. 


SAMPLE ANALYSIS 


Mass-spectrometric analyses of the purity of the 
available He® gas were performed a number of times. 
However, only after the check run was an analysis 
obtained on the liquid actually present in the sound 
cell. It was found to contain 0.010+0.001% of He', an 
amount which should affect the measured velocities 
by less than 0.005%. Since the check measurements 
fell within the scatter of the earlier results, it seems 
safe to assume that in all measurements the liquid He’® 
had a purity of at least 99.9%. 


ERRORS 


Table I gives our estimates of other errors which 
might affect the reported velocities. In cell A the dist- 
ance between the crystals could be in error by +0.0002 
in. (0.05%) whereas the length of cell B is known to 
+0,00005 in. (0.017%). The contraction of the brass 
spacers might well differ by 5% from calculated values? 
and this would make the length of the spacers uncertain 
to 0.02%. There is an additional delay (or path length) 
between the initial pulse and the first transmitted 
signal due to the uncertainty as to where in the crystal 
the electrical impulse traveling with the speed of light 
is converted into a mechanical pulse traveling with the 
speed of sound and vice versa. For cell A the magnitude 
of this correction has been determined empirically from 
a comparison of the times between higher order transits 
and represents an average value for measurements in 
He’ and He‘. For a transit time of 60 usec this correction, 


TABLE I. Summary of errors. 





Cell B 
Magnitude 


Cell A 
Magnitude 


Source % in u % in u 





Length of cell 
at 20°C 
Contraction 
to 0°K 
Correction to 
first transit 
Each time 
interval 
Compounded 
error (rms) 


0.75710 +0,00013 cm +0,.017 
(3.8+0.2) X10 +0.02 


—0.09 +0.09 psec 


1.0447+0.0005 cm +0.05 


(3.8+0.2) X10-% +0.02 


—0.18 +0.06 usec +0.10 +0.21 


+0.07 psec +0.12 +0.07 psec +0.16 


+0.27 


*H. L. Johnston, Ohio State University results (unpublished) ; 
D. B. Fraser and A. C. Hollis Hallett, Proceedings of the Ninth 
International Congress of Refrigeration 1, 064 (1955). 
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amounting to —0.18+0.06 usec, contributes a 0.1% 
uncertainty. A less extensive determination of this 
empirical correction for cell B gave a value of —0,.09 
+0.09 usec corresponding to an uncertainty of 0.21% 
for the shorter transit times encountered with this cell. 

Under ideal conditions, the continuously variable 
100-usec delay can be set reproducibly to +0.02 usec. 
However, the linearity of the helical potentiometer is 
only +0.05% (+0.05 usec) so that in spite of the fact 
that the dial is calibrated every 10 usec, individual time 
intervals have a probable error of +0.07 usec which at 
1°K is 0.12% for cell A and 0.16% for cell B. Use of the 
expanded 10-ysec range gives +0.01 usec reproduci- 
bility and correspondingly increased precision, but the 
limitations of our calibration scheme preclude an in- 
crease in the absolute accuracy. Occasionally, the arrival 
time of a weak pulse may be misread by as much as a 


TABLE II. He‘ Sound velocities (m/sec).¢ 


T r(°K) Um 


1.779 231.4, 
1.465 


235.95 
1.239 


236.82 
1.066 237.3¢ 
0.934 


237.74 
0.918 237.74 


Te(°R) um 


221.45 
218.1; 
219.0; 
220.5; 


2.557 
2.1735 
2.1795 


221.2, 
218.52 


* Runs made on different days are separated by dashed horizontal lines. 


whole cycle (0.2 usec). It is thus evident that the major 
uncertainties stem from the time measurements. Com- 
bination of all the errors listed in Table I produces an 
over-all root-mean-square error of 0.17% for most of 
the data and of 0.27% for the check measurements. 
These numbers apply to all velocity measurements 
made below 2°K with the liquid at its saturation vapor 
pressure. Because of the increase of attenuation and 
impedance mismatch with increasing temperature, most 
measurements above 2°K were made at a number of 


TABLE III. He® sound velocities (m/sec).* Au=um—u-, where 
um is the measured sound velocity and , is that calculated from 
Eq. (2). 


Tg(°K) Um Au 


1.075 176.95 +0.14 
0.927 178.85 +0.19 
0.817 179.9, +0.10 
0.738 180.5. —0.03 0.964 178.67 
0.658 180.9; —0.36 0.818 180.3, 
0.587 181.85 +-0.08 ------- 
0.529 182.35 +-0.09 2.244 
0.485 182.3. —0.12 2.374 
0.405 182.65 —0.23 2.568 
0.391 183.0; +0.03 3.136 
1.079 176.6, —0.16 3.001 
1.085 177.25 +0.56 2.780 
175.65 —0.01 1.948 
1.601 
1.396 
0.380 
0.374 


T R(°K) Um Au 


1.776 163.8, 
1.467 170.3; 
1.227 174.7; 


—0.30 
—0.27 
+0.06 
+0.45 
+0.51 
—0.03 
+0.13 
—0.53 
—0.02 
—0.25 
+0.19 
—0.15 
—0.18 
—0.07 
—0.38 
—0.15 


151.1, 
146.8; 
138.4+0.3 
104.6+0.7 
114.7+0.5 
128.8+-0.2 
159.7; 
167.73 
171.85 
182.6; 
182.9, 


+0.62 
+0.04 
—0.23 


139.2+0.3 
150.4+0.3 
154.6+0.2 


® Runs made on different days are separated by dashed horizontal lines. 
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Fic. 3. Sound velocities in He? and He‘ ( @ this study, o Van 
Itterbeek and Forrez,*6 O Atkins and Stasior®). 


pressures up to 200 mm of Hg above saturation pressure 
and then extrapolated to saturation pressure. These 
data are afflicted with errors increasing with the 
pressure coefficient of the velocity and reaching a 
magnitude of +0.7% at the highest temperature at 
which measurements were made (3.14°K). 


SOUND VELOCITIES 


The experimental results obtained with cell A on Het 
and He’ are reported in Tables II and III. The same 
data are plotted in Fig. 3. It is apparent that our values 
for He‘ are in excellent agreement (+0.2%) with the 
work of Van Itterbeek and Forrez® who used an inter- 
ferometer technique. There is also satisfactory agree- 
ment with the data reported by Atkins and Stasior.® 
Similar agreement is obtained with the work of Atkins 
and Chase* (not shown in Fig. 3) provided velocities 
read from their graphs are increased by 0.8% as sug- 
gested by Chase.‘ 

Smooth graphical extrapolation of the He® data with 
the derivative du/dT going to zero at O0°K yields 
uo= 183.4 m/sec. Least-squares calculations, using 16 
power series of the form 


u=uot), aT, (1) 
indicate that the measured velocities, “4, can be fitted 
satisfactorily by the equation 

ue= 183.9—5.98T?—0.1307*—0.00176T%(m/sec). (2) 
The Au=u,,—4u, column of Table III shows that the 


rms deviation of the fit is +0.29 m/sec or 0.17% which 
matches the compounded error from Table I. 
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TABLE IV. Check run (99.990% He’, Cell B). 





Tr Au Ts thm Au 


0.337 —0.144 0.587 181.92, +0.111 
0.348 —0.125 0.617 181.819 +0.217 
0.359 —0.096 0.652 181.49, +0.177 
0.371 —0.100 0.692 181.12, +0.136 
0.394 —0.087 0.735 180.73, +0.116 
0.424 —0.025 0.780 180.379 +0.170 
0.440 —0.054 0.831 179.76, +0.069 
0.462 +0.039 0.889 179.12, +0.046 
0.488 +0.037 0.940 178.35; —0.152 
0.516 +0.047 1.018 177.429 —0.144 
0.548 +0.142 





182.22; 


A check run was made with cell B, using the variable 
time delay with improved resolution and a carbon 
resistance thermometer for interpolation of the tem- 
peratures. Modifications of the tubing leading to the 
cell allowed measurements at a slightly lower tempera- 
ture (0.337°K) than had been attained in the earlier 
work. The check run results are given in Table IV. 
Graphical extrapolation again leads to a value of 
uo= 183.4 m/sec and the new data are also closely 
described by Eq. (2) although they were not used in 
arriving at the constants entering this equation. 

Table IV provides a verification of the earlier meas- 
urements which is desirable in view of the fact that 
when our work was first reported, similar measure- 
ments made at another laboratory" but at higher fre- 
quencies and with a smaller sample of liquid gave sound 
velocities lower by about 3%. In making the check 
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Fic. 4. Initial variation of sound velocity with pressure. 

© Laquer, Sydoriak, and Roberts, Proceedings of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
edited by J. R. Dillinger (University of Wisconsin Press, Madison, 
1958), p. 98. 

1H. Flicker and K. R. Atkins, Proceedings of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
edited by J. R. Dillinger (University of Wisconsin Press, Madison, 
1958), p. 95. 
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measurements, it was also determined that at 0.85°K 
the velocity is unchanged when 3- and 10-db attenuators 
are inserted into the line from the pulse transformer 
to the crystal. Thus it appears that our measured 
velocities are independent of the magnitude of the 
voltage pulse, i.e., they are true sound velocities and not 
shock velocities. 


PRESSURE COEFFICIENTS 


As already mentioned, measurements at temperatures 
above 2°K were made at pressures in excess of saturation 
pressure and extrapolated linearly to saturation. The 
slopes of these extrapolations, incidentally, furnish 
values shown in Fig. 4 for the initial pressure coefficients 
of the sound velocities. A more detailed study of the 
pressure variation of the sound velocity was made 
with cell B at 1.525+0.005°K (Table V). These data 
show that the slope du/dP decreases rapidly from a 
value of 0.041+0.001 m sec (mm of Hg)“ at satura- 
tion (54 mm of Hg), shown as a solid circle in Fig. 4, to 
0.030 at 200 mm and approaches a more or less constant 
value of 0.0245 at 500 mm. 


TABLE V. Variation of velocity with pressure at 1.525°K. 


Velocity 
(m/sec) 
176.91 
177.29 
174.02 
170.82 
169.02 
169.14 
169.06 


Pressure 
(mm of Hg) 


Velocity 
(m/sec) 
189.02 301 
189.64 316 
186.59 196 
186.40 99.1 
184.80 54 
182.12 55 
179.44 53.7 


Pressure 
(mm of Hg) 


817 
810 
700 
697 
600.5 
506 
396 








DERIVED QUANTITIES AND COMPARISON WITH He‘ 


The measurements just recorded allow the calculation 
of a number of other thermodynamic quantities. Table 
VI summarizes some of these calculations and also 
lists corresponding data for He‘. Any bracketed number 
represents an extrapolation beyond the experimental 
range and should obviously be viewed with caution, 
particularly if there is the possibility of a density 
anomaly.” The columns of Table VI represent the 
following quantities: 


(1) Temperatures, 7. 

(2) Sound velocities, u, calculated from Eq. (2), 
except for the 0° value which was obtained by the 
graphical extrapolation previously discussed. He* data 
were obtained from a large plot of Fig. 3 including our 
own measurements (Table II) and literature data.*~* 

(3) Initial values of the pressure derivative du/dP 
from Fig. 4 for He* and average values Au/AP between 
saturation and 2.5 atmos from Atkins and Stasior® 
for He‘. 

2 (a) L. Goldstein, Phys. Rev. 102, 1205 (1956), (b) D. M. Lee 
and H. A. Fairbank, Proceedings of the Fifth International Con- 


ference on Low Temperature Physics and Chemistry, edited by J. R. 
Dillinger (University of Wisconsin Press, Madison, 1958), p. 90. 
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TABLE VI. Derived quantities for saturated liquid. The symbols are defined in the text. 








u X1074 


(du/dP) X108 V a’ X102 
(cm sec™!) = 


r 
(°K) (cm? dyne™ sec!) (cm! mole~!) (°K~) 


(dyne cm~? °K~!) 


C Cpe 
(joule mole! °K~-") 


(dP/dT) X10-5 X8X108 xr X108 
(cm? dyne™!) 





m 
R 


(1.834+0.005) 
1.824+0.003 
1.778+0.003 
1.700+0.003 
1.585-+0.003 
1.418+0.004 
1.150-+0.005 

(0.990+0.015) 


(36.63) 
(36.65) 
36.873 
37.459 
38.708 
41.202 
46.775 
51.590 


3.0+0.2 
3.2+0.3 
4.7+0.5 
9.8+0.8 
(15.0+1.5) 


CWEEK SS 
nNoUcoMoON 


ie) 
@ 


(2.39 +0.02) 
2.375+0.005 
2.267+0.005 
2.176+0.005 
1.90 +0.01 


(27.51) 
27.516 
27.418 
28.360 


Be wNe OO 


(3.610) 
(3.652) 
3.868 
4.300 
5.110 
6.795 
11.73 
17.45 


(3.610) 0 0 0 1 
(3.653) 3. 
3.908 


3.260 
4.294 
Saat 
7.713 
10.483 


3.260 
4.298 
5.771 
8.033 
12.03 


259 
4.254 
5.416 
6.482 
6.891 


1.0002 
1.0104 
1.0656 
1.239 
1.745 


0 
0.0277 
0.547 
1.79 
3.67 
6.16 
9.25 
10.64 


4.582 
6.333 
11.86 


(1.203) 0 0 0 1 
1.219 0.417 0.417 0.417 1.00008 
1.335 20.73 20.73 20.70 1.00155 
1.929 9.97 10.19 7.902 1.289 
3.921 15.97 17.60 9.672 1.820 


(1.203) 
1.219 
1.333 
1.496 
2.155 


0 
0.0153 
0.929 
3.63 
8.29 








(4) Molar volumes, V, taken from the work of 
Kerr*.* but with a small correction for the change 
from the 48 to the 55£ temperature scale. 

(5) Thermal expansion coefficients, a’, of the liquid 
along the saturation line taken from Kerr’s" results for 
He’ and from Atkins and Edwards" and Kerr" for He’. 

(6) Slopes of the vapor pressure curve of the liquid, 
dP/dT, from the Tx scale of Sydoriak and Roberts’ for 
He’ and from Clement’s 755z'° for He’. 

(7) Adiabatic compressibilities 


Xs= V/Me, 


where M;= 3.0162 g/mole and M,=4.0028 g/mole. 
(8) Isothermal compressibilities 


(3) 


(4) 


Xr=yXs, 
where y=Cp/Cy (see below). 
(9) Heat capacities, C’, of the liquid along the 
saturation line from the equation of Roberts and 
Sydoriak"” for He* and from Hill and Lounasmaa'® and 
Kramers, Wasscher and Gorter!’ for He’. 
(10) Heat capacities at constant pressure” 


Cp=C'/[1—A(1+B) ], (S) 
where A=a’VT(dP/dT)/C’, and B= V (dP/dT)M/wa’, 


(11) Heat capacities at constant volume” 


Cy=C’/[1+A (1+1/B) ]. 
(12) The ratio of the heat capacities 
y=Cp/Cy=[1+ A (1+1/B) /[1—A(i+B)]. (7) 


The extrapolated value of the adiabatic compressi- 
bility of He* is 3.66% per atmosphere at 0°K, which 


(6) 


13 E. C. Kerr, Phys. Rev. 96, 551 (1954). 

4 E. C. Kerr, J. Chem. Phys. 26, 511 (1957). 

16K, R. Atkins and M. H. Edwards, Phys. Rev. 97, 1429 (1955). 
16 W. E. Keller, Nature 178, 883 (1956). 

17 T, R. Roberts and S. G. Sydoriak, Phys. Rev. 98, 1672 (1955). 
18 R. W. Hill and O. V. Lounasmaa, Phil. Mag. 2, 143 (1957). 

19 Kramers, Wasscher, and Gorter, Physica 18, 329 (1952). 

*” L. Goldstein (to be published). 


should be compared with Brueckner and Gammel’s”! 
calculated value of 5.3% per atmosphere. We can also 
compare our value of 4.05% per atmosphere at 1.2°K 
with the isothermal compressibility of 3% per atmos- 
phere from susceptibility measurements reported by 
Walters and Fairbank” as an average over a pressure 
range of several atmospheres. Within their implicit 
accuracy, their estimate appears quite reasonable and 
their calculated sound velocity of 195 m/sec may well 
apply for He’ at a pressure of about 3 atmos. A similar 
comparison can be made with Peshkov’s* optical com- 
pressibility determination. Initial isothermal com- 
pressibilities, estimated from the initial slopes of his 
Ap vs AP plots, fall within +10% of a smooth curve 
drawn through our calculated yr values from Table VI. 
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Fic. 5. Comparison of the isotopes. 
21K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1040 
(1958). 
2G. K. Walters and W. M. Fairbank, Phys. Rev. 103, 263 
(1956). 
2% V. P. Peshkov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 833 
(1957) [translation: Soviet Physics JETP 6, 645 (1958). 
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The decrease of the compressibility with increasing 
pressure is evident from the curvature of his data at 
all temperatures except the lowest. His calculated 
sound velocity of 170 m/sec at 1.6°K compares closely 
with our measured value of 168 m/sec. However, his 
calculated velocity of 80 m/sec at 3.0°K is much too 
low, possibly from an underestimation of the magni- 
tude of y. 

Since most properties of He® vary smoothly and 
monotonically with temperature, they provide a con- 
venient frame of reference for the properties of Het. 
Figure 5 is a plot of the ratio of some properties in He‘ 
to those in He*® taken at equal values of the reduced 
temperature 06=7/T rit. Although the \-phenomenon 
is clearly apparent, it is interesting to note that both 
the ratios of the sound velocities and of the particle 
densities of the isotopes are fairly constant and lie 
within 5% of the ratio of their atomic weights over the 
entire range of available data. 
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We also note that the values of y for the two isotopes 
are essentially the same for corresponding values of 6. 
From these statements and Eq. (3) it follows that both 
adiabatic and isothermal compressibilities should be in 
the inverse ratio of the fourth power of the atomic 
weights or that He® is about 3.1 times as compressible 
as He*. No such simple relationships seem to hold for 
the various heat capacities. 
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Stored Energy Release in Copper Following Electron Irradiation below 20°K* 


C. J. MEECHAN AND A. Sosin 
Atomics International, Division of North American Aviation, Incorporated, Canoga Park, California 
(Received September 25, 1958) 


The stored energy release in copper has been measured in the temperature range 20°-60°K following 
irradiation with 1.2-Mev electrons. A differential temperature measurement was made between an irradiated 
specimen and an unirradiated standard. The specimens were immersed in liquid helium during irradiation ; 
subsequent heating of the specimen was carried out in vacuum. A value of the total energy release of 2.5 10™* 
cal/g was observed for an integrated flux of 9X10'’ e/cm*. The stored energy-resistivity ratio obtained is 
(5.4+0.8) cal/g per micro-ohm-cm. The energy associated with a Frenkel pair is calculated to be (5.40.8) 
ev for a value of 3.6 micro-ohm-cm per atomic percent Frenkel defects. 


I. INTRODUCTION 


FEW years ago, Cooper, Koehler, and Marx! 

measured the electrical resistivity recovery oc- 
curring in the noble metals near 30°K following 
deuteron bombardment at 12°K. This experiment 
marked the first successful attempt to study recovery 
of radiation damage in metals in this temperature range, 
now called Stage I. In a relatively short time following 
this important beginning, many experiments were 
reported involving several different physical property 
changes which occur in this temperature region follow- 
ing irradiation with deuterons,?* neutrons,*~® and elec- 
trons,’:* and also damage by cold work.® 


* This work was performed under contract to the U. S. Atomic 
Energy Commission. 

1 Cooper, Koehler, and Marx, Phys. Rev. 97, 599 (1955). 

2R. O. Simmons and R. W. Balluffi, Phys. Rev. 109, 1142 
(1958). 

3 R. Vook and C. Wert, Phys. Rev. 109, 1529 (1958). 

‘ Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
639 (1957). 

5 Blewitt, Holmes, Coltman, and Noggle, Oak Ridge National 


In order to accurately describe the Stage I recovery 
phenomena, it seemed necessary to measure the energy 
associated with this recovery following various types 
of irradiation. This problem was first attacked by 
Blewitt, Holmes, Coltman, and Noggle® on neutron- 
irradiated copper. The first results reported on the 
energy release following neutron irradiation were some- 
what smaller than expected if one assumed that all of 
the Stage I recovery was due to interstitial-vacancy 
recombination. Since the fraction of the damage pro- 
duced by neutron irradiation which is attributable to 
interstitials and vacancies is not well determined, it 
was deemed necessary to perform the stored energy 
measurement on an electron-irradiated specimen. It 
is generally agreed that electrons with energies near 1 
Mev are energetically capable of producing only point 


Laboratory Progress ORNL-2188, 1956 


(unpublished). 
6 Thomson, Blewitt, and Holmes, J. Appl. Phys. 28, 742 (1957). 
7 J. Corbett and R. Walker, Phys. Rev. 110, 767 (1958). 
8 A. Sosin and J. A. Brinkman, Acta Met. (to be published). 
9C. J. Meechan and A. Sosin, J. Appl. Phys. 29, 738 (1958). 
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imperfections, and thus a more simple interpretation 
of results should be possible. 

The present paper reports an investigation of the 
stored energy release in Stage I following 1.2-Mev 
electron irradiation of pure copper below 20°K. A 
differential temperature measurement between an 
irradiated and a dummy sample was used since high 
sensitivity of measurement is vital in this experiment. 
The results of the energy release along with the stored 
energy-resistivity ratio for recovery in Stage I are 
given. 


Il. APPARATUS AND TECHNIQUE 


The specimens used in this experiment were copper 
foils, 0.005 inchX0.25 inchX0.5 inch, weighing 0.074 
gram, which were prepared from Johnson-Matthey 
99.999% pure copper. Copper and constantan thermo- 
couple wires, 0.001 inch in diameter, were sintered onto 
the foils at 850°C in such a way that direct measure- 
ments of AT, the temperature difference between 
dummy and sample, and Tp, the dummy temperature, 
could be made. The foils were suspended in a Lavite 
window frame by the attached thermocouple wires and 
the Lavite frame was suspended in the target chamber 
with mica stripping (see Fig. 1). From the points where 
the connecting wires emerged from the Lavite frame to 
the copper terminal block, fine capillary glass tubing 
protected the arrangement from electrical shorts. 
Kovar seals were mounted in the terminal block to 
secure the fine wires and the seals were thermally 
insulated from the copper block by thin Teflon washers. 
Below each specimen a 0.010-inch diameter nichrome 
wire, also insulated with capillary glass tubing, was 
resistance-heated to supply heat to the specimen by 


eZ 
Zs ‘ 


© GY 
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Fic. 1. Target chamber with stored energy specimens in 
position: 1, dummy specimen; 2, irradiated specimen; 3, heater 
filament; 4, thermocouple wires; 5, Lavite frame; 6, terminal 
block; 7, helium reservoir access hole; 8, copper chamber; 9, 
resistivity wire. 
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radiation. Copper windows, 0.002 inch thick, were 
placed in the target box directly above and below the 
specimen to be irradiated, allowing the electron beam 
to pass through the target chamber, thereby minimizing 
the consumption of liquid helium. 

During the irradiation, the chamber was filled with 
liquid helium through the access hole in the rear of the 
chamber which connects to a reservoir. Following the 
irradiation, the chamber was evacuated to a pressure 
of ~10-* mm Hg and the warmup procedure was 
carried out. As high a vacuum as could be reasonably 
obtained under the present experimental conditions was 
deemed necessary in order to reduce the heat transfer 
between the two specimens and the chamber walls. 
In a previous experiment, Overhauser’? conducted a 
similar experiment near 0°C with the sample surrounded 
by air near atmospheric pressure. He estimated the 
heat transfer losses and concluded that they were 
negligible. However, in view of the fact that such 
calculations are extremely difficult to perform ac- 
curately, the presence of a good vacuum in the target 
chamber during warmup is desirable. 

Figure 2 shows the complete calorimeter with the 
target chamber attached. It will be noted that three 
separate cooling reservoirs are available, the bottom 
two for liquid helium and the top one for liquid nitrogen. 
These are connected by four stainless steel tubes, 0.375 
inch in diameter and one tube, 0.10 inch in diameter, 
all with 0.010-inch wall thickness. Two of the larger 
tubes go into each helium reservoir for filling and 
pumping, while the smaller tube carried the electrical 
leads from the specimens. The large helium reservoir 
at the bottom supplies the target chamber with coolant 
during the irradiation. Afterwards, this unit along with 
the target chamber is evacuated and the upper helium 
reservoir is filled in order to maintain the walls of the 
target chamber as near 4°K as possible. The top 
reservoir is filled with liquid nitrogen at all times in 
order to minimize the heat leak down the stainless steel 
tubes. A large copper strap is connected to the nitrogen 
reservoir and wound around the electron beam tube 
in order to conduct away the heat generated at the 
beam-defining slit. The entire calorimeter is surrounded 
by high vacuum (<2 10~* mm Hg) and connected to 
the top plate by an O-ring seal. This vacuum connection 
was kept near room temperature by blowing hot air 
over it at all times, using the perforated copper tubing 
device shown in Fig. 2. A large liquid nitrogen reservoir 
plus additional glass wool insulation surrounding the 
entire unit completes the calorimeter design. 

All temperature measurements were made using 
copper-constantan thermocouples with the signal being 
amplified and then fed to a recorder for the absolute 
measurement and to a dc galvanometer for the differ- 
ential measurement. A schematic diagram of the 
electrical system is shown in Fig. 3. The over-all noise 


10 A, W. Overhauser, Phys. Rev. 94, 1551 (1954). 
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Fic. 2. Complete 
calorimeter used for 
stored energy measure- 
ment: 1, liquid nitrogen 
reservoir; 2, 3, liquid 
helium reservoirs; 4, 
electron beam; 5, target 
chamber; 6, stainless 
steel access tubes; 7, 
O-ring heater. 














signal for this system was approximately 0.2 microvolt. 
A Wenner thermal-free reversing switch was included 
in the AT circuit. All switches are omitted in Fig. 3 
for clarity. 

The energy of the electron beam used in the experi- 
ment was approximately 1.2 Mev at the specimen 
surface. The beam current never exceeded six micro- 
amperes so that the specimen temperature during 
irradiation could be maintained below 20°K. 


Ill. THEORY OF METHOD 


As stated previously, a differential method was 
employed which involved an irradiated specimen (5S) 
and an unirradiated dummy specimen (D) which were 
mounted in a vacuum chamber whose walls were 
maintained near 4°K. The differential temperature 
between (.S) and (D) and the absolute temperature of 
(D) were measured simultaneously. Two warmup runs 
were made following irradiation. In the first, the stored 
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energy release appeared. The second run is a calibration 
run, as discussed below. An analysis for interpretation 
of the temperature changes due to an energy release 
in (S) is now given. 

The assumption is made that the defects introduced 
by electron irradiation do not appreciably change the 
specific heat values in the temperature region between 
20°K and 60°K. This assumption is favorably supported 
by theoretical calculations of Overhauser" and Stripp 
and Kirkwood," indicating a relatively small change 
in the Debye temperature due to point imperfections. 

It is also assumed that the power input to (S) and 
(D) are closely matched. This was experimentally 
achieved by careful positioning of (S) and (D) with 
respect to the heater wires described in the previous 
section and by further adjustment of currents in the 
heater wires. With this assumption one may write 


Pp=Ps(1+a), (1) 


where P is the power input due to the heaters and 
a<1 is assumed to be a constant which accounts for 
the residual power mismatch. 

The heat balance equations are 


dTp 
Pp=mpC,(Tp)— 
dt 


+mpKw(Tp—Tw)+K1(Tp—Ts), (2a) 


and 


dT 
Ps= titel tie Tw) 


dU 
+K1(Ts—Tp)——, (2b) 
dt 
where m is the mass, C, is the specific heat, U is the 
released stored energy, T is the absolute temperature, 
tis time, and (W) refers to the walls of the calorimeter. 
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Fic. 3. Schematic diagram of electrical measurement system. 


anes E Stipp and I. G. Kirkwood, J. Chem. Phys. 22, 1579 





STORED 


It has been assumed that the heat losses to the walls 
as well as the specimen-dummy heat interaction are 
proportional to the pertinent temperature differences 
according to Newton’s law of cooling. Kw and Ky, are 
the constants of proportionality. (It should be noted 
that the experimental conditions of the present experi- 
ment are such that Newton’s law of cooling may not be 
valid. However, since a dummy-specimen arrangement 
is employed, where temperature differences are of 
primary concern, the errors introduced by the above 
assumption are expected to be second-order effects.) 
The masses are written explicitly in the wall-loss terms 
since the losses will depend on the surface areas of the 
samples which are proportional to the masses. The last 
term in Eq. (2b) represents the energy release and is 
present only in the warmup run made immediately 
after the irradiation, hereafter labeled by the subscript 
1; the other run will be labeled by the subscript 2. 
Combining Eggs. (1), (2a), and (2b), we have 


[C,(To) ]i dTp 
Eronal| 
dT 5\" 

—) { msKwl(Ps—Tw)s-8(T>~T'r) 


1 


dU 
—=msC (Ts) 1—8 
dT 


Ss 


+Kil(Ts— T»):-8—-(T>— Ts): ] , (3a) 
mp 
and 


O=msCy(Ts)s| 1—6 


(=) | 


[C,(Ts)}e\dTs 


dT sg <4 
+ (—) | msK wl (Ts—Tw)2—8(Tp—Tw): | 


+KiL(Ps—To)-6—(To-Ts)]], (3b) 


mp 








dU 
—=mCy(Ts)s|1 
¥ 


p ~£C,(Tn) 2 [Cp(Ts) hs \aT 


dT g —1 
+ (—) (AT), 
dt 1 


The first term of Eq. (5) would be the only term 
present in the absence of heat losses. The remaining 
terms are, therefore, corrections for these losses. The 
heating rates were adjusted in the experiment so that 
[ (dT s/ (dt) ]:1~[(dT s)/ (dt) ]x“ can be taken as con- 
stants with little further error. Furthermore, the 
specific heat ratios are very close to unity. 
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[C,(Ts) Je ee (—) (= 
2\dTs 


Leyla 
[CA Tp) 2 


dT s5\" 
+l (—) (T 
dt J, 
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where 


a= (~)ate) 7 


ms 


A trivial approximation is made by letting 
ms=mp=m since the masses were matched to approxi- 
mately one percent in the experiment. The attached 
wires contributed a negligible amount to the effective 
sample masses. The heat loss term for specimen-dummy 
interaction is, with the approximation of equal mass, 
Ki{(Ts—Tp)—B(To—Ts) ]=K1r(1+8) (AT). 

In addition, the terms involving Ty 


[(Ts—Tw)—B(Tp—Tw) ]=(Ts—fTp), 
since Tw(1—8) ~0. But 
(Ts—BT p) = (1—8)Ts+B(AT), 
where AT=Ts—Tp. We have then, 


become 


(=) | 


dU 
—=mC,(T)r 1-6" te 
aT [C,(7s)h\aTs 


8 


dT 5\" 
of. (—) [A(AT)i+4(Ts)1], 
dt /, 


and 
(=) | 


Gomt {Tas} f——— 1 
wits | "TC,(Ts)]:NdTs 


dT gs he 
+(—) [A(AT)2+u(Ts)2], 
dt J» 


where \=mKw6+K7(1+8) and hp=mKw(1-—8). 
The last expression, Eq. (4b), is now solved 
and substituted in Eq. (4a), yielding 


)} 


dT s dTp dT s\" 
) (ar), ar), 4 
dTp 2 dT 5 1 dt 2 


[Co(To)]\/dTo\ (aT s\ aT s\~ 
jy EATON Hey (#0) (20Y gh 
[Cp(Tp) ]2\dTs/1\dTp/2\ dt 72 


The loss terms can then be combined to give 


dTs5\™ dT s dTp 
(22) Jor (22) (23) 
dl dT p/2\dTs/, 


~yv6(AT), (6a) 
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and 


dT s — dTs dTp 
22) [era (2) (2) oa 
dt dTp/2\dTs/, 
~72(AT), 


where 1=A{(d7's)/ (dt) }r“, 2=ul_ (dT s)/ (dt) }-“, 
6(AT)=(AT),;—(AT)2, and [(dTs)/(dTp) }o{ (dT p)/ 
(dT) |,~1. This last approximation can only be made 
in the heat loss terms and not in the leading term of 
Eq. (5). 

In arriving at Eq. (6b), we note that 6(7s)=6(AT) 
since (Tp)1= (T p)s. 

Setting y=71+72, we find 


dU dT s dTp 
dT s dTp 2 dT s 1 


(6b) 


We then find the released stored energy, up to a 
specimen temperature, T, to be 


Tr dT 5s dTp 
u(t)=mf Cs(Ts)1- (—) (—) jirs 
T0 dT p 2 dT gs 1 


T 


+y J 6(AT)dTs, (8) 
TO 


where 7» is the temperature at which the warmup 
started. y has been written outside the second integral 
in Eq. (8) since £ is essentially independent of 7s. 
Since AT was experimentally measured, Eq. (8) can 
be rewritten as 


r d(AT)| d(AT) 
u(t)=m{ cy(Ta)s||- | -| ~] lars 
T9 dTs J; dTp Jz 


a 
+ f 8(AT)dTs, (9) 


TO 


to the approximation that [d(AT)/dTs ],[d(AT)/dT p |. 
is small compared with [d(A7T)/d7Ts], and [d(AT)/ 
dT py}. Finally, it was found desirable to simplify 
further since AT <2°K throughout the experiment. This 
further simplification gives the working expression : 


Ts=T 


U(T)=m f C,(Ts):d[8(AT)] 
TS =T0O 


T 


+1f 5(AT)dTs. (10) 
TO 


Equation (10) has a simple physical interpretation. 
The first term states that, in the absence of heat loss, 
the released energy results in a differential heat content 
in the irradiated sample given by the product of the 
specific heat and the differential temperature, both 
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differentials measured with respect to the same sample 
in the nonirradiated condition. The loss term arises 
from the fact that the rate of heat loss from the sample, 
assumed to follow Newton’s law of cooling, is higher for 
Run 1 than for Run 2. This extra loss will tend to 
suppress the effects of the stored energy release. A 
calculation of radiation losses shows that these losses 
cannot be neglected despite the low temperatures 
involved. Nevertheless, an analysis similar to the above 
may be carried out assuming radiation losses to be 
important with equivalent approximations. The work- 
ing expression will retain the form of Eq. (10) with the 
constant, y, redefined. In order to utilize Eq. (10) 
properly, the heating rates for Runs 1 and 2 must be 
closely matched. This can be done by running several 
calibration heating curves and matching the proper 
curve to the actual release curve. The matching should 
be done on a time scale, i.e., by determining how long 
it takes to reach a given Tp. This procedure will be 
discussed further in a later section. 

An important observation may be made from the above 
analysis. The stored energy per unit mass is seen to be 
essentially proportional to the difference temperature, 
5(AT), and to the specific heat, C,. Despite the fact that 
the released energy per unit mass might be small, with 
respect to a similar experiment performed at higher 
temperatures, such as that of Overhauser," a relatively 
large 6(AT) is possible since C, falls off rapidly with 
decreasing temperature. This observation was the 
basis for the hope that the present experiment would 
resolve an energy release of the anticipated magnitude. 
Thus, although the expected energy release was only } 
of that reported by Overhauser, C, is less in the tem- 
perature range explored in the present experiment than 
in Overhauser’s experiment by a factor of 15 or 20. 


IV. MEASUREMENTS AND RESULTS 
Nitrogen Sublimation Experiment 


In order to establish the feasibility of the present 
scheme to measure the expected energy release in 
Stage I, a nitrogen sublimation experiment was per- 
formed. Two thin-wall copper caskets were formed; 
one was filled with air and the other evacuated. The 
size of the casket was chosen so that the magnitude of 
the sublimation energy of air in the filled container 
divided by the mass of copper in the walls of the casket 
would simulate the stored energy per gram anticipated 
in the stored energy experiment. Such a comparison 
could not be perfect since the energy uptake due to 
sublimation is considerably sharper than any energy 
release due to a recovery mechanism. A differential 
thermocouple system, similar to that used in the stored- 
energy experiment, connected the two containers. This 
unit was placed in a vacuum chamber, cooled to 20°K, 
and then radiantly heated by hot filaments. At about 
58°K, a thermal arrest was observed in the container 
filled with air, indicating an energy change due to 
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sublimation. Table I shows the results of three such 
runs. 

Under these experimental conditions, the calculated 
energy of sublimation was 0.11 calories corresponding 
to a AT of 2.3°K. Since the experimental values are in 
reasonable agreement with the calculated value, and 
allowing for the fact that pressure and volume correc- 
tions were somewhat difficult to obtain precisely, it was 
decided that the present method allowed a very 
reasonable opportunity to detect the energy release in 
Stage I after a rather moderate electron irradiation. 


Stored Energy Experiment 


Two stored energy runs were made using the tech- 
nique previously discussed. The first of these was 
reported in two post-deadline papers at the American 
Physical Society Meeting in Chicago, March, 1958. 
This particular run was of a preliminary nature in that 
many troublesome features of the apparatus had not 
yet been eliminated. Thus, it was only possible at that 
time to give a minimum value for the energy release. 
The detailed description and analysis to follow will 
pertain only to the second run, although the procedures 
were essentially the same in both cases. 

The specimen was irradiated with 1.2-Mev electrons 
to an integrated flux of 9X10" electrons per square 
centimeter. During the irradiation, Ts and AT were 
monitored and the specimen temperature was main- 
tained below 20°K.” Following the irradiation, the 
target chamber was evacuated to a pressure of 10~ 


TABLE I. Experimental and calculated energy values for 
nitrogen sublimation experiment. 


Subl. temp. 
(°K) 


Emeas (cal) Eeaie (cal) 


0.08+0.01 


0.09+0.015 
0.09+0.01 


AT (K) 


1.65+0.2 
1.90+0.3 
1.83+0.2 


0.11 


12 [t should be noted at this time that an interesting side effect 
was observed at this stage in the experiment. To our knowledge, 
this was the first electron irradiation performed with the sample 
immersed in liquid helium. It was noted that a beam intensity of 
about three microamperes caused no appreciable change (<2°K) 
in the specimen temperature. However, when the beam intensity 
was increased to about four microamperes, the specimen tem- 
perature sharply increased by approximately 10 to 15 degrees. 
The abruptness of this “threshold” was not precisely determined 
but was less than 0.5 microampere in width. Above this threshold, 
the sample temperature increased in a rather smooth manner with 
increased beam intensity, at least to the maximum temperature 
at which the irradiation was performed. The cause tor such 
behavior is not clear but one plausible suggestion is that bubbles 
are formed in the liquid helium near the specimen during irradia- 
tion. Bubbles on the bottom of the specimen are trapped as they 
tend to rise in the liquid and grow larger as the beam intensity 
is increased. As they grow larger, a size is reached when the helium 
gas pocket formed is able to extend past the ends of the sample 
(on the bottom side) and then immediately enclose the specimen 
completely. At this point, the foil has experienced an environ- 
mental change from a condition where at least half of its total 
surface was in direct contact with liquid helium to a condition 
where it was entirely surrounded by helium gas. Thus the tem- 
perature discontinuously rises to a higher value. 
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DUMMY TEMPERATURE (°K) 
Fic. 4. Curves showing temperature difference between speci- 
men and dummy as a function of absolute temperature for Runs 
1 and 2. 


mm Hg. This procedure took about two hours; during 
this time and also during the warmup periods, the upper 
helium container was kept full to maintain the wall 
temperature as near 4°K as possible. When the pressure 
in the target chamber was reduced to the above value, 
the heaters were turned on and the values of 7p and 
AT were recorded. The power to the heater was con- 
stantly increased as a function of time by a syn- 
chronous motor which turned a Variac controlling the 
power input. With this arrangement, the Variac was 
driven linearly and thus the voltage on the heaters was 
linearly increased as a function of time. In warming 
from 20°K to 60°K the elapsed time amounted to 
approximately 10 minutes. Following the first run, 
which went to 60°K, a small amount of helium gas was 
introduced into the target chamber, thus cooling the 
specimens by conduction from the walls. The chamber 
was again evacuated to 10-* mm Hg and the standard 
warmup curves of AT vs Tp were obtained. Figure 4 
shows a plot of these data for the two warmups. 

Unfortunately, the physical arrangement in the 
target chamber region of the calorimeter made it 
difficult to mount a resistivity sample from which 
accurate values could be obtained. Therefore, the 
resistivity change which would occur for this particular 
irradiation will be determined from separate data. A 
measured value of the slope, Ap/Ad, using 1-Mev 
electrons® is 4X10~*7 ohm-cm per e/cm? and 8X 10-*? 
ohm-cm per e/cm? for 1.37-Mev electrons.’ The present 
irradiation was performed using 1.2-Mev electrons and, 
therefore, a slope value of 6X10~?? ohm-cm per e/cm? 
will be used in calculating the stored energy-resistivity 
ratio. This value will be checked in the near future 
by: measuring the Ap vs Ag curve below 20°K using 
1.2-Mev electrons. 


V. DATA ANALYSIS 


Following the procedure prescribed by Eq. (10), we 
subtract the second warmup values from the first in 
Fig. 4 for fixed values of Tp and multiply these results 
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Cp[SAT)] (cat/gm)xio- 


40 
OUMMY TEMPERATURE (°K) 


Fic. 5. Curve showing the total measured energy release 
as a function of absolute temperature. 


by the appropriate specific heat values given by 
Giauque and Meads." Little error is introduced in 
using 7'p instead of 7's as prescribed by Eq. (10). Upon 
plotting these results as a function of Tp, the curve 
shown in Fig. 5 is obtained. In the absence of heat 
leaks, this curve should show incremental increases 
at each point of energy release and finally level off at 
the highest C,é(A7T) value attained. However, it is 
seen that the curve falls off to lower values after reach- 
ing a peak near 38°K. 

In Sec. III it was shown that the heat-loss correction 
is proportional to 6(AT), to the extent that the approxi- 
mations made therein are valid. The magnitude of this 
correction can be determined from the negative slope 
of the curve in Fig. 5 in the vicinity of 44°K, where 
presumably no recovery occurs. Any recovery which 
may be occurring between 43°K and 45°K would 
increase this correction. 

If the curve in Fig. 5 is corrected accordingly, the 
curve in Fig. 6 is obtained. From this plot, the total 
energy release is found to be 2.5 10~ cal/g. It is noted 
that no energy release beyond the experimental un- 
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Fic. 6. Curve showing total energy release after 
correction for heat losses. 
13 W. F. Giauque and P. F. Meads, J. Am. Chem. Soc. 63, 
1897 (1941). 
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certainty is found above 44°K. The shape of the curve 
in Fig. 5 near 53°K indicates, however, that another 
release is probably taking place here. 

Upon differentiating the curve in Fig. 6, the tem- 
perature spectrum of the recovery of the energy release 
is obtained as a function of absolute temperature. 
These results along with the resistivity recovery 
spectrum for 1.37-Mev electron irradiation’ are shown 
in Fig. 7. The stored energy curve in Fig. 7 is seen to 
fall below zero above 44°K. A negative value on this 
curve implies an energy absorption, which is probably 
not real. This apparently anomalous behavior is rather 
to be associated with the large magnitude of the experi- 
mental uncertainty relative to the absolute values of 
C,6(AT) in this temperature range. The comparative 
agreement of the energy and resistivity peaks near 53°K 
may be real but cannot be justified on the basis of the 
present experiment. 
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Fic. 7. Curves showing energy release spectrum (——) and 
resistivity recovery spectrum (———-) for Stage I recovery following 
electron irradiation. The probable uncertainty limits pertain only 
to the stored energy data. 














32 36 40 44 4 
OUMMY TEMPERATURE (°K) 


60 


For the purpose of calculating the energy per Frenkel 
defect pair, the following values were used: 


Slope of Ap vs Ag for 1.2- 
Mev electrons 

Resistivity per atomic per- 
cent Frenkel pairs 

Integrated flux 

Ap recovery (~85% of in- 
duced Ap)? 


6X 10-7? ohm-cm/(e/cm?) 


3.6X 10-* ohm-cm, 
9X 10"7 e/cm?, 


4.6 10-® ohm-cm. 


From these values, the defect concentration is found 
to be 1.3X10-*. Upon using this value and the total 
energy release given above along with the appropriate 
dimensional constants, the energy per Frenkel pair 
is found to be 5.4 ev. The stored energy-resistivity ratio 
is 5.4 cal/g per micro-ohm-cm. Again it should be 
mentioned that in determining the latter result, a value 
for the slope of the Ap vs A¢ curve for 1.2-Mev electrons 
was determined by averaging the slopes for 1-Mev * 
and 1.37-Mev ’ electrons. 
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The above values for the energy per Frenkel pair and 
the stored energy-resistivity ratio were determined 
by the method described in Sec. III. We have also 
investigated the case where the effective heat loss rates 
are assumed to be proportional to the absolute tem- 
perature, 7, rather than 6(A7). It is comforting to note 
that the values obtained in this case are only about 10% 
lower than the above values. This also is found to be 
true if the effective loss rates are assumed to be constant 
over the entire temperature region investigated. Thus, 
within the experimental uncertainty, one obtains the 
same final values for the energy per Frenkel pair and 
the stored energy-resistivity ratio by assuming that the 
effective heat transfer rates are either constant, propor- 
tional to 7, or proportional to 6(AT). Although reason- 
able theoretical justification has only been given for the 
latter case, the over-all agreement adds further credence 
to the above values. 


VI. ERROR ANALYSIS 


There are several possible sources for error in an 
experiment of this intricacy and these are listed below. 
However, it is believed most of these make individual 
contributions of less than one percent. 


. Thermocouple calibration. 

. C, vs T calibration. 

. Amplification system. 

. Electron flux determination. 

. Sample matching. 

. Variations in spurious thermal emf’s. 
. Heat transfer corrections. 

. Input power matching. 


1 
2 
3 
4 
5 
6 
7 
8 


Of these possible sources of error, it is highly unlikely 
that the first five listed contribute more than a total 
of four or five percent error in the final values. Number 
six is difficult to assess; however, in all the check-out 
runs that were made under similar conditions to those 
of the stored energy experiment, it was found that the 
thermal voltages encountered were quite reproducible 
from run to run and, therefore, easily accounted for. 
Our estimate of the error introduced from this source 
is less than two percent. The possible error encountered 
in correcting for the heat transfer may be somewhat 
larger. This was corrected by taking the negative slope 
of the curve in Fig. 5 at 45°K as the heat loss rate and 
applying a temperature dependence correction as given 
in a preceding section. Since a small amount of recovery 
may be occurring here, a further upward correction in 
the final values may be called for. However, this should 
only amount to a value corresponding to the fractional 
release which occurred in this temperature region, and 
therefore, it is believed that the error introduced is 
certainly less than five percent. Possibly, a chamber 
pressure of less than 10-* mm Hg would have reduced 
this error. However, even though a large diffusion 
pump (700 liters/sec) was utilized in the experiment, 
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an unreasonably long time would have been required 
to achieve an appreciably lower pressure. This is 
because of the necessarily small access tubes into the 
chamber, as well as the fact that vacuum pumps 
exhibit poor pumping efficiency for helium gas. Radia- 
tion losses and nonuniform heat conduction through 
the connecting wires may be as important as the residual 
gas pressure; however, the analysis used is insensitive 
to the type of heat transfer. 

The input power matching error is possibly the largest 
source of all. This matching, as mentioned in Sec. ITI, 
was accomplished by running several warmup curves 
and noting the time necessary for Tp or 7's to reach a 
given temperature. This time is also noted on the actual 
release run and the corresponding warmup curve is 
then selected. (In principle there is no need for this 
procedure; one need merely use the same environment 
for the warmup immediately following irradiation and 
the following warmup. Unfortunately such an ideal 
procedure is not experimentally feasible.) The error 
introduced by this procedure is possibly as large as 10% 
but probably nearer 5%. 

If all of the contributions to the total error are now 
considered, the maximum error we would place on the 
final values would be + 20%, with a probable error of 
+14%. Thus, the stored energy-resistivity ratio is 
5.4+0.8 cal/g per micro-ohm-cm and the energy per 
Frenkel pair is 5.40.8 ev. It should be noted that the 
limits on these values do not include any uncertainty 
in the value of 3.6X10-* ohm-cm/atomic percent 
pairs or (Ap/A¢)=6X10-*? ohm-cm per e/cm? for 
1.2-Mev electrons which were used in the calculation. 


VII. DISCUSSION 


The results of the present experiment are in reason- 
able agreement with theory, assuming that Stage I 
recovery is due to interstitial-vacancy recombination. 
Various theoretical calculations'®-"’ predict the energy 
per Frenkel pair to be between 3 ev and 5 ev compared 
with the present result of 5.4+0.8 ev. Qualitative 
verification of the present results is obtained by making 
a comparison of the stored energy release spectrum 
with that of the resistivity release spectrum’ as pre- 
sented in Fig. 7. In this figure, the resistivity curve has 
been normalized to compare relative shapes and not 
absolute energy changes. Although all of the peaks in 
the stored energy curve cannot be taken too seriously, 
the over-all similarity between the two curves is evi- 
dent. Since thermocouples are relatively poor indicators 
of absolute temperature in this temperature range, an 
absolute temperature shift in the energy release spec- 
trum with respect to the resistivity recovery spectrum 


4A. Seeger, Proceedings of the Second International Conference 
on the Uses of Atomic Energy, Geneva, 1958 (United Nations, New 
York, to be published), Paper A/Conf. 15/P/998. 

16H, B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 

16 L., Tewordt, Phys. Rev. 109, 61 (1958). 

17 FE, Mann and A. Seeger (to be published; see reference 14). 
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is entirely possible. Absolute temperatures in the stored 
energy experiment were measured relative to the liquid 
helium bath. Thus any such temperature shift should 
become progressively larger at higher temperatures. 
The maximum magnitude of such a shift should 
probably not be greater than 3°K. It seems very 
reasonable to conclude that there are at least three real 
peaks in the stored energy curve and it is entirely 
possible that five or more actually exist. 

If the present work and that of Overhauser” both 
involve interstitial-vacancy recombinations, as proposed 
by some investigators (for a recent review, see reference 
14), a direct comparison of the stored energy-resistivity 
ratio is in order. Overhauser obtained a value of 1.7 
cal/g per micro-ohm-cm (in the temperature range 
100°K-300°K) compared with the present result of 
5.4 cal/g per micro-ohm-cm (in Stage I). As was 
mentioned in a previous section, it is believed that 
appreciable heat transfer can occur due to the surround- 
ing gas atmosphere. Since the present work was done 
in a relatively good vacuum whereas the previous 
experiment was performed near atmospheric pressure, 
it is difficult to compare the two values. It seems 
necessary to repeat Overhauser’s experiment under 
conditions similar to those of the present work before 
definite conclusions can be drawn. 

A previous measurement of the stored energy release 
in Stage I for neutron-irradiated copper was reported 
by Blewitt et al.* They obtained a value for the stored 
energy-resistivity ratio of less than 0.8 cal/g per 
micro-ohm-cm. This value was regarded as remarkably 
low in view of theoretical estimates and gave rise to 
speculation concerning an “energy paradox.”’* In later 
work,!* it was shown that this value may be as high as 
2.2 cal/g per micro-ohm-cm. It is seen that this value 
is still considerably smaller than the ratio obtained 
in the present work. If one accepts the values deter- 
mined in these two experiments, the conclusion to be 


18 T. H. Blewitt, Symposium on Vacancies and Other Point 
Defects, Harwell, 1957 (unpublished). 
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drawn is that the nature of the damage produced by 
radiation in copper is sensitively dependent on the type 
of bombarding particle. It is possible that the nature 
of radiation damage produced by deuterons may also 
play a part in explaining Overhauser’s experimental 
results in comparison with the other work. 

The results of the present work in themselves are of 
little value in critically distinguishing between the 
various radiation-damage models that have been 
proposed ; however, it is hoped that a comparison of this 
work and a planned future experiment will help in this 
regard. The proposed experiment is the measurement 
of the stored energy release in Stage III (240°K-350°K) 
following an electron irradiation equivalent to the 
present one. Such a comparison may provide a rather 
critical test of the proposed models. One might expect 
the energy as well as the resistivity of an interstitial- 
vacancy pair to be somewhat dependent on the sepa- 
ration distance. (In the present work, the stored 
energy-resistivity ratio is constant throughout the 
entire temperature range investigated within the experi- 
mental error.) This dependence may be experimentally 
verified if a substantial difference in the ratio for Stage 
I and Stage III recovery is found. The proposed 
experiment should also differentiate between interstitial- 
vacancy recombination and other mechanisms of re- 
covery in Stage ITI. 

It would be interesting to continue the present work 
in Stage I with other metals, doped samples, etc. 
However, in view of the limited precision and the 
numerous difficulties inherent in this experiment, other 
investigations will probably take precedence over this 
approach. 
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An ultrasonic vibrational mode with rather well-defined properties has been set up in a cylindrical single 
crystal of sodium chloride. The saturation of the spin levels of Na* and Cl** by acoustically induced quad 
rupole transitions, Am==+2, has been measured in the steady state by a standard nuclear magnetic reso- 
nance technique, for several orientations of the ultrasonic wave and external magnetic fields. The com- 
ponents of the fourth-order tensor connecting the electrical field gradient tensor at the nuclei with the strain 
deformation tensor have been determined. The components satisfy an isotropy condition rather than the 
Cauchy relation. The results show the inadequacy of the ionic point-charge model coupled with an isotropic 
Sternheimer antishielding factor. The interpretation of the data requires a considerable amount of covalent 


character and configurational interaction on the Nat 


I. INTRODUCTION 


HE interaction of acoustical waves with nuclear 

spins was first demonstrated by Proctor and 
co-workers.!~* A quantitative interpretation of their 
results has been hampered by insufficient knowledge 
about the configuration of the acoustical field. In a 
recent paper Jennings, Tanttila, and Kraus‘ have 
pointed out that this difficulty does not exist if one is 
content with the ratio of the average over all orienta- 
tions of the quadrupole interactions of two constituents 
in the same crystal. In their experiment on a sodium 
iodide crystal they were faced, however, with some 
uncertainty in the broadening of the I'*’ resonance by 
crystalline imperfections. 

The object of the research reported in this paper is 
to measure with reasonable accuracy the components 
of the fourth-order tensor S, connecting the electric 
field gradient tensor at the nucleus with the strain 
deformation tensor e: 


VV V=> Sijer€x 4,4,R; l=x, 4; Z). (1) 
Bi 


This tensor § is related in a straightforward manner 
by the elastic constants to the tensor C introduced by 
Shulman et al.,° which relates the electric field gradient 
to the stress tensor. The relationship with F tensors 
introduced by Cohen and Reif® will be discussed in the 
final section of this paper. 

The nonvanishing components of S, written in thie 
+ This work was performed in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy of E. F. T. at 
Harvard University. It was supported jointly by the Office of 
Naval Research, Signal Corps, and the Air Force Office of Sci- 
entific Research. 

* Present address: Wesleyan University, Middletown, Con- 
necticut. 

1 W. G. Proctor and W. H. Tanttila, Phys. Rev. 98, 1854 (1955 

2W. G. Proctor and W. H. Tanttila, Phys. Rev. 101, 175 
(1956). 

3 W. G. Proctor and W. Robinson, Phys. Rev. 104, 1344 (1956). 

4 Jennings, Tanttila, and Kraus, Phys. Rev. 109, 1059 (1958). 

5 Shulman, Wyluda, and Anderson, Phys. Rev. 107, 953 (1957). 

6M. H. Cohen and F. Reif, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. 5, p. 350 ff. 
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ion. 


Voigt notation, satisfy the following conditions: 
S11=Soe= S33, See=S13= S23= S21 = S31= S30, 


S44 — S55= S66, S22 = 2512. 


(2) 


The last relation follows from the requirement that 
the trace of the electric field gradient should vanish. 
The other relations follow from symmetry arguments. 

In principle, the two independent components Sj 
and S44 can be determined by static deformation of the 
crystal and observation of the displacement and split- 
ting of the resonance line. This method has been success- 
ful® in InSb, but in the alkali halide crystals plastic 
flow and crystal failure occurs’ before appreciable 
effects are observed. The interest here is in a property 
of the perfect crystal. 

Acoustical saturation can give the required informa- 
tion. A simple argument shows that the deformation 
required to get an observable saturation is (72/7)! 
times smaller than to get an observable static broaden- 
ing of the resonance line. Furthermore it is simpler to 
get a uniform deformation, over regions small compared 
to the wavelengths, by ultrasonics than by static 
loading. The field gradient at the nucleus is mainly 
determined by the deformation in a region of a few 
interatomic distances, whereas the wavelength of an 
ultrasonic vibration at 10 Mc/sec is of the order of 
10~* cm. Therefore the acoustical deformations can be 
considered as uniform at each nucleus. An appropriate 
spatial average of the deformation tensor over the whole 
crystal must be taken to interpret the over-all saturation 
in the crystal. 

The results are more informative than the measure- 
ment of the quadrupolar relaxation alone, because the 
spin-lattice relaxation time is determined by the com- 
bined deformations of all thermally excited phonons, 
rather than by a single acoustical mode of a wavelength 
long compared to the interatomic distances. 

The quantities Si; and S44 can be determined from 
two (or more) different geometries of the acoustical 
field or the external magnetic field with respect to the 
crystallographic axes. 


7G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953). 
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Fic. 1. Block diagram of experimental arrangement. 


In the next section the experimental arrangement will 
be described. Particular attention will be given to the 
measurement of the acoustical strain distribution. The 
theory of ultrasonic saturation will be reviewed in Sec. 
III. A comparison with the experimental results will 
be made in Sec. IV. In the final section an attempt is 
made to interpret these results in terms of the elec- 
tronic structure of NaCl. It will turn out that even for 
this crystal the simple ionic point-charge model is in- 
adequate to explain the results. 


II. EXPERIMENTAL 


A block diagram of the experimental arrangement is 
shown in Fig. 1. The sample is placed between the pole 
pieces of a 6-in. Varian magnet. The inhomogeneity of 
the field over the sample volume is about one tenth of 
the line width. 

The combination of a Pound-Knight-Watkins spec- 
trometer, lock-in detector, and square-wave modulation 
of the magnetic field allows the recording of a pure 
absorption curve. The amplitude of the modulation is 
ten gauss, large compared to the line width, for 200 ma 
in the Helmholtz modulation coils delivered from 6AS7 
tubes. The modulation frequency is 150 cps. To get a 
good square form, a positive current spike at the lead- 
ing edge and a negative spike at the trailing edge is 
provided by thyratron tubes. The Na™ resonance has 
been observed at 6.25 Mc/sec and 3.6 Mc/sec, the Cl* 
resonance only at the lower frequency. The saturation 
level of the center of the absorption curve is measured 
as a function of the intensity of the acoustical vibra- 
tions at twice the frequency of the Pound spectrometer. 
The acoustical intensity is monitored by the variation 
in capacitance of the end face of the vibrating crystal 
and a fixed, charged reference plate. The HRO-60 
receiver is tuned to the acoustical frequency. Its local 
oscillator is frequency modulated, so that the level of 
input signal can be recorded with a vacuum tube volt- 


8 P. S. Bordini, Nuovo cimento 4, 177 (1947). Bordini used an 
FM system instead of measuring directly the alternating voltage 
induced on the charged capacitor plate as is done in the present 
work, 
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meter. Some details of mounting and acoustical modes 
will now be discussed.® 


A. Sample and Mounting 


The sample, which was obtained from Harshaw 
Chemical Company, is a single crystal of sodium chloride 
cut in the form of a right circular cylinder one centi- 
meter in diameter and five inches long. The [110] 
crystallographic direction lies along the axis of the 
cylinder. The ends were fine-ground to be plane and 
parallel by A. D. Jones Optical Company of Cambridge. 
Both ends and the sides of the sample along half an 
inch adjacent to each end are silvered using vacuum 
evaporation. An X-cut quartz crystal transducer, reso- 
nant at the frequency to be used and of the same di- 
ameter as the sample, is fixed to one end of the sample. 
The adhesive used is Dow Resin (276-V9 Blend 288), 
kindly supplied by H. J. McSkimin. This resin can be 
applied by raising the temperature of the sample to 
about 45°C. The bond is rather firm at room tempera- 
ture, but quartz crystals can be interchanged by heat- 
ing the sample again. Great care is taken that there are 
no dust particles on the end of the sample to which the 
quartz is joined. 

The crystallographic orientation of the sample was 
determined by using x-rays. Since the [110] direction 
lies along the cylindrical axis of the sample, any of the 
directions [110], [001], or [111] can be made parallel 
to the steady magnetic field by simple rotation of the 
sample about its cylindrical axis. 

When not in use, the sample is kept in a desiccator 
to prevent the absorption of moisture from the 
atmosphere. 

The sample is placed between the pole pieces of a 
six-inch electromagnet in the mounting diagramed in 
Fig. 2. At the left is the ultrasonic transmitter head. 
The lead from the quartz transducer is soldered to the 
center conductor of a type-N chassis connector to 
which the ultrasonic transmitter cable is connected. 
The sample rests on a knife edge which is in the form of 
a circle of larger diameter than the sample. The position 
of this knife edge can be adjusted vertically or laterally 
by loosening the screws which support it. A whisker of 
fine beryllium copper wire rests against the top of the 
sample to assure electrical contact with its silver plating. 
The transmitter head can be removed to allow for the 
introduction of the sample into the receiver head. Dur- 
ing the experiment the transmitter head is clamped in 
place with a screw. 

The nuclear resonance coil is wound on a fiber tube 
which is mounted in the first chamber in the receiver 
head. The sample fits through this tube without coming 
in contact with it. To prevent vibrational pickup by 


* E. F. Taylor, thesis, Harvard University, 1958 (unpublished). 
A more detailed description of the experimental equipment and 
procedure, and of the theoretical calculation of Sec. III, may be 
found in this thesis. Microfilm copies are available from the 
librarian of Lyman Laboratory. 
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Fic. 2. Details of sample mounting (not to scale). 


the coil, the entire chamber external to the fiber tube is 
filled with Hysol epoxy resin. 

The remainder of the receiver head contains the 
variable capacitance ultrasonic detector and a calibra- 
tion input. The plated lateral surface of the sample 
rests on a knife edge. A guard ring surrounds closely 
but does not touch the end of the sample. The face of 
the guard ring is optically fine-ground flat. During the 
experiment the end of the sample is flush with the end of 
this guard ring. Facing the end of the sample and the 
guard ring is a flat disk of beryllium copper which is 
also fine-ground optically flat. This is the high-voltage 
plate of the variable-capacitance ultrasonic detector. 
This plate is mounted on the end of an insulating poly- 
styrene rod which is in turn mounted on a long beryl- 
lium copper rod which fits through a brass barrel. The 
separation between the end of the sample and the high- 
voltage capacitor plate is adjusted by means of a 
micrometer movement at the extreme nght in Fig. 2. 
The parallelism of the end of the sample and the high- 
voltage plate can be adjusted to within a fraction of a 
thousandth of an inch by means of screws in the 
mounting of the brass barrel. 

A total-reflecting prism is mounted near the microm- 
eter movement at the right of the figure. This reflects 
light through a window at the bottom of the compart- 
ment. A front-silvered mirror reflects this beam up 
between the end of the sample and the high-voltage 
capacitor plate and out a second window in the top of 
the compartment. In this way the alignment of the end 
of the sample with the high-voltage plate and the co- 
planarity of the end of the sample with the face of the 
guard ring can be checked while the sample is mounted 
in the magnet. 

A copper lead runs from the high voltage capacitance 
plate through a small chamber to a type-N chassis 
connector to which the receiver cable is attached. A 
resistor connects this high-voltage lead to a second 
type-N connector. This resistor and connector are used 
in the calibration of the ultrasonic signal. 

All the chambers in the transmitter and receiver 
heads except for that containing the nuclear magnetic 
resonance coil have sides of one-sixteenth inch brass to 
prevent direct pickup of the ultrasonic transmitter 
signal by the receiver. The sides of the chamber con- 
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taining the nuclear magnetic resonance coil are covered 
by a 10-mil copper rf shield. 

During the experiment small containers of silica gel 
desiccant are placed in the transmitter and receiver 
heads before attaching the side cover plates. In addi- 
tion a plastic sheeting is scotch-taped in place to enclose 
the volume between the transmitter and receiver heads 
and another container of desiccant is placed in this 
enclosure. All of this precaution is to prevent the sodium 
chloride sample from absorbing moisture from the 
atmosphere. 


B. Acoustical Modes 
The basic theoretical work on axially symmetric 
vibrations in isotropic rods of infinite length was done 
in 1876 by Pochhammer.” Solutions are of the form 


hA jBC 
w=|— —J (hr) +— Jb) expL j(w!—8x) ], 
B+h? BP+k 


(3 
jBA kC 
u-| — J (hr) -+—— a) exp[_ 7 (w!—Bx) ], 
B+h? B+k 


wp 
—}?=—-— R?, , (4) 
im 


and p is the density, 7, the velocity of propagation in 
the x direction, and \ and uw are the Lamé elastic 
constants. 

In the above equations the propagation of the waves 
takes place in the x direction, u is the x displacement, 
and w is the radial displacement. Solutions for 4 and 
k and relative values for the amplitudes A and C are 
found by using Eq. (4), and by requiring that the radial] 
and tangential stress on the surface of the cylinder be 
zero. The mathematical procedure for finding these 
roots has been treated by Hueter."' From Eq. (4) it 
can be seen that at any given frequency the velocity of 
propagation v, will be slightly different for different 
solutions of # and k. The roots corresponding to modes 
of vibration most likely to be excited by the quartz 
transducer will be those for small / and real roots of k. 
If h should equal zero there would be no shear wave in 
the rod at all, only compressional waves. On the other 
hand, if & should equal zero, the only waves present 
would be shear waves. 

The sodium chloride rod used in this experiment is 
neither isotropic nor infinite in length. Unfortunately 
the theory for a nonisotropic rod is prohibitively diffi- 
cult. It would introduce an angular dependence around 
the direction of propagation, which will be ignored. 

In a rod of finite length, with ends ground optically 
flat, one expects standing wave resonances if the 


0 A. E. H. Love, A Treatise on the Mathematical Theory of 
Elasticity (Cambridge University Press, Cambridge, 1934). 
1 T. Hueter, Z. angew. Phys. 1, 274 (1949). 





TAYLOR AND 





ULTRASONIC 
LONGITUDINAL 
RESONANCE S 


NEAR 12.5 Mc 
- RECEIVER 


¥” RESPONSE 


AMPLITUDE — 











FREQUENCY - MEGACYCLES 





12.4345 + 
12.4703 + 
12.5053 - 
12.5230 + 


Fic. 3. Longitudinal resonances of NaCl bar near 12.5 Mc/sec. 
The bar contains about 700 half-wavelengths. The attenuation of 
a pulse during a single passage through this length is about 17%. 


acoustical damping is small. Figure 3 shows the exist- 
ence of these resonances. They are rather closely spaced, 
since the rod length corresponds to about 380 wave- 
lengths. Evidence that these modes indeed correspond 
to the same set of 4, k values of the Pochhammer equa- 


tions is provided by measurement of the radial dis- 


tribution of the displacement u. To this end, the 
condensor plate facing the end of crystal is divided into 
five insulated concentric rings of equal area. The rela- 
tive displacement of the portion of the sample opposite 
each ring is related to the relative input voltage meas- 
ured by the calibrated HRO receiver, when connected 
to each ring in turn. The step-wise radial distribution is 
the same for each acoustical resonance. A typical result 
is plotted in Fig. 4(top), and it is seen that it corresponds 
closely to the radial distribution from the most uniform 
Pochhammer mode. The corresponding radial dis- 
placements w have not been measured but they should 
be much smaller, as the theoretical values of Fig. 
4(bottom) show. 

At the higher frequency it is safe to assume that the 
variation of « over the volume of the rod is given by 


u=AoV (r) cosBxe?*', (5) 


where V(r) is the normalized observed radial distribu- 


tion function, 
ro 
2r ‘f Y (r)rdr=1, 


(6) 


where ro is the radius of the sample. The dominant 
strain component is given by 
€rz=0Uu/Ox=BAo sinBxY (r)e?**. (7) 


The other strain components amount to a few percent 
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of €,2 according to theoretical estimates from Eqs. (3) 
and (4). The value of Ao is related to the average dis- 
placement of the free end face, Bx= mm, which is meas- 
ured by the change in total capacitance, 


Ao=di/wloV o, (8) 


where 7 is the input current into the calibrated HRO-60 
receiver. Its experimental range was (0.7-11.0) 10-8 
ampere. Vo=185 volts is the dc voltage applied to the 
condensor plate, Co= 3.6 uuf is the capacitance, d=0.02 
cm is the equilibrium distance between the condensor 
plate and the end face of the crystal. The average dis- 
placement of the free vibrating end of the crystal during 
acoustical saturation runs at 12.5 Mc/sec was between 
2.5X10~* cm and 4X 10~* cm. In this way an absolute 
value for the strain measurement is obtained, which 
permits an absolute determination of the components 
of the S tensor, as discussed in the next section. 

The modes at the lower acoustical frequency of 7.2 
Mc/sec were less clean. Their spacing in frequency was 
not exactly equal and the radial distribution of the dis- 
placement in these modes was not identical. This vari- 
ation in “cleanness” with frequency has been observed by 
other authors.” It is caused by interference effects 
between different Pochhammer modes. Although no 
accurate absolute values of the components of the strain 
tensor, nor therefore of the S tensor, can be obtained at 
the lower frequency, it should be emphasized that the 
ratios $4:/S44 and (Sy1:)na/(S11)c1 should still be ob- 
tained accurately. They are determined from saturation 
in an identical acoustical mode, by variation of the 
direction or magnitude of the external field. 


III. THEORY OF ACOUSTICAL SATURATION 
Consider the equally spaced energy levels of sodium 
and chlorine (J= 4%) in the external magnetic field Hp. 





Fic. 4. Top: Theo- 
retical distribution of 
the longitudinal dis- 
placement in the most 
uniform mode as a func- 
tion of radius at 12.5 
Mc/sec. Elastic isotropy 
is assumed. The step- 
averaged experimental 
1 1 distribution is shown for 
01 O02 03 O04 comparison. It is the 
RADIUS IN CENTIMETERS same for all resonances 
shown in Fig. 3. Bottom: 
Theoretical distribution 
of the radial displace- 
ment in the same mode. 
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2H. J. McSkimin, J. Acoust. Soc. Am. 28, 484 (1956). 
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NUCLEAR SPIN 


Consider the transitions induced by the ultrasonic 
wave, Am;=+2, by the radiofrequency probing field 
of the spectrometer Am;= +1, by the relaxation effects 
from paramagnetic impurities and from lattice vibra- 
tions, and flip-flops within the spin system Am;= — Am, 
=+1 from spin-spin interactions. The processes are 
schematized in Fig. 5. The rate equations for the 
population in the four levels can be written down. The 
double spin-flip processes give rise to nonlinear terms, 
P(nn3—n"), etc., but they can be linearized in the 
usual case that all population differences are small 
compared to the populations themselves. A steady 
state solution can be readily found because of the sym- 
metry between the m; and —m, levels and the trace 
relation >-”,,=N. The observed absorption power is 
given by 

I= W 44(321+no— n3— 34) hy, (9) 


Wu=}7Areg(), (10) 


g(v) is the normalized line shape function. The com- 
plete solution for the populations will not be reproduced 
here because the results can be interpreted with a 
greatly simplified solution which has been discussed 
previously by Abragam and Proctor'® and by Kraus 
and Tanttila.!* Note that the order of magnitude of P 
is Ts, whereas W1,2~7Ty" and W., Wr< 107)" even 
for 90% saturation. Since 77}, the limit of the solu- 
tion for P— « may be taken. The spin-spin inter- 
actions maintain at all times a Boltzmann distribution 
between the equidistant spin levels.'® The ratio of the 
imaginary part of the radiofrequency susceptibility in 
the presence of ultrasonic and radiofrequency satura- 
tion to the unsaturated value is 
Wut(5/4) Wet 

[1+ - oma (11) 
Xo W.+4Wi+(5/)W, 


The saturation by the radiofrequency field was not 
negligible for optimum signal-to-noise ratio from the 
Pound spectrometer. The reduction in signal Z by this 
saturation alone was determined in a separate experi- 
ment without ultrasonics. The ratio of absorbed power 
in the presence and absence of ultrasonic saturation can 
then be written as 


J 
[14 


The quantity W, is proportional to the square of the 
ultrasonic strain. In the experimental arrangement a 
longitudinal standing wave in the « direction is used, 
corresponding to the [110] direction in the crystal. The 
dc magnetic field Ho along the z axis can be rotated in 


18 A, Abragam and W. G. Proctor, Phys. Rev. 109, 1441 (1958). 
4Q. Kraus and W. H. Tanttila, Phys. Rev. 109, 1052 (1958). 
18N. Bloembergen, Proceedings of the International Conference 

on Theoretical Physics, Kyoto, 1953 (Science Council of Japan, 

Tokyo, 1954), p. 757. 


(12) 
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Fic. 5. Transitions between nuclear spin levels of Na* or Cl. 
The various transition rates determine the populations m in each 
level. The diagram does not show that the probability of the 
relaxation processes is slightly different in opposite directions to 
insure a Boltzmann distribution in the absence of saturation. 


a crystallographic (110) plane. The angle between Ho 
and the [110] direction is denoted by 3. The fourth 
order tensor which is given by Eqs. (1) and (2) if re- 
ferred to the system of cubic crystallographic axes 
should be transformed to this new coordinate system. 
The resultant expression for the ultrasonic transition 
probability is 


3g(v) Qo F¥ 
W.=Ke.2=- |. | 
4h? L27(27—1) 


3 Su Su 3 ; 
x| +4 (= ) so] Surers’. 
4 Su \Su 4 


For a longitudinal wave along a cubic axis, per- 
pendicular to Ho, there would be no angular dependence 
of W,, and the constant S44 could not be determined 
in that geometry. Since in the experiment the strain 
€rr has a spatial variation, an average of the absorbed 
power over the sample should be taken. The saturation 
will have a spatial variation. It is known that spin-spin 
diffusion will tend to smooth out this variation. How- 
ever, the time for spin diffusion to be effective over an 
acoustic wavelength A is T2(A*/a?)>>7, so that it can 
be neglected. The square of the strain will be taken as 


€:22= BAG? sin’Bx[ V(r) +0.05 f. (14) 


The constant 0.05 is added to represent the effect of 
other strain components. 

Furthermore, the effect of the square-wave on-off 
modulation should be considered. Strictly speaking, one 
should not take the steady-state solution, but the com- 
bination of exponential decay and growth curves. 
Since the modulation frequency is fast compared to W,, 
Wy, and 7,~' one may say that the on-off modulation 
reduces the effective values of W, and W,, by a factor 3. 

Theoretical expressions for W, and Ws, have been 
given by van Kranendonk!'® and others.'7~'® They are 


(13) 


16 J, van Kranendonk, Physica 20, 781 (1954). 

17 Das, Roy, and Ghosh, Phys. Rev. 104, 1568 (1956). 

18, G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 

19K. Yosida and T. Moriya, J. Phys. Soc. (Japan) 11, 33 
(1956). The authors consider a different experimental situation 
in this paper. Only m=4— —}4 transitions are induced by the 
applied field. Their saturation formula is therefore different from 
Eq. (11). 
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Fic. 6. Saturation curves for Na* and Cl* in the absence of 
ultrasonic power. The arrows indicate the radiofrequency power, 
at which the ultrasonic saturation curves in Fig. 7 were taken. 


not helpful for the problem at hand, the determination 
of the S-tensor, because they contain similar undeter- 
mined constants relating the deformations in lattice 
vibrations to the electric field gradients. Experimental 
relaxation times should be used to eliminate the quan- 
tities W;, W2, and W,. In principle they can be sepa- 
rated by measurement of the relaxation time at different 
temperatures and frequencies. At room temperature a 
simple exponential recovery of the magnetization is 
observed defining a single spin-lattice relaxation time 
T;. This is to be expected for the four equally spaced 
levels. It can be shown from the rate equations for the 
populations that 


(8/5)7;=[4Wit Wit (5/4). (15) 
Substitute Eqs. (14) and (15) into (13) and (12) and 
take an average of (12) over the volume of the sample. 
The average over the acoustical wavelength, i.e., the 
integration over x, can be carried out explicitly and the 
result is 


(9/90) = 216 JI {1+46°A PL V(r) +0.05 PKZT}—Irdr. 
, (16) 


This integral is evaluated numerically with the experi- 
mental step function for Y(r). 


IV. EXPERIMENTAL RESULTS 


Saturation curves at 3.6 Mc/sec of the rf spectrom- 
eter, in absence of ultrasonic waves, are shown in 
Fig. 6. From it the factor Z is determined for the Na” 
and Cl* resonance. A similar curve was obtained for the 
Na® resonance at 6.25 Mc/sec. The spin-lattice relaxa- 
tion time 7 for Na* was measured directly with pulse 
equipment described by Sorokin.”® The resulting value 
is 7;=12.4+1.0 sec. 

The line width Av between points of maximum and 
minimum slope has also been measured. It is related to 
the maximum of the shape function, if the latter is 


”N. Bloembergen and P. P. Sorokin, Phys. Rev. 110, 865 
(1958). 
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Fic. 7. The relative value of the nuclear susceptibility as a 
function of the ultrasonic intensity at twice the radiofrequency. 
The solid experimental points are for Na ultrasonic saturation at 
12.5 Mc/sec. The drawn curve is calculated with Eq. (16). The 
open experimental points are for Na* and Cl** ultrasonic satura- 
tion at 7.2 Mc/sec. The dotted curves are calculated with Eq. (16). 


assumed to be Gaussian, by 
&max(v) = (2/3) Av. 


Values of Av can be found in the fourth column of 
Table I. 

The ultrasonic saturation data are shown in Fig. 7. 
The dotted curves correspond to the theoretical ex- 
pression (16) with the best values of K for the Na” 
and Cl* resonance at an ultrasonic frequency of 7.2 
Mc/sec. It is seen that there is no angular dependence 
in these saturation curves. The experimental points are 
similar for Ho parallel to [001], [011], and [111]. 
According to Eq. (13) this implies Sa/Si=?. This 
may be called the isotropy condition for the S-tensor. 
It can be compared with the corresponding relation 
between the elastic moduli to insure the same acoustical 
velocity in all directions. The values of the quadrupole 
moments”!,” are listed in the second column. 

The absolute values of S,, are derived from the best 
value of K with Eq. (13) and appear in column 8. A 
serious source of error in the design of our calibration 
circuit to determine the value of the input current 7 in 
Eq. (8) was pointed out to us* after the experimental 
work was substantially completed. A recalibration to 
take account of stray capacitance has been carried out 
afterwards. The results quoted here differ appreciably 
from those reported earlier.? The calibration error may 
still be as large as a factor two. Inherently the method is 
capable of a much higher accuracy and further work to 
determine the absolute values of S,, is planned. It 
should be emphasized that the ratios Sq4/Si, and 
(Si1)na/(Si)ci are not affected by this uncertainty. 

The corresponding data for the Na® ultrasonic 
saturation at 12.5 Mc/sec are also given. The best-fit 
theoretical saturation curve is drawn. The value of Sui 
is somewhat lower, although it is the same within the 
limits of error, than at 7.2 Mc/sec. The discrepancy in 
the tail between the experimental and_ theoretical 

*1'V. Jaccarino and J. G. King, Phys. Rev. 83, 471 (1951). 

* Perl, Rabi, and Senitzky, Phys. Rev. 98, 611 (1955). 


* We wish to thank Dr. Menes and Dr. Proctor for pointing 
out this source of error. 
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TABLE I. Ultrasonic saturation data. 














Nucleus 
ultrasonic 


v 
frequency cycles/sec 


reas: ‘ : Su 1+ 1+ 
Sa/Su Su(Cl)/Siu(Na) statcoul/cm® exper. calculated*-> 








cH 
7.2 Mc/sec 


Na 
7.2 Mc/sec 


0.8X10°%5* = 10.02 870+50 


1X10°%54 12.4+1 2800+ 200 


Na” 


12.5 Mc/sec 1X10°% 12.4+1 2800+ 200 





0.60+0.05 


0.64+0.05 


0.50+0.1 


0.75+0.1 2.3X 105 50 to 57 


1.8+20% 


0.75+0.1 1.3 10" 


0.75+0.1 1.1 10" 








® See reference 18. b See reference 24. 
saturation curves should be ascribed to the effect of 
impure acoustical modes. In the tail most of the signal 
comes from the regions in the standing-wave pattern 
where the acoustical strain is small. Here saturation 
from the presence of unwanted modes will cause the 
experimental points to fall below the theoretical curve. 

A comparison of the radiofrequency and ultrasonic 
saturation curves for Na* and Cl* is interesting. The 
former give for the ratio of the relaxation times, 
T,(Cl)/7,(Na)=0.8. Wikner™ finds 0.45 from echo 
decay curves. If the assumption is made that relaxation 
by paramagnetic impurities is negligible, W,=0, and 
if the deformations from the high-frequency lattice 
vibrations and low-frequency ultrasonic waves are 
related to the resulting electric field by the same S- 
tensor, one would have 


T,(Cl) S1:°Q?(Na) 
T\(Na) Sy20?(Cl) 





This gives a ratio of 0.65. The reasonable agreement 
between the three independent experimental methods 
supports the validity of the assumptions stated above. 
It is not correct to conclude that the ultrasonic ampli- 
tude Ao to produce a given amount of saturation should 
be the same for Na and Cl. The distinction is that the 
lattice vibrations provide a continuous spectral density 
whereas the ultrasonic vibration is a pure harmonic. 
What should be the same for both nuclear species is the 
product A o?(50% sat)Z(Av), and this is approxi- 
mately fulfilled. It is not clear whether the small dis- 
crepancy should be ascribed to a small contribution 
from paramagnetic impurities and spin diffusion to the 
Na relaxation, or to a different relationship between the 
deformation and gradient tensors when the wavelength 
of the lattice vibrations is comparable to the inter- 
atomic distance. 


V. DISCUSSION IN TERMS OF ELECTRONIC THEORY 


It remains to explain the observed values of S,, and 
S44 in terms of the electronic structure of NaCl. The 


*% The experimental value for 7; for Na® in NaCl in the 
table of reference 18 should read 12 sec instead of 7 minutes; 
the value 7; for Cl* in NaCl is 5.3 sec; E. G. Wikner (private 
communication). 


© See reference 21. 


4 See reference 22. 


model which has been used most extensively is that of 
a free ion surrounded by a lattice of point charges. The 
gradient produced by the charges in the deformed 
lattice has been discussed by Cohen and Reif.® It can 
be calculated from the potential in the deformed lattice 
of point charges by differentiation, and should be 
multiplied by the Sternheimer (anti)shielding factor” 
(1+...) to obtain the gradient at the nucleus inside the 
ion. For the NaCl structure it is found that 


Si = 11.8(1+0)ea, (17) 


where ¢ is the charge on the neighboring ion and a is the 
interionic distance. It is interesting to note that the 
contribution of the six neighboring ions alone is almost 
the same as the total sum. In the six-point-charge model, 
11.8 is replaced by 12. 

The ratio Su4/Si=—} for the cubic point-charge 
lattice. This may be called the Cauchy relation for the 
S-tensor. Apparently there is violent disagreement 
between this relation and the observed isotropy rela- 
tion S44/Si:= +42. It is also seen that the experimental 
ratio (Si:)c:/(Si)na=1.8 whereas the relation (17) 
would predict a factor 10. The inadequacy of the pure 
ionic model is not surprising, as data for the chemical 
shift and electron-coupled nuclear-spin interactions!®:”° 
have also indicated the presence of appreciable devia- 
tions from the pure ionic states. The distortions may be 
described in terms of overlap integrals or of admixture 
of covalent orbitals. 

The absolute value of S;; for Nat comes close to the 
value calculated by Eq. (17) with the Sternheimer ya. 
Kawamura” derived a value of S1; from static quadru- 
pole broadening of the Na®* resonance in a mixed crystal 
NaCl-NaBr. His experimental value is in agreement 
with ours. However, if the theory of van Kranendonk'® 
for the spin-lattice relaxation time is used with the ionic 
model, Wikner and Das'® find that 7,;=25 minutes, 
whereas the observed value is 12.4 sec.” 

The observed quadrupole coupling for Cl*® is con- 
siderably smaller than predicted by Eq. (17). This is 
the usual situation for halogen couplings in alkali 


25R. M. Sternheimer and W. H. Foley, Phys. Rev. 102, 731 
(1956). 

26 Kawamura, Otsuka, and Ishitawara, J. Phys. Soc. Japan II, 
1064 (1956). 
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molecules.!* On the other hand, the Na* coupling in 
the NaCl molecule is at least an order of magnitude 
larger”’ than the ionic model would predict. There is no 
direct correlation between the molecules and the corre- 
sponding crystal lattice. In either case, the ionic model 
is inadequate to explain all observed couplings. It also 
fails to account for the large chemical shifts of the metal 
ions in alkali halide crystals. It should be emphasized 
that the model even fails to give the correct ratio of 
coupling constants. The fair agreement obtained by 
Jennings‘ in Nal is probably fortuitous. 


It appears that only elaborate calculations, such as 
those of Léwdin®* for the elastic constants, can be 


27 Honig, Mandel, Stitch, and Townes, Phys. Rev. 96, 629 
(1954). 

28 P.-O. Léwdin, thesis, Uppsala, 1948 (unpublished). Note added 
in proof —Kondo and Yamashita [J. Phys. Chem. Solids (to be 
published) ] have very recently carried out such a program. It ap- 
pears that in general a combination of the overlap effect and the 
effects considered in references 18 and 19 is necessary to obtain 
agreement with experimental results. 
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expected to give reliable results for the S-tensor. The 
relationship of this tensor with the photoelastic effect” 
has been pointed out by Cohen and Reif. The model 
of the deformed lattice of point charges has to be 
supplemented, however, by the assumption of anisot- 
ropy of the ionic polarizability in the deformed lattice. 
This phenomenological description again points up the 
inadequacy of the pure ionic model. Valence orbitals 
which contribute much to the polarizability and to 
electric field gradient at the nucleus are very sensitive 
to deformation. That is the reason for the failure of the 
Cauchy relation for the S-tensor and the photoelastic 
tensor. On the other hand, the valence orbitals con- 
tribute little to the binding energy, which consists 
mainly of electrostatic energy and ion core deformation. 
The elastic constants in NaC] therefore obey the Cauchy 
relation very well. 

2H. Mueller, Phys. Rev. 47, 947 (1935). 

%®C. Kittel, Introduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1956), second edition, Chap. 4. 
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Effect of Pressure on Anelastic Relaxation in Silver-Zinc* 


G. W. TIcHELAAR AND D. LAzARus 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received September 22, 1958) 


Using a novel experimental apparatus, studies have been made of the effect of hydrostatic pressure up 
to 9000 kg/cm? on the rate of stress relaxation at constant small strain in an Ag-30 atomic percent Zn alloy, 
where the relaxation process is presumably diffusion limited. For temperatures between 110°C and 150°C 
the relaxation time is found to increase exponentially with pressure. The zero-pressure data are in good 
agreement with previous work by Nowick. At 9000 kg/cm? the relaxation time is about a factor of four 
greater than at 1 kg/cm?, for all temperatures. The pressure dependence can be interpreted in terms of an 
“activation volume” of 5.36+0.07 cm’/mole, which is about half the atomic volume of the material. This 
may mean that the volume of formation of a vacancy is at most about half of the molar volume, which 


number is in accordance with a recent calculation by Tewordt. 


INTRODUCTION 


N recent years considerable evidence has been 

accumulated to substantiate the vacancy mechanism 
for volume diffusion in metals.! Most of the experimental 
work has involved radioactive tracer measurements of 
the diffusion coefficients of the atoms, while determina- 
tion of the change in resistivity? and anelastic effects® 
in quenched specimens has given more direct informa- 
tion about the vacancies. Various calculations have 
been made of the energy required to create and move a 
vacancy, which are in fair agreement with the experi- 
mental results. One major difficulty encountered in 


theoretical treatments is the consideration of relaxation . 


* Supported in part by the U. S. Atomic Energy Commission. 

1 F. Seitz, in Phase Transformations in Solids (John Wiley and 
Sons, Inc., New York, 1951), edited by R. Smoluchowski e¢ al. 
pp. 77-148. 

2 J. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957). 

8A. S. Nowick and R. J. Sladek, Acta Met. 1, 131 (1953). 


of the lattice about a vacancy. It has often been assumed 
that in a face-centered cubic lattice the amount of 
relaxation would be very small.‘ Recently, Tewordt,' 
in a detailed calculation of the elastic strains about 
point defects, has shown that, in copper, the volume of 
the vacancy may be as small as 50% of the atomic 
volume. 

No direct measurements have been made of the 
volume of defects. Bauerle and Koehler? measured 
simultaneously the change in length and resistivity in 
quenched gold wires, but were unable to establish the 
vacancy volume uniquely because of the uncertainty 
in the theoretical value of the specific resistivity of the 
defect. 

Measurements of diffusion at high pressure offer a 
possible method for a fairly direct determination of 

4H. B. Huntington, Phys. Rev. 61, 325 (1942); A. Seeger and 


H. Bross, Z. Physik 145, 161 (1956). 
5 L. Tewordt, Phys. Rev. 109, 61 (1958). 
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the total volume associated with the creation and 
motion of a defect. To date, the work in this area has 
been limited severely by technical problems. It is 
difficult to achieve sufficiently high temperatures within 
high-pressure apparatus to permit tracer diffusion 
measurements in many systems of interest, because of 
the limitations imposed by the strength of the pressure 
vessel. The only pertinent experiments to date have 
been tracer studies of the pressure dependence of the 
rate of self-diffusion in sodium and white phosphorus 
by Nachtrieb and co-workers.® Preliminary results have 
also been obtained for self-diffusion in lead.” In these 
cases a considerable effect of pressure was observed; 
the diffusion coefficient was found to decrease approxi- 
mately exponentially with pressure. Nachtrieb inter- 
preted the pressure dependence in terms of an “‘activa- 
tion volume” which proved to be about half of the 
atomic volume of these materials. 

Bosman, Brommer, and Rathenau® have studied the 
effect of pressure on the rate of diffusion of interstitial 
nitrogen in iron, by measuring the decay of the magnetic 
permeability of the material with time. They found a 
very small effect ; application of a hydrostatic pressure 
of 3000 kg/cm? decreased the rate of this process by 
only 1%, indicating a very small activation volume. 

The familiar anelastic relaxation effects resulting 
from stress-induced ordering in binary alloys provide 
a technique for determining effective diffusional jump 
rates at fairly low temperatures in a number of interest- 
ing substitutional and interstitial systems.’ Because of 
the extensive work of Nowick.' and corroborating 
tracer diffusion measurements," alpha silver-zinc was 
chosen as a first working material. This substitutional 
alloy has a face-centered cubic crystal structure, like 
silver, with a lattice parameter two percent smaller 
than that of pure silver. Based on the work of Bacon 
and Smith,” the elastic properties of the alloy appear to 
vary uniformly with increasing zinc concentration 
throughout the alpha range of solid solubility. 


EXPERIMENTAL PROCEDURE 
1. Preparation of Material 


Alpha Ag-Zn specimens, used previously for tracer 
experiments,” were remelted under vacuum in a 
graphite crucible. The ingot was swaged and drawn into 
6 Nachtrieb, Weil, Catalano, and Lawson, J. Chem. Phys. 20, 
1189 (1952); N. H. Nachtrieb and A. W. Lawson, J. Chem. Phys. 
23, 1193 (1955). 

7N. H. Nachtrieb (private communication). 

8 Bosman, Brommer, and Rathenau, Physica 23, 1001 (1957). 

9C, Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, 1948); A. S. Nowick, Progress in Metal 
Physics (Interscience Publishers, Inc., New York, 1953), Vol. 4, 
p. 1. 
0 A. S. Nowick, Phys. Rev. 88, 925 (1952). 

1 Z), Lazarus and C. T. Tomizuka, Phys. Rev. 103, 1155 (1956). 

2 R. Bacon and C. S. Smith, Acta Met. 4, 337 (1956). 

18 These were prepared originally from 99.99% Ag obtained 
from Handy and Harmon, and from 99.999% Zn obtained from 
New Jersey Zinc Company. 
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20-mil wire with frequent intermediate anneals at 
about 500°C. The wire was wound into a helical spring 
on an alundum rod of 1-cm diameter and annealed 
at 700°C for two days. After slow cooling, the helix was 
removed from the form and placed in the relaxation 
apparatus. A Volhard analysis of the material indicated 
a final silver content of 27.7+0.4 atomic percent Zn. 


2. Apparatus 


The relaxation experiments had to be carried out in 
a small working space (1-in. diameter by 5-in. length) 
within a heavy steel pressure vessel. Figure 1 is a 
schematic representation of the apparatus constructed 
for this purpose. The material to be investigated, 
coiled into the helical spring (M), is strained when the 
soft iron plunger (P) is raised by the magnetic field of 
the solenoid (8). Both the plunger and the solenoid are 
tapered to provide a proper magnetic field. The 
magnetic force on the plunger should depend only on 
the current through the solenoid and be relatively 
independent of the position of the plunger. Otherwise, 
if the magnetic force on the plunger increases more 
rapidly, as it moves into the solenoid, than the elastic 
constraining force, the plunger will not have a unique 
equilibrium position for a given solenoid current. 

During an experiment a constant strain is maintained 
in the spring by holding the plunger against a stop 
which limits its further upward motion. The stress 
required to achieve this constant strain is determined 
by measuring the minimum current through the solenoid 
required to keep the plunger just at the position of the 
stop. This condition is easily recognized by measuring 
the electrical resistance between the plunger and the 
stop. In this manner the relaxation process is followed 
by measuing the stress required to keep the material 
at constant torsional strain, as a function of time. 
During measurements the total strain did not exceed 
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Fic. 2. Stress o, loge and to as functions of time illustrating the procedure to determine 7» (for run No. 94). 


5X10-. Calibration with weights showed that the 
force on the plunger is proportional to the square of 
the current through the solenoid. 

The relaxation apparatus was mounted on the 
bottom closure of a heavy steel vessel (8-in. diameter 
by 20-in. length). The electrical leads were carried out 
through conventional pipestone seals. The top of the 
pressure vessel was connected through high-pressure 
tubing to the pressure-generating equipment and a 
manganin pressure gauge. Both the pressure vessel 
and the pressure generator were manufactured by 
Harwood Engineering Company, Inc., Walpole, Mass- 
achusetts. Hexane was used as a pressure fluid. The 
manganin gauge was calibrated by determining the 
freezing pressure of mercury at 0.00°C (7640 kg/cm?)."* 
The freezing was detected by measuring the change in 
electrical resistance of mercury in a glass capillary. 
Identical results were obtained in this calibration 
procedure when either hexane or pentane was used as a 
pressure-transmitting fluid, despite the fact that hexane 
is presumably frozen at this temperature and pressure 
while pentane is not. 

During experimental runs the pressure as indicated 


“PW. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, Ltd., London, 1952). 


by the manganin gauge was kept constant within 10 
kg/cm. 
The pressure vessel was immersed in an oil bath, the 


temperature of which was kept constant within 0.05 C° 


with the aid of a proportioning thermistor-bridge 
controller. The temperature of the oil bath was meas- 
ured with a calibrated chromel-alumel thermocouple. 
A second thermocouple, with a junction inside the 
reactor vessel next to the spring in the relaxation 
apparatus, indicated a temperature difference of 0.4 C° 
between the oil bath and the inside of the vessel due to 
the heat evolved by the solenoid. 

After an initial anneal at 160°C for ten hours, the 
experiments were carried out at temperatures between 
110°C and 150°C, the temperature being kept constant 
for a number of runs at various pressures. After each 
measurement, the stress was removed and the specimen 
allowed to recover over a period at least twice as long 
as it had been under stress. The recovery generally 
took place at the same constant temperature and 
pressure as the previous measurement. However, it 
was found experimentally that, as long as sufficient 
recovery time was allowed, the relaxation process was 
unaffected by the temperature and pressure of the 
previous recovery. 
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Fic. 3. Semilogarithmic plot of ¢ as a function of time for runs 62, 78, 98, and 99, normalized to a relaxation 
time of 30 minutes. 


3. Analysis of the Data 


The measurements yielded the variation with time of 
the stress o, necessary to maintain a constant strain in 
the material. If a unique relaxation process of duration 
Tr, Were involved, the stress would be expected to 
decrease with time (¢) to an end value (c;) as 


o=0;(1+5e~“/72), 


where 6 is a constant. Then, a plot of Ing vs time should 
give a straight line of slope —1/rr. However, as is 
seen from Fig. 2, such a plot is not linear, and no 
unique relaxation time can be obtained in this way. 
Instead, following Nowick," the time to the inflection 
point in the graph of o vs In(t) was taken as representa- 
tive of the rate of the relaxation process. This time, 
Tm, not only has a unique value, but also is a meaningful 
measure of the process. This fact is shown in Fig. 3, 
which gives a composite of loge vs ¢ curves for several 
independent experiments with relaxation times ranging 
from 6 to 300 minutes, obtained at various temperatures 
and pressures. The individual data were normalized to 
a relaxation time of 30 minutes, simply by multiplying 
each value of ¢ by a factor 7/30 and each value of ¢ 
by the factor 30/r7m, using the experimentally deter- 
mined values for 7». The fact that these curves have 
the same shape and are parallel to each other indicates 
that the same relaxation process is occurring in all 
cases. Only the rate at which the relaxation takes place, 
characterized by 7, is different. The normalized curves 
do not coincide because the total amount of relaxation 
varies somewhat for different runs. 

The time to the inflection point in the o vs In(t) 
curve was obtained analytically as the time at which the 
maximum ocdurs in the é¢ vs ¢ curve by the following 
procedure, indicated in Fig. 2. 

The square of the critical solenoid current is plotted 


as a function of time. A smooth curve is drawn through 
the experimental points, and the first derivative ¢ is 
obtained from the values of this curve. The values of ¢ 
are smoothed in a loge vs ¢ curve, from which the ¢ 
values for the /¢ vs ¢ graph are taken. The position of 
the maximum in the last curve is determined by 
calculating 
h—h 


ln= ’ 
In(to/ ty) 


for several values of t, and ¢;, as indicated in Fig. 2. 
The intersection of the line through these points (tm) 
and the curve was taken as the maximum at t=T»m. 
The advantage of this somewhat involved construction 


lines in the fact that all of the data are used to determine 


Tm, and not only those for values of ¢ near the maximum. 


RESULTS 

The relaxation times 7,, determined at several 
temperatures and pressures are listed in Table I. In 
Fig. 4, logiorm has been plotted as a function of pressure. 
The pressure dependence of logyo7 at constant tempera- 
ture appears to be linear; a least-squares analysis of 
the data leads to the following equations: 
151.0°C 
141.1°C 
130.4°C 
120.9°C 
110.0°C: 


: logiotm=(0.353+0.007) + (6.72+0.12)K10-P, 
: logyoTm=(0.735+0.004) + (6.47+0.10)XK10-P, 
: log yoTm=(1.181+0.005)+(6.64+0.12)X10~P, 
: logyoTm=(1.59340.005)+(6.97+0.09)X10-P, 
logioTm=(2.038+0.010)+(7.5 +0.3 )X10-P, 
where the pressure P is expressed in kg/cm? and 7, in 
minutes. The indicated limits of error are the standard 
deviations. The standard deviation in the individual 
data is smaller than 3% in rm. Values of logioTm, 
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TaBLe I. The relaxation time 7», as a function of 
temperature and pressure. 
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Run 
in cm?/mole 


No. 
44 


Pressure 
in kg/cm? in 


561 151.0 
45 550 
46 9027 
47 8924 
48 8866 
49 8316 
7306 
6297 
5070 
4049 


Temperature Tm 
“ in min 


2.58 
2.48 
9.4 
9.0 
8.6 
8.1 
6.8 
6.1 
5.0 
4.4 
3.57 
2.98 
2.65 


5.57+0.10 


aw 
=—S 


~ 


Yunnan 
Un Wb 


oo 


5.23+0.08 


me ee Ob 


6010 
4003 
2024 
2024 
654 
654 
632 
608 5.23+40.10 
608 
7778 
6848 
6767 
6676 
6148 
2831 
2810 
2363 
2053 
1250 
1216 
596 5.36+0.07 
585 
574 
8775 
7903 
6217 
6150 


120.9 


105 


305 
122 
133 


5953 5.61+0.22 


780 
1010 


calculated from these equations for pressures of 1 kg/cm? 
and 9000 kg/cm?, are represented as a function of 
reciprocal absolute temperature in Fig. 5. The tempera- 
ture dependence may be expressed with an equation 
of the Arrhenius type: 


Tm= 7) exp(AH/RT), 


in which 79 is independent of temperature, but depend- 
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ent on the pressure, AH is the activation energy of the 
process, R is the gas constant, and T is the temperature. 
A least-squares fit of the experimental points yields 

1 


1 kg/cm?: ro= 10-5 99-6) min ; 
AH = 31.5+1.2 kcal/mole, 


9000 kg/cm?: ro= 10~“*-6£°.) min ; 
AH = 32.1+0.9 kcal/mole. 


The standard deviation in the individual data is 5% in 
Tm. Calculated as the difference between the directly 
observed values at 9000 kg/cm? and at 1 kg/cm?, the 
change in the activation energy appears to be 0.61.5 
kcal/mole. Even the sign of the change is uncertain 
because of the poor accuracy. However, as indicated 
in the following discussion, it is possible to deduce a 
more accurate value for the change in activation energy 
with pressure. 
DISCUSSION 


1. Zero-Pressure Data 

As a general indication of the consistency of this 
experiment, it is of interest to compare the present 
zero-pressure measurements with those previously 
determined by Nowick,'® who used a conventional 
torsion pendulum apparatus. As seen from Fig. 5, the 
two experiments are in good agreement, although we find 
the activation energy somewhat lower than Nowick’s 
value for this composition. 

It is also of interest to note the relation between 
the measured relaxation times and the extrapolated 
high-temperature tracer diffusion coefficients. Zener, in 
his original explanation of this relaxation phenomenon,® 
proposed that the effect arose because of reorientation 
of pairs of atoms under the external stress field. Under 
these conditions, as shown by Le Claire,'® the relaxation 
time would be given by 


a’ 0 logy\ 7" 
i ele (CagDantCinD ag) (: — *) ; 
12 0 logC 


where a is the lattice parameter, Cag and Cz, are the 
mole fractions of the two constituents, Da, and Dzn 
the measured tracer diffusion coefficients, and the factor 
(1+ logy/d logC) is a thermodynamic correction term 
of order 1 to 3. 

Nowick,"° on the other hand, considered the phenom- 
enon as arising from a general change in short-range 
order resulting from the stress field. In this case, the 
relaxation time is given by 


a 1 1 
| iain eens ioe b 
24 CinDan Cag ag 
It should be noted that the first expression depends 
mainly on the rate of diffusion of the faster-diffusing 


‘6 C, Zener, Phys. Rev. 71, 34 (1947). 
16 A. D. Le Claire, Phil. Mag. 42, 673 (1951). 
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consitutent, while the second depends predominantly 
on that of the slower-diffusing constituent. Extrapolat- 
ing the tracer diffusion measurements to 150°C, 
Dag=7.2X10~'® cm*/sec, and Dz,~2.9X 10-8 cm?/sec. 
From the first equation, one calculates rr in the range 
20 to 60 sec, depending on the value taken for the 
thermodynamic factor, while from the second equation, 
one finds rr to be approximately 200 seconds. Since 
the measured value of 7,, at this temperature is 140 
seconds, it is apparent that the second expression is in 
much better agreement with observation than the first, 
if tm is to be identified with rp. 


2. High-Pressure Data 


As seen in Fig. 4, the relaxation time increases almost 
precisely exponentially with pressure at constant 
temperature, while the detailed shape of the relaxation 
curve seems to be unaffected by pressure changes 
(Fig. 3). The accuracy of the determinations of the 
temperature dependence of the relaxation time at low 
pressure and at high pressure (Fig. 5) does not permit 
description of the pressure dependence directly in terms 
of changes in the constants 79 and AH of the Arrhenius 
equation : tm= 79 exp(AH/RT). Instead, an “activation 
volume” (AV) may be calculated from the slopes of 
the isotherms in Fig. 4; AV combines the changes in 
AH and 7. From the variation of the slope of the 
isotherms with temperature a value for the pressure 
dependence of A/ is calculated. 

If the present relaxation process is diffusion-limited 
and controlled by an imperfection mechanism, the 
relaxation time can be expressed by 


1/tm=CN jv, 


in which C is a constant, independent of temperature 
and pressure, .V; is the number of imperfections, and 
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Fic. 4. Semilogarithmic plot of 7» vs pressure at 
various constant temperatures, 
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is the jump frequency of an imperfection. Assuming 
thermal equilibrium, the number of imperfections is 


Ni= No exp(— AG; ‘RT ), 


where .Vo is Avodadro’s number and AG; is the “excess” 
Gibbs free energy associated with the formation of Vo 
imperfections. Then the pressure dependence of 7» is 


given by 
(’ =) AV; (- —) 
ap J; RT \aPJ/y 


where Vis the volume of formation of Vo imperfections. 
In this equation the last term can be evaluated by 
assuming that the diffusion jump is governed by the 
rate-theoretic expression : 


v= vo exp(—AG,,/RT), 


where vo is a constant depending on some vibrational 
frequency and AG,, is the Gibbs free energy of motion 
for the jumping process. Then 


0 Inv (‘ Invo AV an 

( aP ). aP ) RT’ 
where AV,, is the volume change associated with the 
movement of Vo imperfections. The first term on the 
right is presumably very small in the present system. 
Assuming a compressibility of the order of 10~® cm?/kg 
for the alloy, and a pressure dependence of the elastic 
constants similar to that measured for other face- 
centered cubic metals,!’ this term should be of the 
order of 10~* cm?/kg and can be neglected, compared to 


177), Lazarus, Phys. Rev. 76, 545 (1949) 
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the measured value of (0 In7,,/0P)7. Thus the total 
“activation volume” AV can be expressed approximately 
as 


0 Int 
Rr( ) SAV =AV;s+ AV w. 
OP /r 


Values of AV, computed with this equation from the 
slopes of the isotherms in Fig. 4 are given in Table I. 
The (weighted) mean value is AV=5.36+0.07 cm’ 
mole, with a standard deviation in the individual values 
of 3%. Within the limits of accuracy of the experiment, 
AV is found to be independent of pressure. 

The above equation implies that the increase of the 
relaxation time with pressure occurs because of the 
increase in the activation energy AH of the process: 


0 Int» OAH 0AH 

rr(——*) =av-(—) +1(—) : 

OP Jr OP /r OT J p 
The last term is relatively small and may be estimated 
to have a value of 0.13 cm*/mole if the temperature 
dependence of AV is identified with the thermal 
expansion of the lattice. This leads to (@AH/dP)r=5.23 
cm*/mole, from which a difference of 1.1 kcal/mole is 
calculated between the activation energy at 9000 


kg/cm? and at 1 kg/cm?. On the other hand, 


OAV 0 Into 
r(—-) =0.13 em*=RT(“ ) 
oT P oP - 


leads to a difference of 0.02 between logioro at 9000 
kg/cm? and at 1 kg/cm’. 

The pressure dependence of AH may also be obtained 
from the slope of (0 Inz,,/0P)r vs 1/T plot (see Fig. 5): 


|“ Int,/OP)r ~——) 1 /dAH 
a a, | SR ee. eee 

a(1/T) |, 0(1/T) Jp A oP ), 
A least-squares fit of a straight line through the experi- 
mental points gives the value (@AH/dP)r=5.142.5 
cm*/mole, from which a difference of 1.10.5 kcal/mole 
is calculated between the activation energies at 9000 
kg/cm? and 1 kg/cm?. This is in agreement with the 
limit set by the direct determination of the activation 
energies : 0.61.5 kcal/mole. 

Since the atomic volume of the alloy is about 10.0 cm’, 
the activation volume is about 54% of the atomic 
volume, which is unexpectedly small for a vacancy 
mechanism. It means that the relaxation around a 
vacancy must be considerable in this face-centered 
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cubic lattice, even if AV is identified entirely with 
AV;. This lends support to Tewordt’s recent calculation 
of the distortion around a vacancy in copper,’ which 
which implies that the volume of formation of a vacancy 
is in the range of 0.47-0.55 atomic volumes. 

If the measured value of AV is identified with the 
vacancy volume, the second contribution, AV», must 
be extremely small. If the rate-theoretic expression for 
the jump frequency is correct [y= v9 exp(—AG,,/RT) ], 
then the jump must proceed with negligible lattice 
dilatation, contrary to the usual models‘ but consistent 
with previous attempts to correlate the motion energy 
with the small shear modulus.!* Alternatively, it is 
entirely possible that the jump frequency cannot be 
described by this simple rate-theoretic expression in 
terms of a change in free energy. 

It is also interesting to note that the value for AV, 
expressed in units of atomic volume, found in the 
present case of a fcc alloy is about the same as the 
values found by Nachtrieb ef al. for bcc soldium and 
phosphorus, despite the difference in lattice. While it 
is not apparent that a point defect like the vacancy 
should behave similarly in face-centered and body- 
centered cubic lattices, such behavior is consistent with 
the concept of a many-body “liquid-droplet”-like 
defect such as the “relaxion’”’ proposed by Nachtrieb 
and Handler,’ since most solids, irrespective of their 
crystal structure, tend to expand about the same 
amount on melting. 

Recently Keyes has proposed a _ semiempirical 
expression for the activation volume AV, in terms of 
the compressibility, 8, and the measured activation 
energy, AH: 

AV =4BAH. 


Setting B=10-* cm?/kg and AH=31.5 kcal/mole, this 
equation yields a value AV=5.4 cm*/mole, in striking 
agreement with the observed value. 
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In this paper, we present an alternative method to the “spin Hamiltonian” for treating the behavior of a 
paramagnetic ion under the combined influence of the host crystal and an applied magnetic field. This 
method has the advantage of being applicable to all strengths of couplings between the paramagnetic ion 
and the surrounding crystal. It is applicable to free-ion S states in the same way that it applies to all other 
states. It gives all of the constants one needs to describe the energy level structure as a function of field as 
restricted by symmetry and the properties of the levels considered. The method is more general and is 
expected to be also more accurate than the conventional spin Hamiltonian formalism. It is illustrated by the 
application to the problem of the (d°) ®S level in a cubic crystalline environment. 


I. INTRODUCTION 


N this paper, we wish to consider the effect of a 

magnetic field on the energy levels of a paramagnetic 
ion in an insulating crystal. This problem has received 
much attention in recent years! and is generally handled 
through the use of the “spin Hamiltonian.’ ? This 
method proceeds as follows.’ A paramagnetic ion with 
spin degeneracy 2S+1 and orbital angular momentum 
L is placed in a crystalline environment. The effect of 
this environment is to remove all or part of the orbital 
degeneracy (2L+1) of the free atom state. The spin 
Hamiltonian describing the behavior of the lowest 
levels as a function of magnetic field can be derived in 
a simple way by the use of first and second order 
perturbation theory if a number of assumptions are 
made. The perturbation due to the crystalline field is 
considered larger than the fine structure of the free 
atom ground state but smaller than the multiplet 
structure of the ground configuration. Also the orbital 
ground state in the crystalline field has to be non- 
degenerate. The interaction of the paramagnetic ion 
with the crystal is regarded to take place through the 
crystalline electric field and effects due to bonding are 
not included in the conventional spin Hamiltonian 
formalism. 

In the first order of perturbation theory we have the 
familiar g8H-S interaction with the external magnetic 
field. S is the spin vector of the atom, H is the applied 
magnetic field, g is the gyromagnetic ratio for an 
electron, and 6 the Bohr magneton. The second order 
of perturbation theory contributes additional terms in 
the energy which can be treated by using an effective 


* The portion of the work performed by G. F. Koster was 
supported in part by the Office of Naval Research. 

1 For a review article with many references to the literature, 
see B. Bleaney and K. W. H. Stevens, Reports on Progress in 
Physics (The Physical Society, London, 1953), Vol. 16, p. 108; 
K. D. Bowers and J. Owen, Reports on Progress in Physics (The 
Physical Society, London, 1955), Vol. 18, p. 304. 

2M. H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950). 

3In this paper and in our review of the spin Hamiltonian, we 
shall neglect all effects due to electric and magnetic moments of 
the nuclei as well as the interaction between paramagnetic ions. 


Hamiltonian‘ 
H,=S-D-S-+8H-s-S. (1) 


Matrix elements of this Hamiltonian have to be 
computed between the various 2S+1 magnetic sub- 
levels of a spin S. After subtracting E (the energy) 
from the diagonal of the resulting matrix and solving 
the resulting secular determinant, one obtains the 
energy levels of the paramagnetic ion under the com- 
bined influence of the external magnetic field and the 
spin orbit interaction in the crystalline environment. 
In the above, D is a tensor which comes from the 
second order effects of the fine-structure interaction 
and governs the splitting of the 2S+-1 spin degeneracy 
for zero magnetic field. g in Eq. (1) is again a tensor, a 
portion of which is again of the familiar form g8H-S. 
Additional terms occur from second order perturbation 
theory involving matrix elements of the spin-orbit 
interaction. Simplifications in the spin Hamiltonian (1) 
occur because of the symmetry of the crystalline 
environment. 

The spin Hamiltonian is generally used by assuming 
that D and g consist of disposable parameters which 
are fitted to the observed energy separations. The 
theory as sketched above does not apply to atoms 
whose free-ion state is an orbital S state. In this case, 
the spin Hamiltonian is constructed by the following 
arguments. A polynomial in the components of S which 
displays the symmetry of the crystalline environment 
is constructed. The order of the polynomial is less than 
or equal to 2S. (Only even powers in the components 
of S need be included because of time reversal sym- 
metry.) This polynomial has in it adjustable parameters 
whose number is dependent on the symmetry of the 
surroundings and the multiplicity of the atomic state 
under consideration. To this is added a tensor inter- 
action between the magnetic field H and the three 
components of § with as many independent components 
as the symmetry permits. Again, matrix elements of 


paper by bold-faced type. 
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this Hamiltonian are taken with respect to the various 
Ms (—S<Ms<S) substates of a state with spin S and 
the parameters are adjusted to agree with the experi- 
mental results. 

As an example of this we can consider an S=5/2 
state arising from an orbital S state in a crystalline 
field of cubic symmetry. The appropriate spin Hamil- 
tonian would be 


a(S!+S,'+5S,4)+¢6H -S. (2) 


The first term is the term displaying cubic symmetry 
which governs the splitting in zero magnetic field and 
the second term is the interaction with the applied 
magnetic field. Only one constant is necessary to 
describe the interaction with the external magnetic 
field because of the cubic symmetry of the problem. 

To derive, on the basis of perturbation theory, the 
spin Hamiltonian for an orbital S state would require 
high orders of perturbation theory.® 

What we shall do here is to approach this problem 
from a somewhat different point of view. Instead of 
trying to explain both the zero-field splitting and the 
behavior of the energy levels with magnetic field in 
terms of perturbations of the free-ion levels, we shall 
start from the exact eigenstates of the paramagnetic 
ion in the crystalline field and describe the behavior 
of the ion in a magnetic field in terms of these states, 
taking advantage of what symmetry there may be. 
This method will have the advantage of making it 
unnecessary to consider the strength of the crystalline 
field relative to the spin-orbit interaction and relative 
to the multiplet structure as a restriction on the deriva- 
tion. It will also allow us to consider orbital S states as 
well as all others on a par. In spirit, the treatment will 
be similar to that of the effect of a magnetic field on a 
free ion. 

In a free atom, for sufficiently small magnetic fields,® 
the Hamiltonian for the interaction with the magnetic 
field, BH- (L+-2S), can be replaced by g8H-J. J is the 
total angular momentum and g is the gyromagnetic 
ratio. This replacement can be made because the 
matrix elements are taken between states of a given 
angular momentum and because the operator L+2S 
transforms like a vector. For the purpose of computing 
matrix elements, this operator can be replaced by an 
appropriate constant times any operator with the same 
transformation properties (i.e., J). Once this replace- 
ment is made, the Hamiltonian matrix can be written 
down at once because of the ease with which matrix 
elements of J can be found. In other words, the matrix 
of the operator L+2S in a manifold of states of a 


given total angular momentum J (—J<M,<J) is 


® Hutchinson, Judd, and Pope, Proc. Phys. Soc. (London) 
B70, 514 (1957). 

® By “small” we mean that the splitting due to the magnetic 
field is small compared with the distance between the ground 
level and the next excited level. 
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just a constant times a known matrix. This is a special 
case of the Wigner-Eckart theorem.’ This theorem 
states that the matrix of an operator, which transforms 
irreducibly under the full rotation group (i.e., like a 
spherical harmonic) taken between states of a given J, 
is a constant times a known matrix.* One can show that 
a somewhat similar situation exists for groups other 
than the full rotation group.’ This fact is useful to 
describe the behavior of the energy levels of a para- 
magnetic ion in a crystalline field when a magnetic 
field is applied. To describe this behavior, more parame- 
ters will be required than in a spin Hamiltonian. The 
greater number of parameters is due to less restrictive 
physical assumptions and should give a more accurate 
description of the magnetic field splittings of the levels. 
In the next section we shall carry out this procedure. 


II. METHOD 

Consider an atom at some lattice site in a crystal 
and imagine that the symmetry of this lattice site is 
described by a group G.'° Without a magnetic field the 
energy levels of the paramagnetic ion will have de- 
generacies as allowed by the symmetry of the crystal. 
The degeneracies will, in general, be the dimensions of 
the various irreducible representations of the group G. 
The degenerate functions belonging to a given energy 
level will then transform in some prescribed manner 
and can be chosen to be the basis for the irreducible 
representation of the point group in question. These 
eigenstates are to be considered as the exact eigenstates 
for the problem of the ion in the crystalline field includ- 
ing all interactions (spin-orbit, bonding, etc.) except 
for the external magnetic field. A general situation 
encountered is that there are sets of degenerate levels 
which lie close together (of the order of 1 cm™ apart). 
These are far removed from the other levels of the ion 
in the crystalline field. If this is the case, when the 
magnetic field becomes large enough we shall have to 
consider the interaction between the nearby-lying 
levels. To illustrate the method of this section let us 
consider that we have an energy level a with eigen- 
states V,* and nearby a level Es with eigenstates W,°. 
(Here the index 7 runs from 1---m_; the degeneracy of 
the level Ea, and j runs from 1---g; the degeneracy 
of the level £3.) We assume further that the functions 
V* form a basis for an irreducible representation T'.(R) 
and W,° a basis for M's(R). Thus, if R is an operator 


7 For a discussion of this theorem, see M. E. Rose, Elementary 
Theory of Angular Momentum (John Wiley and Sons, Inc., New 
York, 1957), p. 85. 

8’ The matrix elements in the known matrix are the familiar 
Clebsch-Gordan (vector coupling) coefficients. 

9G. F. Koster, Phys. Rev. 109, 227 (1958). 

This group must be one of the 32 crystallographic point 
groups. The character tables for all of the group are given in 
G. F. Koster, Solid State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 173. 
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representing one of the symmetry operations of G, we 
have 
Na 
RV ¢= pm Ta(R)mi¥m%, 
m=1 
(3) 
"B 
RV $= DY Ta(R)nWr?. 
m=| 
We assume further, as mentioned above, that this pair 
of levels lies sufficiently far from the other energy levels 
of the ion in the crystalline environment; thus we need 
not consider the other levels when we apply the 
magnetic field. (That is, the magnetic splittings are 
small compared to the energy separation to the nearest 
remaining levels.) 
What happens, then, when we apply a magnetic 
field? If Ho is our unperturbed Hamiltonian (including 
all crystalline effects), our new Hamiltonian is 


H,+6H- (L+2S). (4) 


We have already chosen our states to be eigenstates of 
Ho with energies E, and Es. We shall consider 
BH-(L+2S) as the perturbation. What we must do is 
set up the matrix of our Hamiltonian (4), between all 
of the states ¥,* and W,8. This will be a square matrix 
of dimension ma+ng. We can make use of the symmetry 
of our problem to reduce the number of independent 
matrix elements if we write our Hamiltonian as a sum 
of operators, each one of which transforms properly 
(irreducibly) under the group G. For the case of the 
crystallographic point groups, this is quite simple. If 
we have a single axis of more than twofold symmetry 
(call it the z axis), then L,+2S, forms a basis for one 
irreducible representation and! L,+2S, and L_+2S_ 
either form a basis for a two-dimensional representation 
or are related by being bases for a pair of representations 
which are the complex conjugates of one another. If 
we have the case of one of the tetrahedral or cubic 
point groups, then L,+2S,, Ly+2S,, and L,+2S, form 
a basis for a three-dimensional irreducible representa- 
tion of these groups. If we denote by (L+2S),7 that 
portion of L+2S which transforms as the Ath partner 
in the y irreducible representation of the group G 
(k=1---n,), we can then write our Hamiltonian in 
the form of 


Hot+BH- (L+2S)=Hot+B ©, Ye Wi7(L+28)x7, (5) 
where H’ are appropriate combinations of H,, H,, and 


H,. For a group with only one axis which is more than 
twofold, we have for example, 


H,+6H- (L+2S) 
= Hy+p[ 3H, (L_+25_)+4H_(L,+25S,) 
+H,(L.+25S;)], (6) 


1 7,,S,, L_, S_are the familiar step-up and step-down angular 
momentum operators. See, for example, E. Feenberg and G. E. 
Pake, Notes on the Quantum Theory of Angular Momentum 
(Addison-Wesley Publishing Company, Cambridge, 1953), p. 19. 
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where 
H,=H,+iH,. 


The terms multiplied by H, and H_ would belong 
either to one irreducible representation or to two 
different ones. The term multiplied by H, would belong 
to yet another one. The matrix of our Hamiltonian, 
when written in the form of Eq. (5), can be written 
down at once with the number of independent constants 
that symmetry permits by considering each y separ- 
ately. Consider the portion of the Hamiltonian matrix 
which involves the interaction of the mq states V,;* with 
the states V;°. Now consider the contribution to this 
portion of the matrix from }°, H,.7(L+2S),7. The 
number of independent constants’” that this operator 
contributes is just the number of times the irreducible 
representation I,*(R) is contained in the direct 
product of P.*(R) and Mg(R). The matrix elements 
(We | Soper"? Ay. (L4+28),7| V8) can be written down 
at once 


ny 
(W2| X Hyy(L+28),7|¥,*) 


k=1 


ny ny 


= Bg, 1°" Zz AyU & i} +B gy 2% p AU 7+: re (7, 
k=1 k=1 


Here gy,17°, gy,2%:+-etc. are the unknown constants. 
There are as many of them as the number of times 
r’,*(R) is contained in T,*(R)XI"s(R). (In fact, this 
number is never more than two for any of the crystallo- 
graphic point groups.) The U;, ;;) and Uy, ;? are matrices 
which can be found (for once and for all) from the 
properties of the representations in question.*:’ The 
indices i and j run over the rows and columns of these 
matrices. (We should really have indices a, 8, and y on 
these matrices, as well, but for simplicity in writing we 
have suppressed them.) In a similar manner the 
contribution to the “‘aa’”’ and to the “86”’ block can be 
calculated. In the ‘aa’ block, Ha must be added to 
the diagonal elements and in the “88” block Es must 
be added to the diagonal elements. This is the contribu- 
tion of the Hamiltonian without a magnetic field (Ho). 
Since we have already chosen eigenstates of the un- 
perturbed problem, there is no contribution from Hy 
in the “a8” block. If we now finally add up the contribu- 
tions from each y which appear in Eq. (5), we will have 
our complete Hamiltonian matrix with only the number 
of constants that symmetry permits. 

In practice this procedure is quite simple once the 
matrices U are known. Since the U’s are properties of 
the group these only need be calculated and tabulated 
once. In the next section, we carry out in detail a 
specific example to illustrate the method and in a later 
section compare it in detail with the spin Hamiltonian. 

12 Time reversal must be taken properly into account. This will 


be discussed in Appendix B. 
13 These matrices are discussed in Appendix A. 
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TABLE I. Character tables for the cubic double group (O,). (Notation as given by Koster.*) 














E EB 8, 8, 3€30, 6C, 6, 


o,f I 


T 885 855 30136, 68, 





1 
—1 
0 
—1 
1 
1 
—1 
0 
—1 
1 
v2 


| 
Pm ef tat et ee et See ee 


| | 
cor}. 
ne | 
| 


COCCCOR eRe ee mem 


—v2 
v2 
0 

—v2 
v2 


| 
1 | 1 | 


BPNN EDD WWD WWD | 
Ss we BR, 

PHN EMD WWNHR Wwe 
— he OO ee ee 


i} 


‘ 
| 
| 


* See reference 10. 


Ill. S=5/2 IN A CUBIC FIELD 


All we need know to carry out the procedure outlined 
in the last section are the transformation properties of 
the interacting states and the symmetry of the crystal- 
line envirionment. The latter is standard crystallo- 
graphic data and the former can be inferred from the 
transformation properties of the atomic state from 
which the crystalline state arises. Consider, for 
example, a (d°) ®S state of a free ion as perturbed by a 
cubic crystalline field. This state has a spin of 5/2 and 
no orbital angular momentum. It is easy to see from 
the characters of the representation whose basis is the 
six S=5/2 sublevels that the sixfold degeneracy will 
split into a twofold and a fourfold degeneracy in a 
cubic environment. The four degenerate states form a 
basis'® for the I's+ representation of the cubic group. 
The double degenerate states form a basis for the 
representation I';+. (The character table for the cubic 
double group is given in Table I.) Let us call AE the 
energy separation of these two levels. 

What we must now do is to find the matrix of 
interaction between these six states caused by the 
perturbation H-(L+2S). The process of breaking up 
L+2S into operators which transform irreducibly is 
trivial. L,+2S,, Ly+2S,, and L,+25S, form a basis for 
the I'\;’ representation of the cubic group. In Eq. (5), 
this means that the sum over y consists of only one 
term. It is now a simple matter to write down our 
matrix of interaction. 

The first thing that we can find is the number of 
independent parameters we will need in the matrix. 
One parameter will be the energy separation AE be- 
tween the doublet and the quartet at zero magnetic 
field. The remainder of the matrix will consist of a 
four-by-four block representing the interaction of the 
T's+ states with themselves, a four-by-two block 


4H. Bethe, Ann. Physik 3, 133 (1929). 

16 Since there are an odd number of electrons we can classify 
our state by the irreducible representations of the cubic double 
group. 
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representing the interaction of the T's*+ states and the 
T;*+ states and finally a two-by-two block of matrix 
elements connecting the I'j* states. The number of 
parameters in any of these blocks is the number of 
times I';;’* is contained in I's+*XI's+, I's+*XT'7*+ and 
I;+*XTI;*. For this group all characters are real and 
thus, from the character table, we see that 


Pst XV st = 20 a5’ +20 26’ +T 2 +l 2 tT, 
Pst XT =P 5’ +) 25’ +T 12, 
C7 XT=T 15 +71. 


Thus, I':5’ is contained twice in I's+XI's+ and two 
constants are necessary to describe all terms linear in 
magnetic field in the four-by-four block. Similarly in 
the four-by-two block one constant is necessary and in 
the two-by-two block one constant is required. This 
means that, in general, four constants are required to 
describe the magnetic field behavior of the six levels 
that come from our double and fourfold degeneracy. 
If we include AE, then the number of constants is five 
which is to be compared with two constants in the 
spin Hamiltonian. 

Let us now actually find the Hamiltonian matrix. In 
order to do this, we need to know the matrices U 
described in the last section. The appropriate ones are 
given in Tables II, III, and IV. (The details of the way 
these matrices were obtained are contained in Appendix 
B.) Making use of Eq. (7) we can now write down our 
complete Hamiltonian matrix. First consider the four- 
by-four block. This will be 


AF1+6¢,[4,U2+4H,U)+4.U, ] 
+ 6.[HU2+HU+HU,?). (9) 
Here gi and ge are constants (our g,**’s of the last 
section), 1 is the four-by-four unit matrix, U; and U? 


etc. are the matrices contained in Table II. For the 
two-by-two block we have 


Bg: H,.U2+ H,U,'+ H,U,?}. 


(8) 


(10) 
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TABLE IT. Coupling coefficients for combining I's** states with I's* states to give states of symmetry I’;s’. Matrix elements of operators 
transforming as I';s’ (i.e., Lz+2S,, Ly+2S,, and L,+2S,) between states transforming like I's+ and I's+ are proportional to a linear 


combination of the two types of matrices. 








1 0 0 


The U’s are the matrices in Table III. Similarly for 
the four-by-two block we have 


6g. #.U+H,U,+H4.U2]. (11) 
The U’s in matrix (11) are the four-by-two matrices 
from Table IV. As will be indicated further below, gz is 
a real number due to time inversion symmetry. Similarly 
£1, g2, and gs; are real because the matrices must be 
Hermitian. In the above, we have chosen our zero of 
energy to be the doubly degenerate state. (AE is the 
energy of the fourfold degenerate states at zero field.) 
In Eq. (12), we show the entire Hamiltonian matrix 
for a magnetic field in the z direction (H,=H). For 
simplicity we have called Ey the matrix of the zero-field 
splitting. That is, it is zero everywhere except for the 
first four main diagonal elements which are AE. 


0 0 gi’ || 
0 || 
0 | 
0 ||. 


ge’ 0 QO 
0 —g)’ 0 0 
0 0 —g,’ ga’ (12) 
0 0 gi —g’ 0| 
0 0 0 0 gs’ || 


Here g1’= gi /V2 ; go’ = go/V2; g3’=g3/V2; and gy’ =g,/V2. 
This matrix as it stands gives the behavior of the six 
levels as a function of magnetic field. This matrix is 
valid under the assumption that the magnetic field is 
sufficiently small so that we can neglect the interaction 
due to the external magnetic field with states coming 
from free-atom states higher than the °S of the d° 
configuration. This is quite a valid assumption in most 
paramagnetic salts. These higher levels generally lie of 
the order of thousands of wave numbers higher than 


TABLE III. Coupling coefficients for combining I';** states with I';* states to give states of symmetry I';5’. Matrix elements of operators 
transforming as I';s’ (i.e., Lz +25,, Ly +2S,, and L,+2S,) between states transforming like I';+ and I';* are proportional to the matrices. 


1 


Y 
U,t=— | 


TABLE IV. Coupling coefficients for combining I's+* states with I';* states to give states of symmetry I's’. Matrix elements of operators 
transforming as T’;s’ (i.e., L:+2S,, Ly+2S,, and L,+2S,) between states transforming like I's+ and I';* are proportional to the matrices. 
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TABLE V. Polynomials in the components of S transforming under rotations like substates M of a given angular momentum L. 


U=1 (—1/v2)S, 
M=0 Da 

45,2 
—43S,(2S,4+1) 
[3/(6)4]}(S2—S?) 


L=1 


L=2 M=2 
M=1 
Uv=0 


M=3 
M=2 
M=1 
M=0 


—4$(1/v2)S,3 
[ (3/4 1S ,2(1 +S,) 
(1/30)4S,[ 


w=4 
M=3 
M=2 1 
M=1 
M=0 


1¢ 1 
i+ 
1(1/v2)S,3(—6—4S,) 


W=5 
M=4 


—}(1/v2)S,5 


w=2 
U=1 I 
w=0 


the ®S. We see that the symmetry properties of the 
Hamiltonian and of the states in question have greatly 
restricted the number of independent constants in the 
six-by-six matrix. 


IV. COMPARISON WITH THE SPIN HAMILTONIAN 


The spin Hamiltonian for our specific example was 
given by (2). The general problem of finding spin 
Hamiltonians is somewhat facilitated if one has avail- 
able polynomials in S,, S_, and S, which transform in 
the same way under the full rotation group as the 
spherical harmonics. In Table V, we give all poly- 
nomials of order less than six which transform as the 
various sublevels of angular momentum. These will be 
useful later in this section and were obtained by the 
process described by Rose.'® Using this table and 
knowing the combination of spherical harmonics for 
L=4 which are invariant under the cubic group,! the 
spin Hamiltonian (2) can be rewritten in the more 
convenient form. 


gBH-S 
taf (1/20)[35S,4— 3082S 2+2552—682+38*] 
+$[S4!+-S_*]}. 
This Hamiltonian as it stands has only 2 parameters 
as compared to the 5 parameters obtained in the last 


(13) 


16 See reference 7, p. 144: In order to obtain Rose’s J,™(S) we 
must multiply the entries in the table by (4r)~#(L!(2L+1)!!}}, 
where (2L+1)!!=1X3xX5---X(2L+1). In order to obtain 
negative M for a given L, take the entry in the table and (1) 
change S, to S_; (2) for odd L, change the sign of odd powers of 
the components of S for odd M and the sign of even powers of the 
components of S for even M; (3) for even L, change the sign of 
odd powers of the components of S for even M and the sign of 
even powers of the components of S for odd M. 


[1/(5)4}S,4(10+55S,) 

M =3 5/4)[1/(90)1]S,3(—24+-S*—275,—9S,?) 
(5/12)#]S,2(6—S?—S$25,4-125,4+957435S,) 

(5/336)! ]S , (—12—S*+ 8S?+ 1482S, + 14825,2—425,—63S572—42S5,3—215S,4) 

3[(1/56)#](12S,—50S82S,+1584S,— 7082534 1055+635,5) 





~343S8?— (15/2)S,—(15/2)S2] 
(1/10)4(5S,3—3S,S24+S,) 


(7)8]S,29—-S-+7524+14S,) 
[1/(56)9}S,, (—6+38?+682S,—19S,—2152—14S,3) 
[1/(280)#](35S,4+-25S,2—30S 282+ 38'— 6S?) 


section. Both methods give one parameter to describe 
the zero-field splittings; but whereas the method of 
this paper gives four constants describing terms linear 
in the applied field, the method of the spin Hamiltonian 
gives only one. The physical reason for this difference 
lies mainly in the fact that the spin Hamiltonian uses 
eigenfunctions which are linear combinations of the 
magnetic sublevels of a spin 5/2. It does not allow for 
the possibility that the fourfold degenerate states are 
modified differently than the double degenerate ones. 
If this were the case, as we shall see in detail later, the 
splitting of the fourfold degeneracy in a magnetic field 
would be unrelated to the splitting of the double 
degeneracy. In the present method, only the symmetry 
properties of the states enter into the calculation and 
the wave functions, in general, will have admixtures 
from the higher lying states of the free atom and from 
states of neighboring atoms. This admixture gives the 
present method the necessary flexibility. After having 
obtained the most general answer from group theory, 
we shall show what terms have to be added to the spin 
Hamiltonian to obtain formally the same answers as 
in the last section. 

It is clear that we can always reproduce any 
Hermitian six-by-six Hamiltonian matrix by taking the 
matrix elements in a space of substates of spin 5/2 of 
polynomials in the components of S,, S,, and S, up to 
and including order 5. Without destroying the over-all 
symmetry, we can add to the Hamiltonian (13) addi- 
tional terms which are linear in the magnetic field. If 
we multiply H, by any polynomial which transforms 
like x under the operations of the cubic group, and 
add it to H, and H, multiplied by polynomials trans- 
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forming like y and z, respectively,!” we shall be able to 
generalize the spin Hamiltonian in the desired way. 
For simplicity, consider a magnetic field in the z 
direction. If we multiply H, by any polynomial of the 
third or fifth order which transforms like z under 
the operations of the cubic group, we shall have terms 
which we can add to the spin Hamiltonian. For the 
cubic polynomial we can use a term of the type L=3, 
M=0 (see Table V) 


gctBH [S3—382S,+35,]. (14) 


For the terms of the fifth order we can construct, in 
two ways, combinations of the M levels of L=5 which 
transform like z. One is L=5, M=0. This contributes 
a term 


20°BH{ 63S5+S3(— 7082+ 105) 


+5S,(12—508?+15S8*)]. (15) 


In addition a combination of (L=5, M=4) and 
(L=5, M=-—A) contributes an additional term 


g°BH,3 (35) *{ (S,4+S_4)S,+2(SA—S4)}. (16) 
The three terms (14), (15), and (16) should be added 
to the spin Hamiltonian (13). The Hamiltonian will 
then have the most general form that it can have for 
the symmetry of the problem and the states under 





| $e+3gc8 0 0 
| +30g05 


0 3 9— (21/5) g.3 
—150g0° 


0) 3g— (12/5) g0° 
+300g05 


0 


= (304, 7)ga° 


In comparing the matrices (19) and (12), one has 
to be careful. In matrix (19), just the 6 substates 
of a spin of 5/2 have been used as basis functions, 
whereas in matrix (12) two sets of functions have 
been used which transform irreducibly under the 
cubic group. To facilitate a comparison, we can take 
linear combinations of the functions used in matrix (12) 
so that they transform like the six sublevels of a spin 
5/2. This linear combination can be found by the 
method described in Appendix C. The corresponding 
transform of the matrix (12) can then be compared, 


17 The polynomial, because of time reversal, must contain only 
odd powers of the components of S, 


IN< CRYSTALLINE 


FIELDS 451 
consideration. This generalized spin Hamiltonian now 
also has 5 constants and corresponds to the group- 
theoretical matrices discussed in the last section. 

It is instructive to find the relation between the 
constants of Sec. III and the constants of the extended 
spin Hamiltonian of this section. This is easily done by 
writing down the matrix of the Hamiltonian obtained 
by adding (13), (14), (15), and (16) in a basis of the 
sublevels of S=5/2. By doing this first for H=0, we 
can obtain the relation between a in the Hamiltonian 
(13) and the separation AE of the fourfold and twofold 
degeneracies. The matrix of Hamiltonian (13) for 
H=0 is 


3/5 
0 
0 0 
0 
3/5 0 
0 3/5 0 
By finding the roots of this matrix and equating their 
difference to AE, we obtain 


AE= 18a. (18) 


The matrix of the terms linear in the magnetic field 
from (13), (14), (15), and (16) between the various Ms 
levels of S=5/2 yields 


0 (304/7)g4° 


— (30/7) g4° | 


19+ (12/5) 0° 


— 300g,° 
0 —3g+ (21/5) g0° 
+150g0° 


0 —3g—3g0° 
— 30g0° 


element by element, with the matrix (19). The relations 
between the two sets of constants are then found to be 
as follows: 


gi’ = — (11/6) g— (16/5) go®— 50g0®— 10(35) 4g,5, 
go’ = 4g— (12/5) go°-+300g05, 

£3 = 3 ¢—4g0?— 130 g0°+ 10(35) bg4°, 

ga = — (3/5) gt (V3) g0® + (2001/5) go® + (200/7) ga5. 


(20) 


Next, consider the eigenvalues of the Hamiltonian 
matrix (12) and assume that the magnetic field is 
weak enough so that the splittings are much smaller 
than AE, It is then clear from matrix (12) that we can 
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neglect the off-diagonal terms in g,’8H (since these 
connect states separated by AE). This means that out 
of the fourfold degeneracy, four states emerge linear 
with H. Their slopes are +g,'8 and +¢g,’8. Out of the 
twofold degeneracy, two states with slopes +g;’8 
emerge. Thus, from a measurement of the three low- 
field slopes, the constants g,’ through g;’ can be found. 
The ordinary spin Hamiltonian with go*=go°=g,=0 
would predict a relation between the three slopes. 
They would be [see Eq. (20)]: +(11/6)g8, +38, 
and +ég8. Thus, the present method gives three 
independent low-field slopes, whereas the conventional 
spin Hamiltonian gives three interrelated slopes with 
only one adjustable parameter, i.e., g. 

Next consider high fields. By this we mean fields so 
large that the splitting is greater than AE, the zero- 
field splitting. We can now neglect the matrix Eo in 
Eq. (12) and the slopes for high fields are easily found. 
The two states which have slopes +g.’ at low fields 
continue all the way to high fields linear in the field 
with the same slope. Solving the secular equation 
obtained from Eq. (12) shows that the remaining four 
states have slopes 


+48{ g1'+-¢3’+[ (g1'— gs’)? +4g4” ]}}. (21) 


As mentioned, from low-field measurements gi’, g2’, 
and g;’ could be found. By measuring one slope at high 
fields, excluding the one described by ge’, the last 
parameter g,’ can be obtained and thus the entire 
energy spectrum as a function of magnetic field. The 
ordinary spin Hamiltonian would predict [see Eq. (19) 
and set go’, go®, and g,° equal to zero } that the high-field 
slopes should be uniquely determined in terms of one g 
and should have values +$¢8, +38, and +}g8. We 
can also see from Eq. (20) that as we successively 
allow go*, go’, and g,®° to take on values different from 
zero, we gradually eliminate the relations that the spin 
Hamiltonian puts between the independent constants 
on the left-hand side. 

In this way we see that the method of this paper, 
while still limiting the number of parameters necessary 
to determine the behavior of the energy levels as a 
function of field, does give more freedom than the 
ordinary spin Hamiltonian. It gives, however, only 
that freedom which the symmetry and the nature of the 
interacting states permit. 


V. CONCLUSION 


The method of this paper provides a means of 
treating the behavior of paramagnetic ions in a crystal- 
line environment which offers advantages over the 
ordinary spin Hamiltonian. It is not restricted in its 
applicability to assumptions about the strength of the 
crystalline field. Since the considerations used are 
essentially symmetry arguments, no specific assump- 
tions need be made about the detailed nature of the 
wave functions of the paramagnetic ions. All effects 
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due to admixture of higher states of the atom as well 
as contributions due to binding with neighboring 
nonmagnetic ions are automatically included. It can 
be applied to levels arising from orbital S states of the 
free atom in the same way that it can be applied to all 
other states. The U matrices necessary to carry out 
this method are dependent only on the symmetry 
group of the lattice site and the transformation pro- 
perties of the corresponding free-ion wave functions. 
Their elements have many features of the Clebsch- 
Gordan coefficients. Therefore, they are quantities 
which should find wide applicability in problems where 
matrix elements of operators with definite transforma- 
tion properties are required as well as in problems 
concerning the coupling of states of various symmetry 
types. In the near future, the authors hope to publish 
more complete tables of these coefficients for all of the 
point groups of interest.!® 

The disadvantage of the method lies in the difficulty 
of fitting experimental data to the larger number of 
parameters. In the case considered in this paper, this 
does not seem too formidable but in other cases of lower 
symmetry this may be more difficult. That the spin 
Hamiltonian approach has met with great success as 
it stands is evidenced by the tables of parameters 
published by Bowers and Owen.! It should be kept in 
mind, however, that much of the fitting of experimental 
paramagnetic resonance data has been carried out in a 
very narrow range of frequencies. As accurate and 
more extensive experimental data become available, it 
will very probably become necessary to use the present 
approach to adequately describe the experimental 
findings. A possible example for the inadequacy of the 
conventional spin Hamiltonian of the form (2) is given 
by Miiller who investigates the ®§ state of Fet** in 
SrTiO; crystals. He has already found discrepancies of 
five to ten percent when measuring at only one wave- 
length of 3.2 cm. There still remains, of course, the 
more fundamental problem of interpreting the addi- 
tional constants of this extended parametrization in 
terms of the many-electron wave functions of the 
paramagnetic ion in the crystalline field. 


APPENDIX A 


The matrices U which we use in the text have the 
following meaning: Imagine two sets of functions ¢,** 
and 8. The first set forms a basis for the irreducible 
representation I',* and the second set a basis for the 
irreducible representation I's of the group G. If we 
were to take the mang products of these functions, 
v:** 8, we would have a set of functions which form 
a basis for the representation I'.*XI's. In general, this 
representation will be reducible and we can ask what 
linear combinations of the products transform  ir- 


18 For other coupling coefficients for the cubic group, see Y. 
Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 753 (1954). 
1K. A. Miiller, Helv. Phys. Acta 31, 173 (1958). 
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reducibly under the group G. Let us imagine that we 
wanted those linear combinations that transform 
according to the irreducible representation T',*. Call 
these linear combinations ¥,.7(k=1---n,). 


W=di.5 Ux, i 9r* p;?. 


In the linear combination the U;, ;; are those coefficients 
that give the new states of the proper symmetry. 
(They are the elements of the unitary matrix which 
reduces the direct product prepresentation I'.*XTI',.) 
It may happen that there is more than one way to 
reduce the direct product. By this we mean that one 
may be able to construct two or more sets of , func- 
tions which form a basis for l'.,*. In such cases, we must 
put an additional index on the U’s to specify which 
set we mean. Thus, we would have 


we y * 
WM=P;L ki Ps" 93°, 
e.- rT 2. at 
Wy” =Di5 l k, 7 PiX ¢;", 
f. rT 3, at 
Wi78=)055 Us, ij Gi" ¢;?. 


We shall have as many sets of functions ¥;.7 as the 
number of times I’,* is contained in T'.*XI's. This 
number is obtained at once from the character table 
of G. In a paper by one of the authors,’ it was shown 
that the first c,m, rows of the matrix reducing the 
direct product (c,=number of times I',* is contained 
in T.*XI's, ny=dimension of representation I’,*) are 
simply related to the matrix elements of operators 
which form a basis for T’y. 

The coefficients U;, ;; are, of course, exactly analogous 
to the Clebsch-Gordan (or vector coupling, or Wigner 
37) coefficients for the full rotation group. In this case, 
the fact that the product of two representations is 
being reduced can be expressed by saying that two 
angular momenta are coupled to give a third. This is a 
somewhat simpler case than the corresponding problem 
in finite groups since there is, for any two angular 
momenta, only one way of coupling them to give a 
third angular momentum. In our case, there may be 
more than one independent way of coupling the two 
sets of states. 

In reference 9 a method is given by which the U’s 
can be calculated. By taking the sum over all group 
elements of the product of matrix elements for the 
three representations considered, we obtain 


de Pa*(R)mil’s(R) njl'y(R) pe. 


For any choice of m, n, and p one obtains a possible 
matrix element (outside of a multiplicative constant) 
of U;,:;. (For some choices of m, n, and p one may get 
zero for all 7, 7, and &. This cannot be true for all 
choices if I',* is contained in '.*XTI'g.) If I'y* is con- 
tained more than once, a new m, n, and p is chosen 
until a new set of numbers linearly independent with 
the first set is obtained. Consider these two sets of 
numbers as vectors. Orthonormalizing them by linear 
combinations results in U;,, ;;! and U;,, ;;? of Eq. (A2). 


(Al) 


(A2) 


(A3) 
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The matrices U;,;; for reducing the products of 
representations of a group depend, of course, on the 
exact form of the representation chosen. In the case of 
the Clebsch-Gordan coefficients, we have the full 
rotation group. It is standard to specify the representa- 
tions by choosing as a basis eigenstates of the z com- 
ponent of the angular momentum operator. For the 
point groups it is not obvious what kinds of bases 
should be chosen. In the remainder of this appendix, 
we shall discuss the choices made for the example in 
the text. 

The I's*+ representation can be considered to have as 
a basis the four M5 levels of a spin 3/2. This is what we 
did. We chose the form of the matrices in this repre- 
sentation to be as in Rose.’ The I';* representation can 
be considered as the direct product of the one-dimensional 
representation J’, and the two-dimensional representa- 
tion I'y+ which has as a basis the two Ms levels of 
S=1/2 (M+=T2XT et). We chose again Ist to be the 
D4 ;2 of Rose.’ For the representation I"\5’ we chose, as 
a basis, functions which transform like the coordinates 
x, y, and z (except that we took them even under 
inversion). So that there can be no misunderstanding 
we give the matrix representing a rotation about the 
+z axis clockwise by 90°: 

10 -—1 0O| 
Bg 0 
10 O41 


(B1) 


and the matrix representing a rotation clockwise 
through 90° about the positive y axis: 
00 1 


0 1 0 
—1 0 0 


(B2) 


By carrying out the process of reference 9 [see Eq. 
(A2)], we obtained the matrices given in Tables II, 
III, and IV. (The choices of m, n, and p were 113 and 
223 in Table IT; 113 in Table III; and 113 in Table IV.) 

A word should be said here about time reversal. The 
representations I'st and I';+ have the property that 
they are equivalent to their complex conjugates but 
cannot be made real.” For these, the basis is chosen’ 
so that for I's* 


KV = (—1)# Ws. (B3) 


In Eq. (B3), i runs over the values 3/2, 1/2, —1/2, and 
— 3/2 instead of over the values 1, 2, 3, and 4, respec- 
tively. K is the Wigner time-reversal operator. For the 
representation I';*, 


KW,P= (—1)H#iw_ 9. (B4) 


In Eq. (B4), j takes on the values 1/2 and —1/2 rather 
than the values 1 and 2. The operator L+2S goes into 

” FE. Wigner, Nachr. Akad. Wiss. Gottingen, Math.-physik. 
KI. p. 546 (1932). 
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its negative under time inversion. Consider then, for 


example, the matrix element 


(W,7| L,4+25S,| V7) 
(K¥;*| K(L,4+2S,)K™| K¥7)* 
= — (—1)F4(—1) #2] 1,425, |v.) 


= —(Ve|L,4+25S,| V4"). (BS) 


We see that the matrices U! and U? in Table II have 
this property so that time reversal does not influence 
the fact that we have two constants g; and go. (If, on 
the other hand, L,+2S, were a Hermitian operator, 
even under time inversion all matrix elements of all 
components of this operator between these states 
would vanish, i.e., gi=g2=0.) In a similar way, we 
can that time reversal does not influence the 
number of constants in the two-by-four block or in the 
two-by-two block. It does, however, cause gy to be 


see 
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real. (g:, go, and g; are obviously real since we are 
dealing with a Hermitian operator.) 

In general, time reversal can influence the number of 
independent constants necessary to determine matrix 
elements of symmetric operators. Arguments of the 
type given in Eq. (B5) will determine how the number 
of constants is influenced. 


APPENDIX C 


The basis for the sublevels of spin 5/2 was chosen to 
be that given by Rose.’ The unitary matrix which 
transforms this basis to two sets of functions trans- 
forming like I's and I';*+ can be found by the method 
given in reference 9. Performing the corresponding 
similarity transformation of the Hamiltonian matrix 
(12) allows one to identify terms in the transformed 
matrix (12) with those of (19) and thus to get the 
relations between the constants. 


NUMBER 2 JANUARY 15, 1959 


Conductivity of Grain Boundaries in Grown Germanium Bicrystals 


B. Reep, O. A. WEINREICH, AND H. F. Matarté 
Research Laboratories, Sylvania Electric Products Incorporated, Bayside, New York 
(Received September 22, 1958) 


The conduction of current in the grain boundary of a grown germanium bicrystal has been studied as a 
function of doping. For all samples, the behavior shows only a small temperature dependence from 2-300°K. 
The conduction in the grain boundary is ohmic if no secondary effects are introduced by conduction in the 
bulk material. Samples with no doping and with n-type, p-type, or copper doping are all characterized by 
having a resistivity of about 3000 to 11 000 ohms per square. The lack of a strong dependence on doping 
indicates that the grain boundary behavior is not due to the segregation of impurities at the boundary. 


HE nonohmic character for current flow perpen- 
dicular to grain boundaries in n-type germanium 

was found in early work on polycrystalline material.'-? 
This means that the grain boundary is a p-type layer, 
forming an n—p-n structure. In p-type germanium, this 
nonohmic behavior disappears but photoelectric meas- 
urements show that the grain boundary now acts as a 
pt-type layer.’ The p-type nature of the grain boundary 
was confirmed by Tweet‘ using measurements of the 
Hall effect for current flow in the grain boundary sheet 
of gold-doped germanium bicrystals. A partial explana- 
tion of this behavior was given by Taylor, Odell, and 
Fan® in terms of the formation of a double Schottky 
barrier about the grain boundary due to charges in 
surface states which may arise either from lattice misfit 
or segregation of acceptor type impurities at the bound- 

1K. Lark-Horovitz, National Defense Research Committee 
Report NDRC-14-585, 1945 (unpublished). 

2G. L. Pearson, Phys. Rev. 76, 459 (1949). 

3Weinreich, Mataré, and Reed, Electrochemical 
Meeting, Washington, D. C., May 12-16, 1957 
abstracts). 

4A. G. Tweet, Phys. Rev. 99, 1182 (1955). 

5 Taylor, Odell, and Fan, Phys. Rev. 88, 867 (1952). 
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ary. The misfit at the grain boundary, according to the 
model proposed by Read® for dislocations and extended 
to grain boundaries by Mataré’ causes ‘dangling 
bonds.” These dangling bonds are able to pick up 
electrons in a lower energy state until the energy lost 
by adding an electron is compensated by the energy 
increase due to electron repulsion. On the other hand, 
the possibility that the behavior may be due to im- 
purities is present in Tweet’s experiment where gold 
is an acceptor that may not completely deionize at the 
lowest temperatures used. In other cases the p-type 
layer has been attributed to the segregation at the 
boundary of copper which is an acceptor. 

In a study of the effect of impurities on grain bound- 
ary behavior, measurements of the current in the grain 
boundary were made for a variety of crystal dopings. 
The work was performed on carefully oriented bicrys- 
tals® grown by the vertical pulling technique with [100] 
seeds symmetrically tilted about the [010] axis at 

6 W. T. Read, Jr., Phil. Mag. 45, 775 (1954). 

7H. F. Mataré, Z. Naturforsch. 10a, 640 (1955). 


8H. F. Mataré and H. A. R. Wegener, Z. Physik 148, 631 
(1957). 
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angles of 10-30°, most frequently at 20°. The intrinsic SHEET CONDUCTANCE TEMPERATURE DEPENDENCE 
starting material was either undoped, doped with p-type nee 

(Ga) or n-type (Sb) impurity, or diffused at 760°C tn ley Contacte 

with about 10'® copper atoms cm’. Samples approxi- cilia: tial a. 
mately 11X10 mm were cut with the axis parallel to eR ey Pe 

the [010] tilt axis. In order to study the flow of current 
in the grain boundary region, it is necessary to mini- 
mize the parallel flow in the bulk material. This may 
be accomplished by using contacts which are ohmic on 
the grain boundary and rectifying on the bulk. For 
n-type material, alloyed indium contacts enable meas- 
urements to be taken from 2—300°K. A second ap- 
proach is possible if the grain boundary conduction 
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Fic. 2. Temperature dependence of grain boundary current 
in samples with rectifying contacts to minimize bulk conduction. 
width :- 
gated as a function of temperature and voltage. In 
Fig. 1 the temperature dependence for 1.1 ohm-cm p- 
type bulk and grain boundary samples with ohmic 
contacts are shown. Below 5°K there is a ratio of con- 
ductivities of 50:1 between the grain boundary and 
bulk samples and there is also no dependence on the 
dimension perpendicular to the grain boundary, which 
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Fic. 1. Semilogarithmic plot of temperature dependence of current 
in grain boundary and bulk samples with ohmic contacts. 


persists at temperatures where bulk conduction is 
negligible because of the de-ionization of donors and 
acceptors. For Group III or V impurities it is necessary 
to operate at liquid helium: temperature and use only sap sneiaidillatintaieas 
moderate doping to avoid impurity band conduction. n-type Ge 36fA-ce 
These measurements were made by placing the samples 
in the chamber of a Collins helium liquefier and allowing 
the chamber to warm up slowly to obtain temperature 
variation. The temperature readings were taken on the 
liquefier thermometer and also from a carbon resistor. 
The resistor was compared with the liquefier thermom- 
eter with check points at liquid helium and nitrogen V (volts) 

ReaRp eC REESS - order to smooth the cemperature sinachein Fic. 3. Log-log plot of J—V characteristic of grain boundary con 

Conduction in the grain boundary sheet was investi- duction in samples with rectifying contacts at 4.2°K. 
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TABLE I. Dependence of grain boundary sheet 
resistivity p* on doping of crystal. 


p (bulk) p* (ohms 
T =300°K per square) 
T =4,2°K 


(ohm-cm) Type 


Impurity N 


Sample No. (atoms/cc) Type 


7800 
5100 
7500 
3600 
3600 
3600 
5600 
4100 
11200 
8200 
10200 
11200 


n 1.4 1036 Sb 

n 1.1 K10"5 Sb 

n 7 X10" Sb 

n 4.5 X10 Sb 

n 4X10 Sb 
intrinsic 
intrinsic 
intrinsic 

2x10" Ga 

3x10" Ga 

8 X10" Ga 

8 X10" Ga 

106 Cu 2900 

1Q16 Cu 3700 

Au 8000 


* See reference 4. 


indicates that the predominant current flow is in the 
grain boundary. The flattening of the current at low 
temperatures for the bulk sample is probably due to 
impurity band conduction. The range of independence 
from temperature change of grain boundary conduction 
shown in Fig. 1 is extended to higher temperature in 
Fig. 2 where rectifying contacts to the n-type german- 
jum prevent parallel conduction in the bulk material. 
In the 2.7 ohm-cm sample the behavior is essentially 
independent of temperature up to 300°K although it 
is only shown to 70°K. The 36 ohm-cm sample shows 
a temperature-independent behavior to 30°K where the 
poor characteristic of the junctions allows a parallel 
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leakage path for current through the bulk material. 
The same temperature independence was found by 
Tweet in gold-doped bicrystals of the same orientation. 
The temperature measurements were made in the 
ohmic range. 

The voltage dependence of grain boundary conduc- 
tion is ohmic in all cases, at least for small applied 
voltages. In Fig. 3 an J-V characteristic is shown which 
is linear over greater than six decades up to a field of 
50 volts/cm. This sample is high-resistivity material 
with rectifying contacts. In doped samples with ohmic 
contacts, the bulk material begins to conduct strongly 
at fields of 5-10 volts/cm due to impact ionization of 
the impurities. If rectifying contacts are used so that 
the voltage across the bulk is dropped primarily at the 
reverse-biased junction, then the voltage difference 
between the bulk and grain boundary conduction layer 
introduces a saturating behavior in the J-V character- 
istic at higher voltages. Using values in the linear 
range, the isolated grain boundary conduction can be 
characterized by a sheet resistivity p* per square with- 
out reference to the thickness of the conducting sheet. 
In Table I, the behavior of variously doped samples is 
shown. The values of p* range from 3000-11 000 ohms 
per square for these samples. This table supports the 
idea that the grain boundary conductivity is not due to 
the segregation of impurities—including copper—at the 
boundary. 
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Temperature Dependence of the Breakdown Field of Barium Titanate 


P. H. FANG anp W. S. BROWER 
National Bureau of Standards, Washington, D. C. 
(Received July 28, 1958) 


The dc breakdown field has been measured for ceramic BaTiO; as a function of the ambient temperatures. 
The breakdown field shows, in general, a temperature dependence of the thermal breakdown type where the 
breakdown field decreases as the temperature is increased. However, in addition to this general behavior, the 
breakdown field dips down strongly and shows minima at the critical temperatures of the phase transfor- 
mations. This seems to indicate a process of polarization breakdown, and is most pronounced near the 


orthorhombic-tetragonal transition temperatures. 


1. INTRODUCTION 


HE breakdown field (£,) of ceramic BaTiO; has 

been measured by Vul, Gol’dman, and Razbush'; 
and Sarafanov’ with an applied dc field ; and by Sarafanov 
and Skanavi*® with an applied ac field. Vul ef al. con- 
cluded that there is no correlation between / and the 
dielectric constant, while Sarafanov and Skanavi pro- 
posed an inverse dependence of £ on the electrical 


1Vul, Gol’dman, and Razbush, Zhur. Eksptl. i Teoret. Fiz. 
20, 465 (1950). 

2V. I. Sarafanov, Zhur. Eksptl. i Teoret. Fiz. 27, 590 (1954). 

3 V. I. Sarafanov and V. I. Skanavi, Zhur. Eksptl. i Teoret. Fiz. 
27, 595 (1954). 


conductivity. It is felt that the conclusions of these 
authors may be based on insufficient experimental data 
for the following reason: while all the above authors 
cover a wide temperature range (from about 20°C to 
200°C), measurements were made at only five to ten 
different temperatures. Since BaTiO; undergoes a crys- 
tallographic phase transformation from the tetragonal 
phase to the cubic phase at 120°C, the tetragonal phase 
being ferroelectric and the cubic phase being paraelec- 
tric, one might expect that this transformation could 
influence Ey and because of this, the temperature de- 
pendence of E, might be rather complicated in the 
temperature region where these authors made their 
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measurements. If such a speculation is true (as it was 
found to be through our experiment), it seems hardly 
justifiable to draw a conclusion based on data limited 
to a few temperature values. Therefore, in order to find 
a more precise relationship between /, and the tem- 
perature, we have measured E, for ceramic BaTiO; 
with an applied dc field at smaller temperature inter- 
vals. The low-temperature range was extended to about 
— 100°C. In extending the temperature, two additional 
critical temperature regions were covered, namely, the 
temperatures of the tetragonal-orthorhombic and of 
the orthorhombic-trigonal phase transformations. 


2. EXPERIMENTAL 


The specimens of ceramic BaTiO; used were in a 
disk form. Two different materials were used. Speci- 
mens Type A were commercial BaTiO; for piezoelectric 
applications and presumably contained a small amount 
of Ca or Pb. These specimens had a diameter of 0.95 
cm, and a thickness of 0.15 cm. The fired-on silver 
electrode was centered on both faces of the specimen 
with the silver extending not closer than 1 mm from the 
edge of the specimen. This electrode configuration was 
used to prevent breakdown from occurring across the 
edge of the specimen. 

Specimens of Type B were prepared in this laboratory 
from BaTiO; material with impurities less than 0.11%. 
This high-purity BaTiO; was obtained from the ther- 
mal decomposition of barium titanyl oxalate at 500°C. 
After the material was calcined at 900°C for two hours, 
it was pressed into disks without using any binder. 
These disks were covered with BaTiO; and fired to 
1350°C. The specimens had diameters of 1.5 cm and a 
thickness of 0.1 cm; and the electrical connection was 
made by direct contact of the specimens with the 
specimen holder [Fig. 1(a) ]. 

The specimens were chosen thin enough so that the 
required voltage would not be so high as to cause 
partial breakdown, yet of a sufficient thickness that F, 
would not depend on the specimen thickness. The effect 
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Fic. 1. Experi- 
mental arrangement 
(a) (top): for meas- 
uring specimens of 
type B; (b) (bot- 
tom): for measuring 
specimens of type 4. 
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4 Barium titanyl oxalate was prepared by W. S. Clabaugh from 


the procedure reported by Clabaugh, Swiggard, and Gilchrist, 
J. Research Natl. Bur. Standards 56, 289 (1956). 
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Fic. 2. Temperature dependence of the breakdown 
field of commercial BaTiOs. 


of the thickness dependence is shown, for example, in 
biotite mica of thicknesses less than 10-* cm.’ The 
specimens used in this experiment were two orders of 
magnitude thicker. 

The experimental arrangement is shown schematic- 
ally in Fig. 1(a). The specimen holder consisted of a 
plate electrode on the bottom, and a nichrome wire 
contact on the top. For type A specimen the electrode 
configuration was independent of the specimen holder 
arrangement. For the type B specimens the electrodes 
(consisting of the contacts with the specimen holder) 
were unsymmetrical; however, it was found that the 
breakdown path was essentially perpendicular to the 
specimen face from the point electrode, and the cross- 
sectional area of the breakdown path was less than 
0.16 mm?, the area of the Nichrome wire. It was felt 
therefore that the specimen holder configuration would 
not seriously alter the experimental results. 

The ambient temperature for the experiments was 
obtained by immersing the specimen holder containing 
the specimen into a silicone oil bath (Dow-Corning 200 
fluid). From — 70° to about — 100° C the liquid became 
viscous; however, since the values of /, obtained were 
still regular, we felt that this viscosity had no unusual 
effect on the measurements. 

After the entire assembly had been cooled and the 
specimen had reached the desired temperature, a dec 
field was applied at a rate of about 1 kv/sec. The F, 
was obtained during a time interval from 2 to 20 
seconds. The effects of the time dependence of, were 
not investigated. When the rate is very slow, in the 
order of minutes, one would expect some high-field- 
induced ionic conduction which might decrease F,.6 
On the other hand, if the rate of voltage increase is 
very fast the ferroelectric polarization current, as well 
as the time lag’ of the breakdown voltage, could affect 
the value of /». By using the present rate of voltage 

5]T. Ryn and H. Kawamura, J. Phys. Soc. Japan 9, 438 (1954). 

6 J. Vermer, Physica 22, 111 (1956). 

7 Kawamura, Ohkura, and Kikuchi, J. 
541 (1954). 


Phys. Soc. Japan 9, 
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Fic. 3. Temperature dependence of the breakdown field of 
laboratory specimens of BaTiO; from the purified material. 


increase, the complications discussed above were pre- 
sumably avoided. 

The value of E, was taken as the highest voltage 
observed on the voltmeter when the meter was con- 
nected across the specimen. The current was less than 
10-7 ampere until the breakdown voltage was reached. 
At the breakdown voltage there was an enormous 
increase in the current, which exceeded the limitations 
of the power supply at which time the voltage dropped. 

Each Type A specimen could be used only once be- 
cause of the fired-on electrode which covered most of 
the surface. For Type B specimens the point electrode 
could be moved to a different portion of the specimen 
and five to seven breakdown measurements could be 
made at the same or at different temperatures using 
the same specimen. 


3. RESULTS 


A specimens are shown in 
Ey has 


Values of Ey for Type 
Fig. 2. One immediate observation is that 
minima near the three transition temperatures, a phe- 
nomena that was not reported by the previous authors.!~* 

The data in Fig. 2 also indicate that the effect of the 
depression of E» near the transition temperature ac- 
tually extends over a range of temperature. 

Figure 3 shows £, for pure BaTiO; specimens. Essen- 
tially this has the same features as Fig. 2 with minima 
occurring at each of the transition temperatures. In 
addition the figure also shows as a general trend a 
decrease in Ey as the temperature is increased. Of 
special interest is the behavior at the orthorhombic- 
tetragonal transition temperature (at about 0°C). The 
values for Type A specimens are several times lower 
than those for Type B specimens. No explanation can 
be offered, we can only mention that there was a differ- 
ence in purity which may have affected F). 

It can be seen in both Fig. 2 and Fig. 3 that £, had 
percentage-wise more scatter near the transition tem- 
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peratures than it had at other temperatures. This may 
be expected from the fact that the transition process 
may not be uniform in different specimens, or in the 
same specimen. 

There are several intrinsic factors which could com- 
plicate the measurement of £, for ceramic BaTiO, 
such as density, grain size, grain boundaries, and 
mechanical stresses. With respect to the contribution 
due to the density, it seems that specimens of high 
density give high values of Ey while those of low density 
give low values.* However, it is reasonable to assume 
that the qualitative features of the temperature depend- 
ence of £, are not changed by the intrinsic factors. 


4. CONCLUSIONS 


From the results of the experiment the following 
conclusions can be reached: 

(1) Vul ef al. could not find any correlation between 
the dielectric constant and E>. From the results of the 
present work there is obviously a correlation, namely, 
at the transition temperatures where the dielectric 
constant is high, £; is low and vice versa. 

(2) Sarafanov proposed that the breakdown me- 
chanism of BaTiO; is a thermal phenomenon due to 
conduction current, instead of genuine breakdown due 
solely to the intensity of the high field. This thermal 
breakdown process could explain qualitatively the 
lowering of £, near the 120° transition temperature as 
there is an indication of a slight increase in conduc- 
tivity at this point.? However, it should be pointed out 
that the change in conductivity at this temperature is 
much less pronounced than the change of /y. Further 
verification of Sarafanov’s proposal could be obtained 
from conductivity data at the lower transition tempera- 
tures, but unfortunately this is not available at the 
present time. 

Finally, the occurrence of the minima at the tem- 
peratures of phase transition may be explained by the 
instabilities of the domain boundaries at these tem- 
peratures. According to the result of Davisson"’ on the 
breakdown of the ferroelectric colemanite, the break- 
down passage occurs along the domain boundaries. At 
the application of the dc field, domains are oriented 
with the largest gradient along the domain boundaries. 
Since the domain orientation process is most efficient 
near the transition, the breakdown field strength would 
be lowest at the transition temperatures.* 


8 A. de Bretteville, Jr. (private communication). 

® Busch, Flury, and Merz, Helv. Phys. Acta 21, 212 (1948). 

10 J. W. Davisson, Acta Cryst. 9, 9 (1956). 

* Note added in proof.—Since the present manuscript was sub- 
mitted, two papers have appeared on the same subject: Y. Inuishi 
and S. Uematsu, J. Phys. Soc. Japan 13, 761 (1958); and Kono- 
rova, Kraenopevtsev, and Skanavi, Izvest. Akad. Nauk. Fiz. 22, 
408 (1958). In both papers the data points are spread over a con- 
siderable temperature range. There is not enough detail in either 
set of data to allow a decision to be made as to the presence or 
absence of anomalies at the transition temperatures. Inuishi and 
Uematsu also indicated considerable uncertainty in their single- 
crystal data, which further obscured the detail. 
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Low-Temperature Electrical and Magnetic Behavior of Dilute 
Alloys: Mn in Cu and Co in Cut 
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Measurements are reported of the remanent magnetization in a 1.8 atom percent Mn in Cu alloy at 4.2°K 
and of the low-temperature resistance, magnetoresistance, and magnetization of solid solution alloys of 0.5, 
1.0, and 2.0 atom percent Co in Cu. The isothermal remanence of the Cu(Mn) alloy saturates at about 
3X10 (u4z/Mn atom) after application of a field of about 14 kilo-oersteds, and does not increase after 
application of pulsed fields up to 140 koe. It is equal to the saturation thermoremanence obtained after 
cooling in fields >1.5 koe. Both remanences reverse in relatively low fields of about 2 koe. The magneto- 
resistance and magnetization of the Cu(Co) alloys obey the relation, Ap=—bo*, found previously for 
Cu(Mn) alloys, with b temperature-independent in contrast to that for Cu(Mn). The low-temperature 
resistivity of the Cu(Co) alloys increases with decreasing temperature and no maximum occurs down to 
1.6°K. The magnetization of the Cu(Co) alloys shows neither remanence nor hysteresis but is nonlinear 
with field and with concentration. Comparison of results on these systems with existing theories delineates 


the areas of agreement and of disagreement. 


1. INTRODUCTION 


ILUTE alloys of transition metals in noble metals 

show interesting electrical and magnetic proper- 
ties at low temperatures. The most extensive experi- 
mental work has been done on Cu(Mn).! This alloy 
as well as Au(Mn) and Ag(Mn)—has an anomalous 
temperature-dependent resistivity and a negative mag- 
netoresistance at low temperatures.”* The magnetic be- 
havior at liquid helium temperatures reveals evidence 
of a cooperative magnetic transition.** The relation 
between the electrical and magnetic behavior of Cu( Mn) 
has also been studied.’ 

Other properties of Cu(Mn) have been measured: 
electron‘ and nuclear resonance,‘ specific heat,* ther- 
moelectric power,*"” Hall coefficient,’ and thermal 
conductivity.*:* In addition, several theoretical papers 
have attacked the problem of magnetic or electrical 
+ An abstract of this work was presented at the Kamerlingh 
Onnes Conference, Leiden, June, 1958 [I.S. Jacobs and R. W. 
Schmitt, Suppl. Physica 24, $174 (1958) ]. 

1 We shall designate dilute alloys by the notation X (VY), X being 
the solvent and ¥ the solute. 

2 A. N. Gerritsen and J. O. Linde, Physica 17, 573, 584 (1951); 
18, 877 (1952); A. N. Gerritsen, Physica 19, 61 (1953). 

3R. W. Schmitt and I. S. Jacobs, Can. J. Phys. 34, 1285 (1956); 
J. Phys. Chem. Solids 3, 324 (1957). 

4Owen, Browne, and Kip, Phys. Rev. 100, 965(A) (1955), 
Owen, Browne, Knight, and Kittel, Phys. Rev. 102, 1501 (1956), 
Owen, Browne, Arp, and Kip, J. Phys. Chem. Solids 2, 85 (1957). 

5 Gorter, van den Berg, and de Nobel, Can. J. Phys. 34, 1281 
(1956). 

6G. J. van den Berg, Proceedings of the Fifth International 
Conference on Low-Temperature Physics and Chemistry, Madison, 
August, 1957 (University of Wisconsin Press, Madison, 1958), 
Paper 44-1. 

7Van der Lugt, Poulis, Hardeman, and Hass, Physica 23, 797 
(1957); W. van der Lugt and N. J. Poulis, Kamerlingh Onnes 
Conference, Leiden, June, 1958 [Suppl. Physica 24, $158 (1958) ]. 

8 F. E. Hoare and J. E. Zimmerman, Bull. Am. Phys. Soc. Ser. 
II, 3, 124 (1958). 

9J. de Nobel and F. J. du Chatenier, Kamerlingh Onnes 
Conference, Leiden, June, 1958 [Suppl. Physica 24, $175 (1958) ]. 

10 Shibuya, Tawara, Tanuma, Saito, Muto, and Fukuroi, 
Kamerlingh Onnes Conference, Leiden, June, 1958 [Suppl. 
Physica 24, $175 (1958) ]. 


behavior of this alloy."~!” In spite of this concerted 
attack on Cu(Mn) there remain several important prob- 
lems that have not been solved. One of these is the origin 
of the “parasitic ferromagnetism’’; i.e., the hysteresis 
and remanent magnetization. 

We report here experiments on the remanence in a 
1.8 atom percent Mn in Cu alloy at 4.2°K. The iso- 
thermal remanence saturates, after application of a field 
of about 14 kilo-oersteds, at a value equal to the satura- 
tion thermoremanence obtained by cooling in fields 
> 1.5 kilo-oersteds. Moreover, both remanences reverse 
in relatively low fields (~2 koe). 

The extensive work on Cu(Mn) has not been dupli- 
cated for other dilute alloys of transition metals in noble 
metals, although many alloys have been looked at in 
one way or another. There is a need to examine both 
the electrical and magnetic properties of such systems 
in order to codify the types of behavior observed, to 
see if the ideas developed for Cu(Mn) have wider ap- 
plicability, and to see if the behavior of other systems 
give hints about those problems not yet understood 
for Cu(Mn). 

We also report low-temperature resistance, magneto- 
resistance, and magnetization measurements on Cu(Co) 
solid solutions. These alloys show a resistance minimum 
at low temperatures, as reported earlier by Linde,'* and 

J. Korringa and A. N. Gerritsen, Physica 19, 457 (1953); 
J. Korringa, Can. J. Phys. 34, 1290 (1956). 

2R. W. Schmitt, National Science Foundation Conference on 
Low-Temperature Physics and Chemistry, Baton Rouge, Decem- 
ber, 1955 (unpublished), Paper D-2; Phys. Rev. 103, 83 (1956). 

13. W. Hart, Phys. Rev. 106, 467 (1957). 

14K. Yosida, Phys. Rev. 106, 893 (1957); 107, 396 (1957). 

15 G. W. Pratt, Jr., Phys. Rev. 106, 53 (1957); 108, 1233 (1957). 

6A, Blandin and J. Friedel, Colloque International de 
Magnétisme, Grenoble, July, 1958 (unpublished), Paper 50; 
J. phys. radium (to be published). 

17H. Hasegawa and R. Kubo, International Conference on 
Electronic Properties of Metals at Low Temperatures, Geneva, 
New York, August, 1958 (unpublished). 

18 J. O. Linde, Proceedings of the Fifth International Conference 


on Low-Temperature Physics and Chemistry, Madison, August, 1957 
(University of Wisconsin Press, Madison, 1958), Paper 41-1. 
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a negative magnetoresistance. However, no maximum 
in resistivity occurs down to 1.2°K. The magnetic be- 
havior shows no evidence for a cooperative magnetic 
transition, although the magnetization is nonlinear in 
field. The magnetoresistance and magnetization are re- 
lated by Ap= — bo’, where b is temperature independent 
in contrast to Cu(Mn). 

In the last section of this paper we will discuss the 
contrasting behavior of Cu(Mn) and Cu(Co). 


2. MAGNETIC REMANENCE IN A Cu(Mn) ALLOY 
(a) Experimental Methods 


Very high magnetic fields are needed for an adequate 
study of the isothermal remanent magnetization (IRM) 
in our 1.8 atom percent alloy at 4.2°K. A pulsed-field 
coil magnet” delivering unidirectional field pulses up to 
140 koe is used. The field pulses are shaped like half a 
sine wave. The time elapsing between zeros of the field 
is 28 milliseconds at high fields, and substantially 
longer for low fields. 

The IRM of the 1.8% Cu(Mn) alloy decreases with 
increasing temperature [see Fig. 5 of the second refer- 
ence 3 ] so it is important to avoid eddy current heating 
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Fic. 1. Behavior of isothermal remanence and thermoremanence 
of 1.8 atom percent Mn in Cu at 4.2°K. Scale: 10=3X107 
usp/Mn atom ~0.75% alignment of Mn atoms. (a) Saturation 
of isothermal remanence from various initial states; field H’ (koe) 
applied during cooling. (b) Saturation of thermoremanence. 

J. S. Jacobs and P. E. Lawrence, Rev. Sci. Instr. 29, 713 
(1958). 
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Fic. 2. Remanence hysteresis behavior of 1.8 atom percent Mn in 
Cu at 4.2°K: cooled in zero field. Scale as in Fig. 1. 


of the sample. For this reason the solid cylinder used 
for static magnetization measurements was rejected in 
favor of an annealed bundle of wire of the same 1.8 atom 
percent Cu(Mn) used for electrical measurements. Eddy 
current heating is proportional to the square of the 
sample radius, and these wires were small enough to 
avoid such heating. 

For studying the thermoremanent magnetization 
(TRM) after cooling in fields of 2500 oersteds or less, 
a de solenoid was used. This solenoid was external to 
and concentric with the pulsed field coil and double 
Dewar arrangement. 

Remanent magnetizations were detected by the flux 
change on withdrawing the sample from a coil. The 
flux change was measured with a Grassot type fluxmeter 
after amplification by a 75-cps chopper amplifier. 


(b) Experimental Results 


Previous experiments showed that isothermal rema- 
nences occurred in Cu(Mn) samples with 0.4 atom 
percent or more Mn.** The isothermal remanence in 
our 1.8 atom percent sample at 4.2°K increased with 
field up to 7 koe which was the highest field used in our 
earlier measurements. The thermoremanent magneti- 
zation (TRM), acquired by cooling to 4.2°K in a field, 
was several times larger that the IRM attained at 
7 koe.* 

The new results of studying the 1.8 atom percent 
sample at 4.2°K are shown in Figs. 1 and 2. The main 
feature of Fig. 1(a) is that the IRM rises with maximum 
applied field until a saturation value is reached at about 
14 koe. Similar results have recently been obtained by 
Lutes.” No further increase in IRM occurs despite the 
application of field pulses up to 140 koe. This saturation 
IRM equals the TRM obtained after cooling to 4.2°K 
in fields equal to or greater than 1.5 koe as shown in 
Fig. 1(b). The field dependence of the TRM is also 
shown in Fig. 1(b). 


*” Q. S. Lutes, International Conference on Electronic Properties 
of Metals at Low Temperatures, Geneva, New York, August, 
1958 (unpublished). 





LOW-TEMPERATURE 


These results indicate that the sample (at 4.2°K) has 
a characteristic saturation remanence. To further test 
this result we established the same saturation remanence 
by producing part of it as a thermoremanence and the 
rest of it isothermally. This is also shown in Fig. 1(a)— 
the curve marked H’=1 represents results on a sample 
cooled in 1 koe and then subjected to isothermal field 
pulses. Moreover, if the full saturation remanence is 
produced as a TRM, then no further increase in it can 
be produced by isothermal field pulses. This is shown 
by the curve marked H’=2 in Fig. 1(a). This behavior 
accords with the simple theory of IRM and TRM de- 
scribed by Néel.”! 

The hysteretic behavior of the saturation remanence 
is shown in Fig. 2. The isothermal saturation remanence, 
so difficult to establish, reverses easily with a remanence 
coercivity near 1 koe. This behavior does not accord 
with the simplest model of IRM-TRM behavior. The 
remanence coercivity for the saturated TRM is only 
slightly larger than 1 koe. 

The value of the saturation remanence in Cu (1.8 
atom percent Mn) at 4.2°K is about 0.03 Bohr magne- 
tons (ug) per Mn atom, or about 0.75% alignment of 
Mn atoms assuming 4ug per Mn atom. This is com- 
parable with a TRM value of 0.025ug per Mn atom 
reported by Owen eéé al.‘ in a 1.4 atom percent Mn alloy 
after cooling in 5 koe. This is surely a saturation TRM 
and its value is in good accord with our value. 
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Fic. 3. Resistivity behavior at low temperature of 
dilute solid solutions of Co in Cu. 


21. Néel, Ann. Géophys. 5, 99 (1949); Advances in Physics, 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1955), 
Vol. 4, p. 191. 
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Fic. 4. Temperature dependence of initial magnetic suscepti- 
bility of dilute solid solutions of Co in Cu. Solid line: this work. 
Broken line: Hildebrand, reference 24. 


(c) Discussion 


Our results indicate that the saturation remanence is 
independent of the way it is established and, once 
established, is relatively easy to reverse. Thus the satu- 
ration remanence is a parameter that is meaningful to 
study as a function of temperature and concentration. 
Lutes” is making such a study and his results should 
give a valuable clue about the origin of the remanence. 


3. RESISTIVITY, MAGNETORESISTANCE, AND 
MAGNETIZATION OF Cu(Co) ALLOYS 


(a) Experimental Methods 


Nominal compositions of the alloys studied were 0.5, 
1.0, and 2.0 atom percent Co in copper. They were 
made by the methods described in our previous paper.* 
Chemical analyses were made of parts of the ingots 
adjacent to the portions used for magnetic measure- 
ments and for electrical measurements. These analyses 
indicated compositions of 0.48+-0.05; 0.99+0.10, and 
1.98+0.21 atom percent cobalt. 

The solubility of Co in Cu is limited, the phase 
boundary between the homogeneous solid solution and 
the two-phase region occurring at 830°C for 2.0 atom 
percent, 750°C for 1.0 atom percent, and at 640°C for 
0.5 atom percent cobalt.” Consequently all samples, 
both electrical and magnetic, were solution heat-treated 
at about 900°C for one-half hour and quenched in ice 
water. This prevents precipitation of the ferromagnetic 
cobalt-rich phase which has been the subject of much 
study.¥ 

The techniques of measurement were those used and 
described in our previous work on Cu(Mn).’ 


2 Metals Handbook (American Society for Metals, Cleveland, 
1948); J. Livingston (private communication). 

23 See list of references in Bean, Livingston, and Rodbell, J. phys. 
radium (to be published). 
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Fic. 5. Low-temperature magnetization behavior 
of dilute solid solutions of Co in Cu. 


(b) Resistivity and Magnetization 


Room temperature resistivities of the alloys are 4.02 
pohm cm, 6.70 pohm cm, and 9.93 wohm cm for the 
nominal 0.5, 1.0, and 2.0 atom percent cobalt, respec- 
tively. The resistive behavior between 1.6°K and 20°K 
is shown in Fig. 3. Each alloy shows a resistance mini- 
mum somewhere above 20°K. Such minima in Cu(Co) 
alloys have been reported by Linde'* and he observed 
no maximum in resistivity down to 1.2°K. 

The reciprocal initial susceptibility (corrected for Cu 
diamagnetism in the conventional way) is plotted versus 
temperature in Fig. 4. Data for the 0.5% sample are 
in rough agreement with earlier work of Hildebrand.™ 
This composition was the highest cobalt concentration 
studied by Hildebrand and it behaved differently from 
his other samples of lower concentration: the tempera- 
ture dependence of 1/x above 80°K was larger. The 
magnetic behavior illustrated in Fig. 4 is not simple. 
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Fic. 6. Magnetoresistive behavior of 1.0 atom percent Co in Cu 
solid solution. Ap=p(H1)—p(O) versus H?. 


24. Hildebrand, Ann. Physik 30, 593 (1936). 
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The separate ordinate scales for different concentrations 
denote a very nonlinear dependence on concentration. 
Moreover, the 1/x curves are nonlinear in temperature 

a Curie-Weiss law does not hold in the temperature 
range of measurement. 

Magnetization isotherms to 7 koe at helium and hy- 
drogen temperatures are plotted in Fig. 5. The nonlinear 
concentration dependence is evident in these graphs. 
The magnetization is also nonlinear in field at lower 
temperatures, but neither hysteresis nor significant 
remanence is observed. 

The two-phase region is close to the solution heat- 
treating temperature for the 2.0 atom percent sample. 
It is necessary to consider the possiblity that small 
Co-rich precipitates form during the quench and are 
responsible for the magnetic behavior. Such precipitate 
particles would be ferromagnetic, but the direction of 
their magnetization would fluctuate thermally” in the 
way termed superparamagnetic.”® The magnetization of 
an assembly of such particles follows a Langevin curve 
and would be difficult to distinguish from the para- 
magnetism of the solid solution. However, the size of 
the assumed precipitate particles can be estimated from 
the initial susceptibility at 4.2°K.** This size turns out 
to be one containing 5+3 cobalt atoms. Therefore, if 
clusters of cobalt atoms do play a role in the magneti- 
zation process one probably should not view them as a 
second phase precipitate. 


(c) Magnetoresistance and Its Correlation 
with Magnetization 
The resistance of these alloys decreases in a magnetic 


field, although the decrease of the 0.5 atom percent 
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resistive behavior of 
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in Cu solid solution. 
Ap versus H?. 
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25 L. Néel, reference 21; Compt. rend. 228, 664 (1949); Revs. 
Modern Phys. 25, 293 (1953). 

26C. P. Bean, J. Appl. Phys. 26, 1381 (1955); C. P. Bean and 
I. S. Jacobs, J. Appl. Phys. 27, 1448 (1956); J. J. Becker, Trans. 
Am. Inst. Mining Met. Engrs. 209, 59 (1957). 





LOW-TEMPERATURE 


sample was just measurable at the lowest temperature. 
The size of the transverse and longitudinal effects is 
the same. Results are shown in Figs. 6 and 7 where 
Ap=p(H)—p(0) is plotted versus H® for the 1.0 and 2.0 
atom percent samples. The quantity Ap is nonlinear in 
H’, but no hysteresis is observable within the accuracy 
of measurement. 

Correlation of the magnetoresistance with magneti- 
zation is striking and is shown in Figs. 8 and 9, including 
data for the 0.5 atom percent sample at 1.8°K. The 
magnetoresistance, Ap, is proportional to the square of 
the magnetization, o. This result is the same one found 
for Cu(Mn) with one important difference. The co- 
efficient of proportionality between Ap and o? is in- 
dependent of temperature for Cu(Co) between 1.6°K 
and 20.4°K, whereas this coefficient is a strong function 
of temperature for Cu(Mn) in the same temperature 
range.’ Observed values of the coefficient b= 0(— Ap)/d0” 
are 2.1+0.1, 0.87+0.02, and 0.230.002 for the 0.5, 
1.0, and 2.0% samples, respectively. Thus the coeffi- 
cient, 6, although temperature independent for a given 
sample, is still concentration dependent. 


4. COMPARISON OF Cu(Co) AND Cu(Mn) 


Both Cu(Co) and Cu(Mn) have a resistance mini- 
mum at low temperatures, and the origin of this mini- 
mum remains an unsolved problem. 

Only Cu(Mn) has a resistance maximum, and only it 
shows evidence for a cooperative magnetic transition 
at low temperatures. These facts are consistent with 
our previous suggestion®” that the decrease in resis- 
tance at temperatures below the resistance maximum 
is due to the onset of a cooperative magnetic transition. 
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Fic. 8. Correlation of magnetoresistance with magnetization for 
1.0 and 0.5 atom percent Co in Cu solid solutions. Ap versus 0°. 
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Fic. 9. Correlation of magnetoresistance with magnetization for 
2.0 atom percent Co in Cu solid solution. Ap versus o?. 


The alloy Cu(Co), exhibiting no such transition, does 
not show a resistance maximum. 

Although Cu(Co) is “paramagnetic,” its magnetic 
behavior is not simple. This is shown by the failure of 
the initial susceptibility to obey a Curie-Weiss law and 
by the nonlinear dependence of magnetization on field 
and on concentration. The initial susceptibility of 
Cu(Mn) alloys also deviates from a Curie-Weiss law, 
but these deviations can be reconciled with the onset 
of the cooperative transition.‘ 

Previous derivations®: of the relation Ap= — bo? are 
applicable to any alloy in which the net magnetization 
of the virgin sample is zero within any volume of dimen- 
sions comparable to the electron free path.’ Either an 
“antiferromagnetic” or paramagnetic alloy would be 
expected to obey the relation so it is not surprising that 
both Cu(Mn) and Cu(Co) do so. However, the theories 
predict the coefficient, b, to be temperature independent ; 
this is true only for the Cu(Co) alloys. 

The major problems that remain to be solved about 
Cu(Co) seem to be explanations of (1) the magnetic 
behavior and (2) the resistance minimum, For Cu(Mn) 
the major problems seem to be explanations of (1) the 
hysteresis and remanence, (2) the resistance minimum, 
and (3) the temperature dependence of the coefficient, b. 
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The copper M23 band was investigated in connection with a sequential study of the M23 emission and 
absorption spectra of the 3d transition metals. The characteristic band is superimposed on a continuous 
spectrum emitted by the target and the paper describes the procedure for removing the effect of this back- 
ground. Other experimental considerations dealing with such effects as the instrumental window, self- 
absorption, the presence of contaminants, and the nature of the target layer are included. Where possible, 
an assessment is made of the distortion produced by such factors in the shape of the band. The photo- 
metrically determined M2; intensity contour is compared with recent work based on detection schemes 
utilizing photon counters. On the basis of certain assumptions the composite M2 ; distribution is decomposed 
into individual M2 and M; curves, whose behavior at the high-energy end of the spectrum is in good agree- 
ment with previously available data on the individual absorption edges. Features of the / (E)/v? distribution 
belonging to the M; band are as follows: the band has a maximum at 72.0 ev (172 A) and excluding satellite 
structure and tailing effects has a width of 7.8 ev. At the high-energy end, the intensity rises gradually and 
no sharp structures are noticeable. Except for the satellite structure, no inconsistencies arise when the 


results on the M; band (valence—3/) are compared with those on the L; band (valence—2/). 


INTRODUCTION 


ECENT experimental evidence! from x-ray and 
neutron diffraction studies and from the measure- 
ment of magnetic moments points towards a revised 
description of the electronic structure of the 3d tran- 
sition metals. It was therefore considered worthwhile 
to examine the valence spectra of these metals in the 
light of these developments. A sequential study of the 
emission bands is now in progress and this paper pre- 
sents the results on the M»,; emission spectrum of copper. 
Earlier measurements?~* dealing with the valence band 
spectra of the iron group and neighboring metals have 
appeared in the literature.® 
In emission, the L and M bands, which represent 
electronic transitions from the valence states to an inner 
p state, should exhibit similar characteristics and reveal 
the energy spread of the populated levels. In absorption, 
the measurements are primarily concerned with the 
photoelectric ejection of a 2p or 3p electron into a vacant 
state of the conduction band (Z or M spectra), and are 
expected to yield information concerning the energy of 
the lowest empty state and other characteristics of the 
conduction band. The Z bands of the metals in question 
fall in the 10- to 40-A region while the M bands are ob- 
served at longer wavelengths, in the region extending 
from 150 to 400 A. In both spectral regions, the in- 
strumentation needed for dispersing and recording the 


* Research supported in part by the Office of Ordnance 
Research, U. S. Army. 

+ Corning Glass Foundation Fellow. 

1W. M. Lomer and W. Marshall, Phil. Mag. 3, 185 (1958). 

2 Y, Cauchois, Phil. Mag. 44, 173 (1953). 

3 Skinner, Bullen, and Johnston, Phil. Mag. 45, 1070 (1954). 

4E. M. Gyorgy and G. G. Harvey, Phys. Rev. 87, 861 (1952); 
93, 365 (1954). 

5 Tomboulian, Bedo, and Neupert, J. Phys. Chem. Solids 3, 282 
(1957). 

6 Papers listed under 2-3 describe investigations on the L 
emission bands; those under 3-4 give results on the M bands. 
Reference 2 also contains data on Lz and L; absorption spectra, 
while reference 5 deals primarily with the M2 absorption bands. 


intensity of the radiation is not highly developed. This 
fact combined with other technical considerations has 
made it difficult to attain close correspondence between 
different sets of results. 

To date two sets of measurements have been carried 
out on the M>»,; band of copper. One determination is 
based on the work of Gyorgy and Harvey‘ who utilized 
photomultiplier counting techniques to record the band 
shape by noting the time rate at which photons arrived 
at the detector. The second set of measurements are 
those of Skinner, Bullen, and Johnston* who detected 
the radiation photographically and obtained relative 
intensities by photometric procedures. 

The M,,; absorption spectra of the metals belonging 
to the 3d group have already been investigated. It is 
hoped that the current systematic examination of the 
corresponding emission spectra based on accurate pho- 
ton energy scales will make it possible to discover the 
reason for existing inconsistencies. 


EXPERIMENTAL 


The measurements were carried out’ by the use of a 
grazing incidence vacuum spectrograph equipped with 
a glass grating (radius 1.5m, 30000 lines per inch). 
After outgassing, exposures were attempted only after 
the running pressures had dropped to the neighborhood 
of 1X10-*mm of Hg while the power input to the 
copper target was 300 watts (200 ma at 1500 volts). A 
freshly deposited target layer was bombarded only for 
fifteen minutes in an attempt to insure freedom from 
deterioration. Exposure times of 6 hours were needed for 
a satisfactory photographic recording of the spectrum. 

Unlike the case of Fe, Co, and Ni, no difficulties were 


7 For a description of the general procedures followed in soft 


x-ray emission spectroscopy see H. Niehrs, in Ergebnisse der 
exakten Naturwissenschaften (Springer-Verlag, Berlin, 1950), Vol. 
23, p. 359, or the survey article by D. H. Tomboulian, in Handbuch 
der Physik (Springer-Verlag, Berlin, 1957), Vol. 30, p. 246. 


464 





M2,3 


encountered in depositing the emitting layer of copper 
by evaporation. Initially the metal was of highest purity 
and the target layer should have remained free from 
contamination except for trace impurities such as oxy- 
gen, nitrogen, mercury, water, and grease vapors, re- 
maining in the tube. It is possible that the evaporated 
layer has a granular structure initially, but upon bom- 
bardment, structural changes favoring the formation of 
larger crystalline units should take place. 

When the target is cooled, minute amounts of organic 
materials condense on the target faces not in use. Sub- 
sequently, under the action of the electron beam, such 
organic molecules are broken down. As a result, carbon 
is deposited on the target which under bombardment 
emits the K, radiation (peak at 44.5 A). The Kg line 
may appear in several orders and is likely to blend with 
the spectrum under study. In spite of many precau- 
tionary measures adopted to maintain cleanliness, the 
long exposures and relatively high voltages needed to 
excite the M bands enhance the appearance of the im- 
purity band. The M23 band of copper extends from 
160 A to about 190 A. Thus there is a possibility that 
the long-wavelength portion of the copper band is dis- 
torted somewhat by the fourth order carbon line (178 A) 
although records indicate no significant blending because 
of the weakness of the impurity line. The copper spec- 
trograms were free from other impurity lines such as 
the K bands of oxygen and nitrogen (at 23.6 A and 
31.4 A, respectively) and the Z bands of sulfur and 
silicon. Such lines are occasionally observed during long 
exposures. 

The characteristic copper band is superposed on a 
background consisting of the continuous x-rays emitted 
from the target. The background intensity observed at 
a given spectral position is composed of bremsstrahlung 
diffracted in the first or possibly higher orders* and 
compares favorably with that of the M23 band. The 
continuum shows an absorption structure which appears 
at 115 A in the first order and 230 A in the second order 
on all spectrograms taken with this spectrograph. This 
feature is presumed to be brought about by absorption 
of the incident continuous radiation in the material of 
the grating. The procedure adopted for removing the 
background intensity will be described subsequently. 


EXCITATION OF THE COPPER M BANDS AND 
SELF-ABSORPTION IN THE TARGET 


A few comments are now offered regarding the choice 
of incident electron energies used to excite the M bands 
of copper. The cross section o; for the ionization of an 
inner atomic level may be represented by o;= f(F,E,,n,), 
where £ is the energy of the bombarding electron at 
the time of interaction with a bound electron of the 
target atom, £, is the threshold energy required to eject 
the bound electron from the particular shell g, and where 


8 The background may also contain radiation of all wavelengths 
present in the source and scattered incoherently by the surface of 
the grating. 
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mq denotes the density of electrons which have the 
binding energy £,. For incident electrons of low energy 
(1 to 3 kev), no information is available concerning the 
functional form of o;. Relying on results deduced from 
atomic spectra’ or on the general form’ of the cross- 
section curve determined experimentally at higher in- 
cident electron energies (15 to 20 kev), we may expect 
a; to rise rapidly with the energy £, to attain a peak at 
an energy which is four to eight times the threshold 
energy E,, and then to drop off gradually as the energy 
of the electron increases. In the case of copper, EM» 
= 77.1 ev, so that the optimum energy for M2 ionization 
is expected to be around 450 ev. However the energy of 
bombarding electrons is dissipated as they penetrate 
the target and ionizing impacts take place at gradually 
diminishing values of the electron energy with the result 
that the efficiency of photon production varies with the 
depth. For 1- to 3-kev electrons, no retardation formula 
has been developed. However, an estimate of the pene- 
tration range of low-voltage electrons may be obtained 
by utilizing the observations of Davis" who, for protein 
molecules, has measured the “range” or that thickness 
which reduces the number of emergent electrons to zero. 
At E= 1500 ev, corresponding to the target voltage used 
in exciting the copper band, the electron range in protein 
is 460 A. Considering the relative densities (8.94/1.30) 
of copper and protein matter, the range in copper is 
expected to be considerably smaller. Thus, at low 
energies, ionizing collisions are confined to a shallow 
depth of the target and the volume effective in produc- 
ing photons is correspondingly small. When the electron 
energy is raised so as to enhance the penetration and 
increase the effective volume, o; attains its optimum 
value at greater depths, since near the surface E>K, 
and the value of a; is less than that at the peak. 

Upon raising the target voltage, there results an in- 
crease in the electron range. Hence the radiation origi- 
nating in the contaminated surface layers becomes rela- 
tively less consequential. This is a desirable feature since 
it insures that the bulk of the emitted radiation is 
typical of the material under study. But with an in- 
definite increase in the incident energy and the attend- 
ant increase in the penetration, more efficient excitation 
of the L levels and the possibility of self-absorption in 
the target assume importance. The threshold for Ly» 
ionization is at 955 ev and the value of oZ2 is much less 
at 1500 volts than the optimum value requisite for L 
ionization, which value is presumably in the neighbor- 
hood of 6000 ev. With the bulk of the photon emission 
taking place at greater depths, self-absorption may no 
longer be negligible.” In the case of the valence band 


9H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, Oxford, 1952). 

10 A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. van Nostrand Company, Inc., New York, 1935), 
second edition. 

11M. Davis, Nature 175, 427 (1955). 

2 At energies higher than that of the emission edge, the con- 
tinuum does not suffer from order overlap. Hence if the effects 
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its influence would be to distort the observed band shape 
at the short wavelength region. 

Advisedly the comments regarding electron inter- 
actions have dealt only with one process which 
results in depopulation of states and gives rise to the 
production of the characteristic spectrum. Other pri- 
mary processes involve collisions with electrons and 
nuclei resulting in bremsstrahlung and secondary elec- 
tron emission. 


TREATMENT OF OBSERVATIONS 


To arrive at the intensity distribution of the charac- 
teristic valence band alone, the observed composite in- 
tensity curve, as obtained from the spectrogram by the 
application of photometric procedures, must be cor- 
rected for several effects. In principle these include the 
following effects: 

1. The modification of the source distribution brought 
about by the spectral window of the dispersing instru- 
ment. Information regarding the instrumental window 
was obtained by measuring the half-widths of isolated 
atomic lines as found on the comparison spark spectrum. 
Over the range of photon energies covered by the band, 
the observed line widths varied from 0.12 ev to at the 
low-energy end to 0.20 at the high-energy limit of the 
band. This means that it will not be possible to resolve 
structures spaced more closely than about 0.15 ev and 
that abrupt intensity changes in the emitted spectrum 
will appear to possess finite widths of about the same 
amount. In view of the narrowness of the spectral trans- 
mission curve, it was not considered worthwhile to carry 
out a formal ‘‘unfolding”’ operation. 

2. The effect of self-absorption of the characteristic 
and continuous radiation in the anode. All photons 
generated within the target are subject to absorption 
by valence electrons. In addition, in copper, the M» 
emission band straddles the M; absorption discontin- 
uity. Hence, photons whose energy is in excess of the 
binding energy of the M; state will be subject to the 
extra absorption by 3p; electrons. An estimate of the 
attenuation expected was presented in reference 12. The 
over-all distortion, if significant, is such that the re- 
corded intensity is relatively too low at the high-energy 
side of the M; emission edge. 


of self-absorption are serious, the intensity distribution of the 
continuum should be modified as the radiation passes through the 
target layers. From independent measurements? of the absorption 
coefficient » on the high-energy side of the edge, it is expected that 
such a modification might have been noticed as a series of dips at 
A=147 A, 138A, 131A, etc., corresponding to positions of 
maxima observed in the secondary absorption structure. No 
evidence of this kind could be located in the observations. Now, 
the changes in w associated with the structures referred to are 
about half as large as the jump in yw at the main edge. The effect of 
fine-structure fluctuations is not detectable within the sensitivity 
of our measurements. The self-absorption associated with the 
characteristic band at the M» edge is expected to be of comparable 
magnitude and hence may be regarded as insignificant. This 
consideration ignores the influence of a possible difference in the 
effective depths at which the characteristic and the continuous 
radiation are produced. 


ite 
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3. The distortion of the emission band produced by 
the underlying continuum and by satellite and impurity 
lines. Studies of the spectral distribution of the x-ray 
continuum have not been carried out in the 100-A 
region. Investigations by Stephenson and Mason" seem 
to indicate that in the 10-A region, the spectral dis- 
tribution /(A) for 1.4- to 1.6-kev electrons resembles 
the shape assumed to be valid for thin targets, i.e., 
I(\) < 1/d*, for wavelengths \ far removed from Xo, the 
Duane-Hunt limit. In the present experiment the bom- 
barding voltage was 1.5 kev and, in the region of the 
copper M band (edge at 164 A), one might expect to find 
the 1/d* dependence since for this voltage \yp=8.26 A. 

Actually the situation is more complex. There is evi- 
dence that the response of the grazing incidence instru- 
ment is such that wavelengths shorter than 40 A are 
not diffracted with appreciable intensity. Then, the 
observed background underlying the copper M», ; bands, 
will contain contributions from radiations appearing in 


TABLE I. Values of the relative intensity distribution as a func- 
tion of the wavelength of the emitted radiation and the associated 
energy distribution (divided by the square of the radiated fre- 
quency). The energy in ev of the emitted photon was obtained 
from E=12397.43/d, with \ in A. 


196.0 
194.0 
192.0 
190.0 
188.0 
186.0 
184.0 
183.0 
182.0 
181.0 
180.0 
179.0 
178.0 
177.0 
175.0 
174.0 
173.0 
172.0 
171.0 
170.0 
169.0 
168.0 
167.0 
165.0 
164.0 
163.0 
161.0 
160.0 
159.0 
158.0 
157.0 
156.0 
155.0 
154.0 
152.0 
151.0 
149.0 
148.0 
147.0 


13. T. Stephenson and F. D. Mason, Phys. Rev. 75, 1711 
(1949), 
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the first, and possibly in the second order. If the wave- 
length response of the grating and detector is known and 
if the 1/A? dependence is taken as valid, then one may 
predict the expected shape of the continuous spectrum 
as contaminated by order overlap. One may then re- 
move from the observed spectrum the background cal- 
culated on this basis. The almost hopeless procedure 
contemplated above for the evaluation of the continuum 
becomes even less feasible when it is recalled that the 
continuous radiation is further modified by absorption 
in the grating surface and by distortions arising from 
impurity bands. 

In the absence of detailed knowledge concerning the 
over-all instrumental response and the law governing 
the bremsstrahlung intensity, we resorted to the follow- 
ing procedure for sorting out the continuum. Exposures 
of the continuum were obtained with two neighboring 
elements (Cr and Mn) as target metals. In making these 
exposures, the target potential and current were kept 
at the standardized values of 1500 volts and 200 ma. 
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Fic. 1. The M23 emission band of copper. The ordinate repre- 
sents the relative energy distribution divided by the square of the 
radiated frequency. 


In such runs Ao is the same; furthermore the strictly 
continuous distributions should have the same shape, 
the absolute intensity in each case being governed by 
the atomic number and exposure time. Therefore, such 
a scheme should make it possible to differentiate be- 
tween features which are associated with the instrument 
and those which are characteristic of the particular 
target metal. The characteristic M3; emission edges of 
Crand Mn lie at 295 A and 260 A. Hence the continuous 
radiation from Cr and Mn was suitable in revealing the 
behavior of the background at the shorter wavelength 
region covered by the copper band. After ignoring ob- 
vious characteristic features, the intensity of the back- 
ground in the spectrum of Cr was compared with that 
of the Mn spectrum at a large number of corresponding 
wavelengths. This comparison yielded a consistent in- 
tensity ratio. The observed shape of the background as 
deduced from the Cr and Mn runs was matched with 
the continuum belonging to the Cu spectrum on the 
short-wavelength side of the Cu M2, ; band. The empiri- 
cally established continuum was then extended to longer 
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Fic. 2. A comparison of the existing measurements on the M23 
band of copper. Present data are represented by the solid curve. 
Earlier results of Gyorgy and Harvey and those of Skinner et al. 
are indicated by the dotted and dashed curves, respectively. 


wavelengths and was made use of in removing the 
background from the composite Cu spectrum. 


RESULTS AND DISCUSSION 


After removal of the background intensity, the meas- 
urements on the composite M»,; band were transformed 
so as to obtain the quantity" /(£)/v* as a function of 
E, the energy of the emitted photon. The numerical 
data are given in Table I and a plot of the results is 
shown in Fig. 1. The spectral distribution represents 
a superposition of individual M» and M; emission bands. 
The peak of the composite spectrum falls at 72.1 ev. 
A low-energy tail in the region below 67 ev and a high- 
energy satellite at 79 ev are observable. The intensity 
drops gradually near the high-energy limit of the band. 
Certain other characteristic features will be mentioned 
when the curve in Fig. 1 is resolved into components. 

The copper M2; band has been examined by Gyorgy 
and Harvey‘ who recorded rates of photon emission 
from at target on which the metal was deposited con- 
tinuously and bombarded by 700-volt electrons with a 
beam current of 3 ma. A photometric determination of 
the band was also carried out by Skinner ef al.’ under 
conditions approximating those found in the present 
experiment. The measurements just alluded to were 
presented in graphical form. Hence it was necessary to 
transcribe them and make the appropriate conversions 
for comparison with the results of the present experi- 
ment. As shown by the curves in Fig. 2, there is a certain 
over-all correspondence in the band shapes as described 
by the three sets of measurements. It has already been 
indicated that distortions in the observed shape of a 
band may arise from such factors as the presence of 
impurities, contamination during exposure, the under- 
lying background, self-absorption, and other instru- 
mental effects. It is gratifying that measurements 
carried out with dissimilar instrumentation and under 


4 The quantity 7(£)/v?, which represents the spectral distribu- 
tion divided by the square of the radiated frequency, is propor- 
tional to the product of the density of states function N(E) and 


an average value of |.M,x/|*, the square of the matrix element 
between a bound state 7 and a valence state k. 
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Fic. 3. The solid curves show the individual 47; emission and 
absorption spectra of copper. Corresponding data for the M, 
spectra are shown by the dashed curves. 


different experimental conditions agree to this extent 
with regard to such features as the band width, position 
of the peak, and satellites. 

However, there are several differences. The curve 
obtained by the photon-counting techniques shows a 
sudden rise toward the peak and the peak itself is dis- 
placed towards lower energy relative to the peak of the 
other two curves. Over the high-energy region of this 
curve there appear two sharp intensity drops which have 
been identified as M; and M, edges. The drop located 
at 74.7 ev is not reproduced by the photometric meas- 
urements, but that at 75.8 ev seems to find its counter- 
part in both of the other curves, though the correspond- 
ing intensity changes are less abrupt. We have no 
information regarding the width of the instrumental 
window used in the course of the photomultiplier re- 
cordings, but one would normally expect that because 
of the finite width of the instrumental window, a some- 
what greater width should be associated with the ob- 
served structures. It is not clear just why the intensity 
seems to rise to the peak prematurely while approaching 
the peak from the low-energy side. 

More recently, Fisher, Crisp, and Williams!® have 
repeated the measurements on the copper M»; band 
using the photomultiplier detection scheme. The shape 
of the band as determined by these experimenters is in 
agreement with our results and does not reveal the sharp 
structures present in the dotted curve of Fig. 2. We may 
therefore conclude that the discrepancies concerning 
the structure of this important spectrum may now be 
regarded as resolved. 

The observed differences between the J(£)/r’ plots 
deduced from photographic photometry may have come 
about from the process followed for removing the back- 
ground. The experimentally determined shape of the 
characteristic band is sensitive to this correction. 

The measured M>2,; intensity complex appearing in 
Fig. 1 may be decomposed into individual M2 and M; 
emission bands if one knows the magnitude of the 
(M.—M;) energy separation and the intensity ratio 
between the two bands. Evidence presented in connec- 


16 Fisher, Crisp, and Williams (private communication) 
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tion with absorption studies of the 3d metals,® leads us 
to select the value of 2.5 ev for the M.—M; interval. 
For the intensity ratio we take the value of 2 as pre- 
dicted on the basis of statistical weights of the levels 
concerned.'® Assuming that the observed composite 
curve is free from overlap over a 2.5-ev interval at the 
low-energy end, one can construct the initial portion of 
the M» emission band taking into account the assumed 
intensity ratio. By subtracting the portion of the M2 
curve from the resultant, it becomes possible to extend 
the M; curve which extension may in turn be used to 
lengthen the M2 curve. The curves shown in Fig. 3 were 
constructed in this manner from the experimentally 
determined curve. It is realized that such a resolution 
is not sensitive to small changes in the value of the 
(M.—M;) interval and to the intensity ratio. On the 
other hand, unrealistic results are obtained if the inner 
level interval is raised to 3.0 ev or if the intensity ratio 
is increased to 4. 

The characteristic band may be isolated approxi- 
mately from the effect of the low-energy tail and the 
satellite structure by extrapolating the curve until it 
meets the energy axis. On this basis the M; and M, 
emission edges are located at 74.9 ev and 77.4 ev, re- 
spectively, and the band width is 7.8 ev. 

The energy dependence of the mass absorption co- 
efficient of thin copper foils in the region of the M2; 
edge is also plotted in Fig. 3. The individual absorption 
curves were arrived at by a procedure identical to the 
one used in decomposing the composite emission curve. 
The absorption experiments were carried out with the 
same instrumentation and with the same energy calibra- 
tion as used in the emission measurements. It is seen 
that the onset of the absorption at 74.4 ev agrees very 
well with the M3 emission edge at 74.6 ev. Similar con- 
sistency is found in the case of the M» emission and ab- 
sorption edges. Nilsson! has calculated the position of 
the M»,; absorption edge from precise measurements of 
the K excitation potential. His result is 75.8 ev and 
compares favorably with the mean edge energy of 
76.3 ev as determined from absorption data.° 

The shape of the M; band should resemble that of 
the L; band (valence — L;). Emission studies on the L 
bands have been carried out by many investigators as 
indicated in the references cited by van den Berg.!® For 
comparison (see Fig. 4), we have chosen the L; emission 
profile (for 6600-ev electrons) as determined by van den 
Berg using a cylindrical crystal spectrometer and photon 
counter techniques. (The ordinates of the L; curve are 
not divided by v*, which correction would alter the shape 
of the curve somewhat.) The bands are similar in width 
and shape and the inflections and satellites appearing 
in the M; band are also present in the L; band. 


16 Actually because of the greater relative de-ionization of the 
Mz level by an Auger process, the value of 2 adopted here for the 
M;/Mz intensity ratio may be somewhat low. 

17 A. Nilsson, Arkiv. Fysik 6, 514 (1953). 

18 C, B. van den Berg, thesis, Groningen, 1957 (unpublished). 





M:,s 


INTENSITY —~ 








925 930 935 940 
PHOTON ENERGY ev 


Fic. 4. The intensity contour of the 3 emission 
spectrum of copper after van den Berg. 


Data on the Kg; line of copper corresponding to the 
nondipole valence > K transition [ (3d+4s) — 1s] has 
been presented by Beeman and Friedman.” The K 
emission band has a width of about 8 ev at half-maxi- 
mum. The K and M bands cannot be compared directly, 
mainly because of differences in transition probabilities 
and in the widths of the inner states. However, except 
for possible effects arising from the admixture of p states 
in the valence band, the energy spread of the K band 
should be of the same order as that of the M bands, 
since in both cases transitions originate from initial 
states having 3d and 4s character. The K band seems 
to be wider, in harmony with the expectation that there 
may be dipole transitions (4p— 1s) from populated 
valence states having p character. 

Various attempts have been made to calculate the 
band width and the density of states of copper using 
the cellular method. The main features of Krutter’s” 
early calculations were reproduced somewhat later by 
Rudberg and Slater” and by Tibbs.” More recently, 
Howarth” has re-examined the band structure of copper. 
These studies predict a split-up 3d band of high level 
density and an underlying 4s band of greater width but 
much smaller level density. Howarth’s results indicate 
that the 3d band has a width of 3.5 ev and that the top 
of the band lies 3.7 ev below the Fermi level. These 
deductions prescribe a width of 7.2 ev for the populated 
levels. Earlier work” yielded widths of approximately 
5.5 ev and 9.5 ev, respectively, for the 3d and 4s bands. 
The present experimental observations suggest a width 
of 7.8 ev for the individual M>2 or M; bands, but again 
there is no indication of a split in the observed band. 
The kink at 74 ev may signal the end of the transitions 
from the 3d band. Beyond this energy, we may assume 
the emission to originate from states having a mixed 
4s and 4p character of much lower density. The lack of 
sharpness at the high-energy end is in part brought 
about by the blurring effect of the 3 level. In a round- 
about manner the spreading due to this cause is esti- 
mated® to be of the order of a few tenths of an ev. 
(Nilsson'” quotes the values 0.9 and 1.3 ev for the widths 


19 W. W. Beeman and H. Friedman, Phys. Rev. 56, 392 (1939). 
” H. Krutter, Phys. Rev. 48, 664 (1935). 

21 E, Rudbegr and J. C. Slater, Phys. Rev. 50, 150 (1936). 
2S. Tibbs, Proc. Cambridge Phil. Soc. 34, 89 (1938). 

23 —D, J. Howarth, Proc. Roy. Soc. (London) A220, 513 (1953). 
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of the L; and K levels, respectively ; the M; is expected 
to be narrower.) 

We have seen how trace impurities, the unavoidable 
bremsstrahlung, and possibly self-absorption may play 
a part in distorting the observations. There are other 
circumstances which may lead to other inherent differ- 
ences in the spectral distribution emitted at the source. 
In the actual observation, the target layer is an agglom- 
erate of crystallites which because of size and internal 
deformations does not meet the conditions postulated 
in theoretical models. Even if each crystal domain 
represents a periodic arrangement of sufficiently large 
dimensions, the energy band structure of the surface 
layer will not be the same as that of the bulk material. 

It is also necessary to assess the effect of the incident 
electrons which hasten or hinder the formation of con- 
taminants during exposure, alter the structure of the 
deposited layer, and raise its temperature. Such a rise 
causes an increase of the lattice constant and in the 
mean amplitude of the thermal vibrations. As pointed 
out by van den Berg,'* an increase in the mean ampli- 
tude brings about a statistical variation in the hybridi- 
zation of the 4s and 4 bands with a net effect resulting 
in a weaker binding of 3d electrons and a shifting of the 
emission peak towards higher energies. The broadening 
resulting from fluctuations in the interatomic distances 
predominates over the narrowing of the band expected 
on the basis of an increase in the mean interatomic 
distance. In the case of the copper L; band, measure- 
ments of the half-width and the peak wavelength posi- 
tion confirm the changes predicted. 

Measurements on the L; spectrum by van den Berg 
suggest a correspondence between the positions of sec- 
ondary maxima in emission and the positions of the 
peaks in the fine structure in absorption. It is likely 
that most of the incident electrons lose their energy 
gradually by giving rise to interband transitions which 
transfer electrons into normally unoccupied levels. The 
coincidence between secondary structures mentioned 
above might lead one to believe that in emission, such 
structures or “satellites”, are associated with radiative 
transitions from valence levels which become populated 
by virtue of cathode-ray bombardment. This view im- 
plies that a number of copper atoms may possess the 
3d° configuration instead of the normal 3d" structure. 
An additional observation seems to fit in with the model. 
This concerns the broadening and the shifting of the 
L; band with an increase in the energy of the bombard- 


ing electrons. If the energy of the latter is only slightly 


greater than the energy requisite for L ionization, there 
will be a high probability that, when an LZ vacancy is 
created in a copper ion already having the 3d® configura- 
tion, such an ion will revert to the normal 3d"°. In this 
circumstance the Z emission band will be characteristic 
of an atom in which the 3d shell is complete. However, 
with an increase in the energy of the incident electrons, 
the emission will increasingly become characteristic of 
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ions which possess the 3d° configuration; that is, the 
band will become wider and its peak will shift toward 
higher frequencies. Hence, when the energy of the in- 
cident electrons is high, the observed band will reflect 
the combined emission from 3d’ and 3d" configurations. 
Similar effects might be expected in the case of the 
M, or M; band. Our study of the M bands shows one 
“satellite” peak whose spectral position cannot be cor- 
related with a peak in the secondary structure of the 
M; absorption curve for which reliable measurements 
are available. In the present experiment it was not 
convenient to study the possible variation in the shape 
of the M; band as a function of the incident electron 
energy ; so that we cannot state whether the effect noted 
in the case of the 1; band is also present in the M; band. 
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Under our experimental conditions, a calculation indi- 
cates there are about 60 incident electrons for every 
copper atom located in the volume effective in the pro- 
duction of photons. Unquestionably, “‘holes” are created 
by the incident electrons in the filled states of the 
valence band, but the equilibrium concentration of such 
vacancies depends not only on high production rates 
but also on the rate at which vacancies disappear. Owing 
to the highly mixed character of the valence states, it 
would be naive to expect that the lifetime of a 3d hole 
is long, though on the basis of atomic selection rules 
alone, such an expectation may be regarded as reason- 
able since the / value of a 4s electron must change by 
two units to bring about the contemplated 4s — 3d 
transition. 
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X-Ray K-Absorption Spectra of Solid Argon and Krypton* 


Jack A. Soutest Anp C. H. SHAaw 
Department of Physics, The Ohio State University, Columbus, Ohio 
(Received September 24, 1958) 


The x-ray K-absorption edge structures of argon (at 3.86 A) and of krypton (at 0.86 A) have been measured 
in the gaseous and solid states. The spectra of the gases confirm previous work. The spectra of the solids 
exhibit pronounced structure extending far to the short-wavelength side of the absorption edge. The broad 


absorption maxima observed can be correlated with the valence bands in the crystal, but the extremely 
sharp initial rise requires an unusual density of states in the bands, perhaps offering evidence for the existence 


of excitation states. 


N the region of an absorption edge, the x-ray absorp- 
tion spectrum of a given element in the solid state 

is inherently different from that of the same element in 
the gaseous state. The difference arises from the per- 
turbation of the outer (unfilled) electronic states in the 
solid by the fields of neighboring atoms. The discrete 
atomic levels of the isolated atom are replaced by 
broad bands, overlapping one another and extending 
several hundred electron volts toward higher energies. 
Kronig! was able to explain the rather faint structure in 
the spectrum well to the high-energy side of the edge 
by considering the scattering of the de Broglie waves 
of the ejected electron by the absorbing crystal. Ob- 
served spectra agree well with his theory, especially for 
energies greater than some 30 electron volts from the 
edge. Such intensity structure is characteristic of the 
crystal structure of the absorber, rather than of the 
particular element of which it is composed. For energies 
near the absorption edge, on the other hand, one might 
expect that the spectrum would reveal the density of 
states in the conduction bands. It is the purpose of the 
* This work was supported by a contract between The Ohio 


State University Research Foundation and the Office of Naval 
Research. 

¢ DuPont Fellow, 1952-1953. Now at New Mexico College of 
Agriculture and Mechanic Arts, Las Cruces, New Mexico. 

1R. Kronig, Z. Physik 75, 191 (1932). 


work reported here to examine the absorption edge 
structure of gaseous and solid argon and of gaseous 
and solid krypton to gather some information on the 
influence of the crystal lattice on theelectronic states and 
transition probabilities of these atoms. 

The absorption spectra were obtained with a two- 
crystal vacuum x-ray spectrometer fitted with a cryostat 
for maintaining the absorption cell at low temperature. 

The source of continuous radiation for the argon 
experiment was a gold-plated copper-target x-ray tube 
operated at 8.8 kv and 40 ma. The electron gun cathode 
arrangement permitted independent stabilization of 
voltage and current to within a few tenths of 1%. The 
target focal spot was about 3 mm in diameter. 

Calcite crystals were used after preliminary experi- 
ments indicated that reflection of the continuous x-ray 
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Fic. 1. Section through the low-temperature absorption cell. 





X-RAY K-ABSORPTION 


spectrum from the (11-0) planes of quartz was too 
feeble to permit precise measurements in a reasonable 
time. The calcite crystals were cleaved and tested for 
quality by measuring the (1, —1), (1, +1), and (2, +2) 
rocking curves using the iron Ka radiation at 1.93 A. 
The crystals were Class I at this wavelength, giving 
rocking curve widths in good agreement with those 
reported by Parratt.? 

A xenon-methane side window proportional counter 
was used as detector. The pulse-height distribution was 
such as to separate clearly the first-order continuous 
radiation from the second order. A single channel 
pulse-height discriminator following the linear amplifier 
effectively removed all second order pulses, in addition 
to reducing the background count to a negligible value. 

Figure 1 is a section through the absorption cell and 
cryostat. Two thin (3 mil) beryllium windows (1) were 
sealed with indium wire gaskets to the absorption cell 
chamber (2) which was soldered to the reservoir (3). 
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Fic. 2. Mass absorption coefficients of gaseous and solid argon 
in the region of the K-absorption edge at 3.86 A. Crosses are 
points on the arc tangent curve calculated to fit the observed 
absorption edge in the solid. The position of the iron Ka; emission 
line (2\=3.864 A) in the second order is shown for wavelength 
calibration. 


The reservoir and absorption cell could be filled with 
the absorbing gas, or, for the experiments on the solidi- 
fied gas, with liquid helium. The 1.1-cm path through 
liquid helium transmitted about 80% of the radiation 
at 3.9 A. The entire absorption apparatus was contained 
in a refrigerated housing (4) which acted as a radiation 
shield and which was cooled by thermal contact with 
a liquid nitrogen reservoir. Additional thin (2 mil) 
beryllium windows (5) were used to cover the apertures 
in this jacket to reduce radiant heat to the absorption 
cell. At 3.9 A the x-ray intensity through the various 
windows, but with no argon film, was about 3000 counts 
per minute for the continuous spectrum. A small bore 
nickel tube (6) was brought near the absorption cell to 
allow the absorber gas to diffuse onto the beryllium 
window to form a film of solid absorber approximately 
0.002 mm thick. 

The correct thickness for the argon film was deter- 
mined by monitoring the x-ray intensity transmitted 


2L. G. Parratt, Rev. Sci. Instr. 6, 387 (1935). 
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Fic. 3. Mass absorption coefficient of the solid argon 
to higher energies. 


through the film as the gas condensed. The flow of argon 
from a low-pressure reservoir to the condensing surface 
was controlled by a high-vacuum valve which could be 
closed when an optimum absorber thickness had been 
reached. The absorption edge structure of solid argon 
was measured several times with no significant dif- 
ferences in the results, indicating that the films were of 
uniform density. The pressure in the main vacuum 
chamber was normally below 5X10~7 mm Hg during 
an experiment, although it was observed to rise slightly 
during the formation of the absorbing film. 

The experiments on the K-absorption edge structure 
of krypton at 0.86 A were performed with a tungsten 
target Machlett diffraction tube as x-ray source. For 
the gas absorption measurements the sample was 
contained in a cell closed with 0.001-in. thick aluminum 
windows. The solid krypton experiments were conducted 
in the same manner as those for argon. 

Figure 2 shows the K-absorption edge structure of 
gaseous and solid argon. Values of the mass absorption 
coefficient were computed from the intensity data by 
assuming a suitable thickness of solid absorber to give 
agreement with the well-known values of the absorption 
coefficient at energies more than one hundred electron 
volts from the absorption discontinuity. Statistical 
uncertainty in the absorption coefficients is +30 cm?/g 
and the absolute uncertainty in fitting to the known 
absorption coefficients’ is also +30 cm?/g. 

The zero energy point has been chosen to agree with 
the series limit of the 1s — np Kossel lines as proposed 
by Parratt.4 The 1s — 4p and 1s — 5p lines are shown 
clearly resolved by the calcite crystals. The spectra of 
Fig. 2 have not been corrected for instrumental re- 
solving power. When so corrected, the sharp absorption 
lines can be made to yield the true width of the inner 
K state.® 

Figure 3 shows the absorption spectrum of solid argon 


3A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935), 
second edition, p. 805. 

4L. G. Parratt, Phys. Rev. 56, 295 (1939). 

5 The present data indicated that the argon inner level width 
is less than 0.75 ev. Parratt has determined this width to be 
about 0.58 ev. 
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Fic. 4. Mass absorption coefficient of gaseous and solid krypton 
in the region of the K-absorption edge at 0.86 A. 


to 40 ev from the absorption edge. Figure 4 shows the 
corresponding result for krypton. The Kossel lines in 
the gas absorption spectrum are unresolved, as observed 
previously.® However, as before, the zero of the energy 
scale has been assigned by analyzing the edge into 
component lines approaching a series limit.* Two prin- 
cipal maxima are seen in the solid krypton spectrum. 
The mass absorption coefficients were computed as for 


6 C. H. Shaw, Phys. Rev. 57, 877 (1940). 
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argon by fitting the observed data to the known ab- 
sorption coefficients at energies far from the absorption 
discontinuity. The uncertainty in the plotted points is 
approximately +2 cm*/g. 

Richtmyer’ has shown that x-ray transitions involv- 
ing a continuum or band of energy levels having a 
sharply defined edge will result in an emission or ab- 
sorption edge structure of arc tangent shape. Figure 2 
shows such calculated arc tangent points fitted to the 
observed solid argon spectrum. The sharp initial rise at 
the absorption edge is clearly too high to be accounted 
for wholly by such transitions. It appears that x-ray- 
induced transitions into the p-symmetry states in the 
conduction band of solid argon exhibit strong resonances 
for energies 1 or 2 ev less than the ionization energy of 
the isolated argon atom. This result is in good agree- 
ment with present ideas concerning the formation of 
excitation states near the lower edge of the conduction 
band in x-ray excited solids. 

The initial rise at the absorption edge of solid 
krypton, although displaced 4 ev to greater energies 
than the ionization potential of the isolated atom, also 
shows the steep slope to be expected on the basis of 
exciton theory. 


7 Richtmyer, Barnes, and Ramberg, Phys. Rev. 46, 843 (1934). 
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Effective Ionic Charge in Alkali Halides 


Jacque E. HANLON AND A. W. Lawson 
Department of Physics and Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received September 22, 1958) 


An expression is derived for the effective charge in the Born-Szigeti equation for the dielectric constant 
of ionic crystals with the NaCl structure. The derivation is based on a coupled oscillator model in which 
the lattice vibrations are coupled to the electronic motions within the ions. The deviation of the ionic 
charge from its nominal value is found to be proportional to the difference in electronic polarizability between 
the positive and negative ions. Agreement between theory and experiment is satisfactory. Secondary effects 
on the index of refraction and the reststrahl frequency are calculated. The model is in semiquantitative 
agreement with the observed dipole moments of alkali halide molecules. 


INTRODUCTION 


HE dielectric constant of an ionic crystal at low 

frequencies exceeds its value at optical fre- 
quencies owing to the lattice distortion produced by the 
application of an electric field. The contribution of a 
lattice of rigid ions was first estimated by Born,! who 
derived for an NaCl type crystal the relation 


e— n?= 3 Le?/uO,/2, (1) 


where ¢ is the static dielectric constant, m the index of 
refraction, v is the volume of a unit cell, e the ionic 
charge, L the Lorentz factor, u is the reduced mass of a 


1M. Born, Physik. Z. 19, 539 (1918). 


neutral ion pair, and Q, is the infrared, angular resonance 
frequency for transverse electric waves of infinite 
wavelength. 

At optical frequencies, where the ionic displacement 
is negligibly small compared to the electronic displace- 
ment, we may write 

n?—1= (ao/v)(Ln?—L+4n), (2) 
where 1 is the index of refraction and ap is the polariz- 
ability of a unit cell in the lattice. It is customary 
to assume that polarizabilities are additive so that for 
a diatomic crystal such as NaCl 


ao=aot+ar, (3) 





EFFECTIVE 


where aot and ag are, respectively, the polarizabilities 
of the positive and negative ion in the lattice. Although 
this assumption cannot be rigorous, it is known empir- 
ically to be a good approximation. 

Szigeti? has modified Eq. (1) to take aecount of the 
fact that the long-range interaction of the transverse 
waves contributes an additional electronic polarization. 
In the limit of zero short-range forces, the Lorentz 
theorem holds and L=42/3; but in fact short-range 
forces in ionic crystals are considerable and Szigeti 
takes this into account by replacing the electronic 
charge e by an effective charge e*. The resulting formula 


is in this case 
4 (n?+2\2 e 
e—n?=—[ — -) ——, (4) 
Vv 3 po? 


When there is no optical polarization and the short- 
range forces vanish, this formula reduces to Eq. (1). 
An equation essential to Szigeti’s derivation of 


(5) 


In Eq. (5), Qs is the angular resonance frequency for 
mechanical vibration in a sphere of radius small 
compared with the wavelength of the vibration. For 
this case Lorentz has shown that the long-range 
interaction vanishes for a cubic lattice, i.e. the Lorentz 
field vanishes. Equation (5) was first given by Lyddane, 
Sachs, and Teller.’ 

For crystals with the NaCl type structure, with which 
we shall be exclusively concerned in this discussion, it 
may be shown‘ that 


pwQs?= 6a (C44—C 12+ 8), (6) 


where B is the bulk modulus, and c4, and cy are the 
usual elastic constants. Equation (6) is approximate, 
since it is derived on the basis of a nearest neighbor 
model. When the forces are central, Cauchy’s relation 
C4a=Ci2 must hold and Eq. (6) is correspondingly 
simplified, reducing to the equation given by Szigeti.? 

In the case of the alkali halides, which are good ionic 
crystals, i.e., homopolar bonding may be neglected, 
it might be expected that e*=1 in Eq. (4). However, it 
is found necessary to take 0.7 <<e* <1 in order to obtain 
agreement with experiment. In the case of NaCl, for 
instance, if e* is set equal to the electronic charge, the 
lattice contribution to the dielectric constant is over- 
estimated by a factor of two. The purpose of this paper 
is to present a semiclassical model which essentially 
removes this discrepancy. 

It is known from the work of Szigeti,’ and also that 


2 B. Szigeti, Trans. Faraday Soc. 45, 155 (1949); Proc. Roy. Soc. 
(London) A204, 51 (1950). 

3 Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941). 

4S. O. Lundquist, Arkiv Fysik 9, 435 (1955). 
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Fic. 1. The correlation between effective charge and difference in 
polarizabilities of the negative and positive ions. 


of Born and Huang,® that factors affecting the value of 
e* are (1) overlap, (2) distortion of the ions, and (3) the 
noncentrality of the forces. Only the short-range forces 
affect e* since the long-range interaction between the 
electric field and the lattice is properly taken into 
account by Eq. (5). 

Yamashita® has published a quantum-mechanical 
theory of the effect of overlap on e*. The results of this 
theory are very sensitive to the choice of wave functions 
and, according to Lundquist,‘ certain terms in the 
energy have been omitted. The latter has also derived an 
expression for e* which depends on the amount of 
overlap and the noncentrality of the forces. His result 
is expressed in terms of the lattice spacing and the 
elastic constants Cy. and ¢44. We do not feel that it is 
clear from his work that the e* which he discusses is 
the same as that used by Szigeti. It is pointed out in 
reference 3 that e* depends on the geometry considered. 
In any case, the numerical success of his equation is 
only fair. 

The point of view developed below is based on an 
empirical observation that the values of e* satisfying 
Eq. (4) correlate very well with the difference between 
the polarizabilities of the positive and negative ions. 
This correlation is exhibited in Fig. 1. It suggests that 
the value of e* is predominantly determined by the 
distortion of the ions (in excess of that produced by 
the electric field) arising from their displacement in the 
lattice due to an electric field. For example, consider a 
NaCl molecule in an external electric field. Each ion 
will be polarized by the field in its direction. However, 
the positive and negative ions will also move relatively 
closer. Their electron shells will mechanically repel one 
another, resulting in a relative shift of each electron 


5M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, London, 1954). 
6 J. Yamashita, Progr. Theoret. Phys. Japan 8, 280 (1952). 
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cloud with respect to its nucleus. This shift corresponds 
to an additional polarization. In the positive ion this 
mechanical polarization enhances the electrical polariza- 
tion, but in the negative ion it detracts. Similar effects 
occur in a lattice. According to our model, such mechan- 
ical polarization, which is proportional to the nuclear 
displacement, contributes to e*. In the ensuing sections 
we shall proceed to formulate this point of view 
quantitatively. 


MECHANICAL VERSUS ELECTRICAL POLARIZABILITY 


We shall assume that only the outer electrons of the 
ions contribute to the polarization. In the alkali halides, 
all the ions, except lithium, have outer shells with the 
same electronic configuration, i.e., two s electrons and 
six p electrons. This configuration is nearly spherically 
symmetric. Now consider an electric field E, applied to 
such an ion along the x axis. Then, the induced polariza- 
tion p, will be given by 


_ (lex| k)(R| ex|0) 
P,=2E.>, > ; en 


sp k hvo. 


(vexp.<vox), (7) 


where /vo, is the difference in energy between the ground 
state and the kth excited state. }-,,, indicates that we 
must sum over all the s and p electrons. The correspond- 
ing expression for az, the polarizability, may be written 
in analogy with the classical expression, 


e 
' (8) 


me,” 


> 
~ 


where k, is an effective spring constant of the cth 
electron which is equal to the electronic mass m times 
the square of an optical absorption frequency ,. 
For our closed shell configuration, we may write 
approximately 
an 
———, (9) 
Me,” Me," 


corresponding to the fact that we may expect the 
major contribution to come from the two s electrons 
and from two of the six p electrons. The basis for this 
approximation may be seen by choosing the orientation 
of our spherically symmetrical ion so that two of the 
loops of the p wave functions lie along the direction of 
the field. The contributions from the p functions along 
the y and z directions will be much less than that from 
the two in the direction of the field. The contributions 
from these electrons and the two s electrons will be 
comparable because the major portions of their radial 
distribution functions are almost congruent. If w,?=w,”, 
Eq. (9) would correspond to an effective number of 
electrons Z=4. Actually w,=2w,? and Z=3.5 for the 
Cl- ion according to an analysis by Mayer’ of the 
ultraviolet absorption spectrum of the alkali halides. 


7J. E. Mayer, J. Chem. Phys. 1, 270 (1933). 
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Consider now the ion entering a repulsive field of 
force of which the potential is V. Then this potential 
will perturb the wave functions of the ion and a 
mechanical polarization will be produced which is 
given by 

(0| V| k)(R| ex| 0) 
Py= 2 a a es - a 
hvox 


(10) 


The matrix element (0|V|%) will in general be 
larger than (Olex|k) because our potential for a 
repulsive force between ions will vary as a high power of 
x (or exponentially). Accordingly, the mechanical 
polarization for a given force F=eE applied to an 
electron will in general be larger than the corresponding 
electrical polarization. This fact may also be seen 
crudely as follows. A uniform spring of weight W 
hanging in a vertical position extends an amount 
equivalent to W/2 applied in a concentrated form at 
its lower end. 

For the mechanical polarizability, i.e., the polarization 
per unit mechanical force applied to the ion, we have, 
corresponding to Eq. (8), 


1 2mwe 2mw," 2ef 
—=——_+——, a&———,,_ (11) 
au 4ef, 4ef, mw,+ mw »* 
where the f, may be taken as equal for the s and p 
electrons in an outer shell because their radial distribu- 
tion functions are almost congruent. Equation (11) 
differs from Eq. (8) because it seems more reasonable 
to expect the s and p electrons to be displaced by the 
same distance in a potential varying as strongly with 
distance as does the repulsive force rather than assume 
that the force acts equally on all electrons. 

If in Eq. (9) and Eq. (11) we take w,’=w,”, then 
we obtain 

am /ar=f/Ze= f/4e, (12) 

Z is the effective number of electrons contributing to 
the polarizability and is approximately 4. Equation 
(12) is not seriously affected by choosing w,’=2w,?. 
In this case the effective value of Z is 4.5 instead of 4. 
Because the form of Eq. (10) is determined by the 
fact that the parallel springs supporting the external 
force F all deflect the same amount in order to minimize 
the strain energy, a simplified model is suggested for 
the ion. We think of the ion as consisting of a spherical 
shell of effective charge —Z surrounding an incompres- 
sible core of charge +Z. Their centers are connected 
by a spring of stiffness K p= Zme. 

Then, the pertinent useful equations for this mode] 
are 

agr= 2e?/K rz, (13) 


Ze fle fax 
CS 
Ku Ke Ze 


(14) 
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MECHANICAL EQUATIONS OF MOTION 

We shall neglect electronic masses in comparison with 
nuclear masses. Consider a diatomic ionic lattice 
composed of ions of mass M+ and M-. Let r,* denote 
the displacements of the nuclei and associated inner 
electronic shells. Let r,* denote the displacements of 
the centers of the outer shells whose effective charges 
are Z+ and Z-, respectively. 

In the nearest neighbor approximation for the NaCl 
structure, the equations of motion are 


— M*r,,* 


— m*wr,t = Ku y (7,° = 


=—Kyt*(r,+—r,*), (15) 
— 2k,.(7.+— (16) 
)+ 2k. (754-7. (17) 

—r,-), (18) 


r,-)0, 


=Ky-(tn-—1. )=0, 


—m~ wr, 
— M~o*r,- = —Ky(r, 
where 
(19) 
and the condition 


Mt+r,++- mtr,t+M-1,-+m-1r,-=0. (20) 


The solution of the foregoing equations for the resonant 
frequency Qp is 


1 1 1 
Peerage oe 
uQR? us? ?  Kyt 


se (21) 
Ku 


where uQs?, the spring constant in a lattice of rigid 
ions, is given by Eq. (6). 

It is immediately apparent from Eqs. (15)—(21) that 
we suggest that the prominent contribution to the 
deviation of e* from e is the displacement of the shell 
centers from the nuclei. The resulting lattice may in a 
first approximation still be considered composed of 
dipoles but with modified moments. The argument is 
carried through for the case of zero Lorentz field, 
so the Qe obtained for the frequency must be compared 
with Szigeti’s Qs. The long-range terms are assumed to 
be already taken into account by using Szigeti’s 
formulation. 


EFFECTIVE IONIC CHARGE 


We note that e* in Eq. (4) is defined by Szigeti by 
the equation 


p=e*(r,t+—r,)/?. (22) 


In the shell model, we have 
p=e{ (r,+—1r,-)—Z*(7,+—rat)—Z-(7,-—rn_)}/0. (23) 


Using the equations of motion to eliminate r,* and r,-, 
we find 


Zr Pam 
anaes Jt (retrain (24) 
Kut Ku 


Comparing Eq. (24) with Eq. (22), and using Eq. (14), 


LONTC CHARGE IN 


ALKALI 


Qeg agt ‘ 
e* =e] 1— {| —--—— —|}. 25) 
Ee 
If we assume Z~= Z+&4, the correlation between e*/e 


and (a~—at) presented in Fig. 1 is thus explained. 
A more detailed discussion of Eq. (25) is given below. 


HALIDES 


we have 


OPTICAL POLARIZABILITY 


To obtain simply a formula for ao from our equations 
of motion, we apply a static field FE and set r,-~=r,+=0. 
Using f to take into account the difference between the 
effect of mechanical and electrical forces, i.e., the 
effective nondistributed force per charge of an electric 
field E is E/f, we have 


Ztek= <= Ketr.t+ Qhaf (1s 
Z-eE=—Ke-r,-+2k,.f(r.+—1,-). 


—r,* ¥ 


Utilizing the fact that the induced moment p per unit 
cell is given by 


p=p'+p = (aot+av-) 


we find 


Phe rl 
cu*=ay"| 1+ - |/[ =I 
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E=Zter,++Z-er,-, (28) 


(29) 


where 
(30) 


and 
1/Zr=1/Z*+1/Z-. (31) 
If, in Eq. (29), we assume Z=Z* 
first approximation we have 


=Z-, then to a 


agt=aot[1—pQr? f(ae —az*)/Ze* |, 
ag =a [1+pQr? f(az-—arzt)/Ze* |, 


where aot and ap have been estimated by Tessman 
et al.’ by a least-squares fit to the observed indices of 
refraction. 

We note that Eq. (32) may be rewritten as 


1 e* 
cet =as'| 1 (1- - )} 
z e 
1 e* 
Ae =a [1+ (- )| 
VA e 


Knowing ap and e* for a crystal, we may now deter- 
mine ag* by an iterative procedure. Starting with 
LiF, where the polarizability of the Lit ion may be 
taken as equal to its free ion value® of 0.03 10~* cm’, 


(32) 


8 ‘Tian, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 
9L. Pauling, Proc. Roy. Soc. (London) A114, 181 (1927). 





J. E. HANLON 


TABLE I. Polarizabilities in units of 10-* cm’. 


ag* ao* wat 
(Z =4. Eqs. (2) and (33) iterated.] Tessman et al.* 


(0.03) (0.03) 0.03 
0.27 0.28 0.26 
1.09 1.16 1.20 
1.62 1.69 1.80 
0.90 0.88 0.76 
3.15 3.00 2.97 
4.42 4.11 4.13 
6.55 6.09 6.20 


* See reference 8. 


we estimate ag~ for the F~ ion. This value is now used 
in conjunction with the observations on NaF to 
determine a+ for Nat ion and so on. In this manner, 
the values of ag* for all the ions may be calculated. 
In certain cases, the calculation is redundant and 
several values are obtained independently for certain 
ions, e.g., 4.41 and 4.43 for Br-, 6.40 and 6.70 for I-, 
and 1.62 twice for Rb*, all in units of 10~*4 cm*. Average 
values of ag* and apt are given in Table I where the 
values for ag* estimated by Tessman ef al. are also 
given for comparison. The agreement is good although 
we should emphasize that from the point of view 
presented here ag* should be approximately constant 
in going from compound to compound and not ag¢* 
as assumed by Tessman, Kahn, and Shockley. Strictly 
ag* must vary somewhat from compound to compound 
because the environment of the ion is varied.° 


ESTIMATE OF e* 


Using the values of ag* given in Table I and the 
experimental values of wQr’?, we may now proceed to 
calculate e* from Eq. (24). Such a procedure is open to 
objection, however, since ag* has been calculated using 
the experimental values of e* to avoid the necessity of 
estimating f. 

We note that Eq. (33) may be recast as follows: 


1 - 
(ag~—agzt)= (av—as")| 1+ (1- ) (34) 
Z e 


TABLE IT. Calculated and observed values of 1—e*/e. 
/ 


10-3 ao* +a0 
X (uQr?/e?) (10-%cm*) (1 —e*/e)catct (1 —e*/e) calc” (1 —e*/e)obs® 
0.91 0.13 0.15 0.13 
1.16 0.09 0.11 0.07 
3.26 (0.26) (0.26) 0.26 
4.39 0.30 0.29 0.31 
0.39 0.37 0.29 
KC] 0.15 0.17 0.20 
KBr : 5; 0.23 0.24 0.24 
KI . a 0.31 0.31 0.31 
RbCl 0.09 0.12 0.16 
RbBr 0.17 0.20 0.18 


LiF 3.50 
NaF 

NaCl 

Nabr 

Nal 


®Z=4, f/Z =0.53, ao. 
bZ =4, f/Z =0.53, ak 
° From data quoted by B. Szigeti, Trans. Faraday Soc. 45, 155 (1949) 
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Inserting Eq. (34) in Eq. (25), we obtain after rearrang- 
ing 


( fuQe? Lac —aot |/ZE 
~ —) = | 
e 1— fuQr’Lac—act //Ze 


(35) 





If f and Z are known e* may be calculated from this 
equation using the independent values of ag~ and aot 
estimated in reference 8. As before, we take Z=4. 
The value of f is then determined by forcing Eq. (35) 
to give the correct value of e* for one salt, say NaCl. 
The calculated value of e* for the other salts should then 
agree with the observed values. The agreement is 
shown in Fig. 2 and must be considered very good in 
view of all the approximations introduced. The agree- 
ment is better for KCl and RbCl if the interated 
values of a¢* are used but worse for the fluorides. The 
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Fic. 2. The calculated and observed values of effective charge. 
For the calculation, Eq. (35) is used with Z=4, ao* is taken from 
reference 8, and f is determined by fitting one salt, NaCl, to 
the theoretical slope. 


values of 1—e* obtained by both methods are given in 
Table II. The relatively large errors in 1—e* do not 
lead to such large errors in the dielectric constant € 
which is tabulated in Table IIT. Repeated reiteration 
of e* would lead to a better distribution of the error but 
has not been carried out because the errors in the basic 
data are not uniformly distributed. It will be noted that 
the two sources of experimental data on the dielectric 
constant differ more from each other on the average 
than either differs from the calculated values, excepting 
Nal. The better agreement of the calculated values with 
the set “obs I” is due to the fact that f was fixed by 
the value of ¢ for NaCl given in that set. 





EPFECTIVE 


RESTSRAHL FREQUENCY AND THE 
ELASTIC CONSTANTS 


Because of the coupling between the electronic 
frequencies and the lattice frequency, Qe does not 
depend solely on the properties of the lattice as does 
Qs but also on the polarizabilities in a way determined 
by Eq. (21). In this model we must replace Qs in Eq. 
(5) by Qe, substituting for Qs in Eq. (21) its value from 
Eq. (6). In this way we obtain to a first approximation 
an equation for Q;, in a NaCl structure, namely 


a | 6a(8+44—C12) 





pQ?2= a | (36) 
e+2 | 1+64(8+¢44—C12) f(azt+az-)/Ze 


A convenient way to compare this formula with 
experiment is to compute the compressibility x in 
terms of u2/, etc. and compare x with the observed 
value. Following this procedure, we find 


x= 6al1+R—S]/pQr?, (37) 


where 
R= (C44—€12)X, (38) 
and 
S= fuQr?(aet+ar—)/ Ze’. (39) 

The quantities 6a/uQr?, R, S, and Xops are given in 
Table IV. The agreement is not altogether satisfactory. 
We believe that the discrepancies arise from (1) 
inaccuracies in the measurement of ¢44—C12, (2) the 
fact that Lundquist’s theory is only applicable at 0°K, 
and (3) the neglect of other than nearest neighbor 
interactions in the derivation of Eq. (6). The term R 
arises from the failure of Cauchy’s relation in the 
lattice, i.e., the noncentral interactions. Herpin’® has 
shown that dipole coupling terms in a simple cubic 
lattice do not contribute to the elastic constants but 
that the quantity ci2—cs4 determined by the quad- 
rupole coupling is of the same order of magnitude as 
terms involving a* squared neglected above. For this 
reason alone, Eq. (37) must be regarded as a very 
crude approximation. 

It is perhaps appropriate to remark here that one 
should be able to compute both the temperature and 
pressure coefficients of « from Eq. (4), Eq. (37), and 
experimental data. If one assumes that de*/dP=de*/dT 
=0, the agreement is quite satisfactory. An attempt to 
show that these conditions are approximately satisfied 
proved futile because of the uncertainties in the 
temperature and pressure variation of Css—Ci2. The 
data suggest, however, that in Eq. (37) R should be 
replaced by R’ where 


R'= (C44— C12 + 2P)x, (40) 


where P is hydrostatic pressure, in accordance with the 


© A. Herpin, J. phys. radium 14, 611 (1953). 


IONIC CHARGE 


IN ALKALI HALIDES 


TABLE ITI. Calculated and observed values of 
static dielectric constant. 





Obs. IT> 


LiF 4 8.90 
NaF 5.10 
NaCl 5.87 
NaBr 6.38 
Nal 7.26 
KCl 4.85 
KBr : 4.89 
KI : 5.09 
RbCl 7 4.92 
RbBr 4.87 


* Obs. I: quoted by B. Szigeti, Trans. Faraday Soc. 45, 155 (1949). 
> Obs. II: S. Haussiihl, Z. Naturforsch. 12A, 445 (1957). 


generalized Cauchy relation given by Love." No proof 
of Eq. (40) is given. 


INFRARED SPECTRA 


In an analysis of the infrared spectra of alkali 
halides, Rice and Klemperer” have shown that the 
dipole moments of the molecules cannot be explained 
by using Pauling’s free ion polarizabilities. To get the 
observed moments, they used Pauling’s positive ion 
polarizabilities and arbitrarily adjusted a~ to satisfy 
the relation 


d=ea—(ut+u7), (41) 


where d is the net dipole moment, @ is the nuclear 
spacing, and wt and wo are the electronic moments 
whose sum is given by 


(a~+at)ate+4a-atea 
+4 ——- Sa 


= (42) 


bu 
o*—4a-at 


The individual electronic moments of the ions are 
determined by solving simultaneously the equations 


ut=ate/a?+22aty/a’, 
‘i Are (43) 
uw =a e/a?+ laut /a’. 


TABLE IV. Comparison of observed and calculated 
compressibilities in 10~¢ cm*/kg. 


6a/uQr? R* § Cale. x Obs. x 


0.26 +0.04 1.8 i 

0.18 0.05 1.95 2.07 

0.04 0.07 4.01 4.18 
—0.01 0.08 5.06 4.98 
—0.03 0.09 6.40 6.94 
+-0.02 0.08 4.81 S40 
+0.01 0.09 5.72 6.56 
—0.01 0.11 7.29 8.37 
—().02 0.09 5.16 6.52 
—(0.01 0.10 5.76 7.78 


LiF 
NaF 
NaCl 
NaBr 
Nal 
KCl 
KBr 
KI 
RbCl 
RbBr 


NNR NUR “TUN 
“IDS DO OOO NO 


CA uUnuU 


5.80 
6.47 


® Adiabatic elastic constants from S. Haussiihl, Z. Krist. 110, 67 (1958). 
These values have been converted to isothermal values to obtain 


1 A. E. H. Love, Mathematical Theory of Elasticity (Cambridge 
University Press, Cambridge, 1934), p. 620. 
2S, A. Rice and W. Klemperer, J. Chem. Phys. 27, 573 (1957). 
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Fic. 3. Schematic level diagram. 





We suggest that both the positive and negative ions are 
affected by the mechanically induced moments of the 
repulsive force R acting between the two ions in the 
molecule. Accordingly, we propose to replace Eq. (43) 
by the set 

ut=a,te/a’+2a,*u/a’+ya,'R/e, 
. ‘ids (44) 

uw =a, e/a’+2a, ut/a—ya, R/e. 
In the foregoing pair of equations, the subscript p on a 
designates the use of the free-ion polarizabilities. The 
repulsive force is given by 

R=e/a’+ 2e(ut +y-)/a@+6p-pt/a'. 
The quantity y is equal to f’/Z’, where primes have 
been used to distinguish the quantities for the molecular 
values from the unprimed quantities used in the 


(45) 


lattice case. 
In zero-order approximation, we find 


ut+u-=[(a,*+a,-)—y(as-—ay*) Je/a?. 


Physically, the repulsive force increases the effective 


(46) 


at and decreases a~. 

By using Eq. (44) in conjunction with Eq. (45), we 
may estimate the values of y which give agreement with 
observed nuclear spacings and dipole moments. The 
results are given in Table V. In general, the value of 
7 tends to be lower than that found for the lattice case. 
The lower values of y can be caused by lower values of 
f’ and higher values of Z’. We believe that both 
factors play a role. Since the electric field is nonuniform, 
we believe f’ tends to be less than f. The closer distance 
of approach in molecular cases tends to make Z’ 
greater than Z. A good deal of the scatter, we believe, 
arises from experimental error and the use of free-ion 
polarizabilities for the ions in the molecule. The most 
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TABLE V. Values of y for alkali halide molecules from Eqs. (44) 
and (45). Experimental data from Rice and Klemperer.* 








a»t(A3)  ay~(A3) (Debye units) 
2.95 1.04 (7.61) 
8.5 


0.18 k ; 

0.83 F 10.48 
2.95 10.40 
0.03 6.19 
0.83 10.41 
0.03 6.64 


a(A) 


2.43 

2.361 
2.667 
2.906 





CsF> 
NaCl 
KCl 
CsCl 
LiBr 2.17 
KBr 2.821 
Lil 2.39 





* See reference 12. 
> The value of y for CsF was computed from dyu/dr =7.77 Debye units/A. 
The value computed from y is 0.46. 


rewarding result of the calculation is the fact that CsF 
has a value of y consistent with those for the other 
molecules even though this molecule has a positive-ion 
polarizability greater than the negative-ion polarizabil- 
ity, which causes the sign of the correction term to 
change. 

SUMMARY 


In a crystal lattice, the electron cloud of an ion is 
distorted by its neighbors. In a NaCl-type lattice, this 
distortion produces no net electric moment when the 
ion is in its equilibrium position. However, when an 
ion is not on an equilibrium position, a polarization 
proportional to the restoring force is produced. If the 
displacement of the ions is produced by an electric 
field, the distortion moment in the positive ion produced 
by the neighbors adds to the moment induced by the 
field; in the negative ion it subtracts. Because, in most 
ionic crystals with a NaCl structure, the negative ion 
is more easily distorted than the positive ion, the net 
distortion moment per unit cell tends to decrease the 
polarization in the crystal, leading to an “effective” 
ionic charge less than unity. The qualitative energy 
level scheme is given in Fig. 3. On condensing into a 
lattice, the frequencies of the negative ion are pushed 
up and those of the positive ion only slightly affected.® 
The coupling between the lattice and electronic modes 
due to the shell-shell repulsions considered here cause 
the ‘frequency” of the positive ion to decrease, of the 
negative ion to increase, and of the restrahl vibration 
to decrease. 

A similar effect appears to take place in ionic 
molecules. 

ACKNOWLEDGMENTS 


The authors are indebted to the Office of Naval 
Research and the industrial sponsors of the Institute 
for the Study of Metals for financial support of this 
investigation.* 

* Note added in proof.—Since this article was submitted for 
publication, a paper on the same subject by B. J. Dick, isi and 
A. W. Overhauser has appeared [Phys. Rev. 112, 90 (1958)]. 
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A basic assumption of the semiclassical treatments of ultrasonic 
absorption in metals is that of “collision drag.’ This assumption 
states that, in the presence of an impressed ultrasonic wave, the 
velocity distribution toward which the conduction electrons relax 
is a Fermi distribution centered, not at the origin of velocity space, 
but at a point, v,, equal to the local, impressed lattice-displacement 
velocity. In the present paper, the explanation of this collision- 
drag effect in terms of basic electron-lattice theory is investigated 
for the case of collisions with thermal vibrations. The effect is 
found to originate from those higher-order terms in the electron- 
lattice interaction whose matrix elements are bilinear in the 
amplitudes of impressed and thermal lattice displacements. In the 
conventional perturbation-theory treatment, these matrix ele- 
ments give rise to transitions in which both a thermal phonon and 
an impressed phonon are simultaneously either absorbed or 
emitted. However, in such a treatment, no collision-drag effects 
appear. In order to obtain them, it is necessary to alter the 
standard perturbation treatment so as to provide for space-time 
localization of collisions to within an interval small compared to 


INTRODUCTION 


N theoretical treatments of ultrasonic absorption in 

metals the interaction of the impressed ultrasonic 
wave with the conduction electrons of the metallic 
sample is generally assumed to take place in two ways. 
One of these is via the standard first-order electron- 
lattice interaction linear in the lattice-displacement 
amplitude; it is in fact the same interaction as that re- 
sponsible for the scattering of electrons by the thermal 
vibrations of the lattice. 

A second basic mechanism of interaction—designated 
in this paper as the collision-drag effect—comes into play 
when the electrons undergo collisions either with im- 
purity centers or with thermal lattice vibrations. In 
published theoretical treatments this interaction has 
generally been assumed! to take the following form. 
Namely ina lattice which is vibrating under the action 
of an impressed sound wave, the velocity distribution 
towards which the electrons relax, by virtue of collisions, 
is a displaced Fermi distribution centered, not at the 
origin of velocity space—as would be the case in a lattice 
at rest—but rather at a point, v;, equal to the instan- 
taneous local, lattice-displacement velocity. This as- 
sumption corresponds to a physical picture in which the 
electron is viewed as colliding with an effective “‘colli- 
sion” center; the latter, oscillating in response to the 
impressed wave, ‘‘drags’’ the electrons with it. 

In the present paper, the validity of the collision-drag 
picture will be investigated from the standpoint of basic 
electron-lattice interaction theory. The treatment will 
be focused primarily on the case of collisions with 
thermal vibrations. In the case of electron-impurity 


1A. B. Pippard, Phil. Mag. 41, 1104 (1955). 


the wavelength and period of the impressed sound wave. It is then 
found that the impressed ultrasonic wave produces a modification 
in the energy-conservation law of electron-lattice collisions, €,’ 
=€-thw, in which the effective electron energy, €x, is the Bloch 
energy, augmented by a term proportional to the impressed dis 
placement velocity [Eq. (2.30) ]. When this modification is intro 
duced into the collision term of the Boltzmann transport equation, 
the equilibrium distribution (defined as that for which the collision 
term vanishes) is found to be a Fermi distribution centered about 
a point in k space equal to mv;/h; for the free-electron model, this 
result is in accord with the collision-drag assumption as stated 
above. An additional result of the treatment is that the crystal 
momentum conservation law of electron-lattice collisions is altered 
by the inclusion of terms linearly proportional to the impressed 
strain; this modification, however, turns out to have no effect in 
ultrasonic absorption. The final section of the paper is devoted to 
an investigation of the effects on energy transfer arising from the 
bilinear matrix elements; these effects are shown to be describable, 
also, in terms of the collision-drag picture. 


encounters, the circumstance that the collision centers 
themselves move with the local lattice displacement 
velocity provides an intuitively obvious explanation of 
collision drag. For electron-phonon collisions, however, 
the situation is not comparably obvious. In particular, 
if thermal and impressed vibrations are assumed not to 
be directly coupled to each other—i.e., if anharmonic 
terms in the lattice displacement energy are ignored: 
it would seem that the collisions of electrons with 
thermal phonons are not influenced at all by the im- 
pressed sound wave. This conclusion is valid, however, 
only in the approximation in which electron-lattice 
interactions are treated to the first order in the lattice 
displacements. When account is taken of higher-order 
interactions, specifically those bilinear in the amplitudes 
of the two types of displacements—thermal and ex- 
ternally impressed—collision-drag effects are obtained. 

In Sec. 1, the matrix elements of the bilinear electron- 
lattice interaction are computed explicitly ; they assume 
a relatively simple form for the case of interest, in which 
the wave vector of the impressed vibration, q;,,is small 
compared to that of a typical thermal vibration, q,. The 
introduction of these matrix elements into the con- 
ventional first-order perturbation calculation—that of 
transitions between plane-wave Bloch states—yields 
nonvanishing probabilities for transitions of the type 
k — k+q,+q,, in which an impressed and a thermal 
phonon are simultaneously either absorbed or emitted. 
This calculation is carried out in Appendix IT, together 
with the resultant energy transfer from the impressed 
ultrasonic wave to the combined system of conduction 
electrons and thermal phonons. 

As pointed out at the beginning of Sec. 2, however, 
such a treatment does not, and, in fact, cannot be ex- 
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pected to yield collision-drag effects. The reason is as 
follows. Collision drag by its very nature—namely, its 
dependence on the instantaneous local displacement 
velocity—implies a physical description in which colli- 
sion events are localized to within a space-time interval 
small compared to the ultrasonic wavelength and period. 
On the other hand, a calculation of transitions of the 
type k > k+q,+q; implies a physical description in 
which the crystal momenta and energies of the electrons 
are defined to within intervals small compared to g; and 
hw;, respectively (w;= ultrasonic frequency). By virtue 
of the uncertainty principle, these two descriptions are 
not simultaneously realizable. In order to explain colli- 
sion drag, one requires an approach which features 
localizability, and which therefore makes no predictions 
about the probabilities of individual impressed-phonon 
processes. An approach of this type is developed in 
Sec. 2. It consists of a modification of the conventional! 
first-order perturbation treatment, in which the requisite 
collision localization is achieved by the use of Bloch 
wave packets (in place of states of sharply defined 
crystal momentum). The results of the treatment are 
contained in explicit expressions [Eqs. (2.35), (2.36), 
and (2.37) ] for the probabilities of transitions, k > k 
+q,, in which a thermal phonon is either emitted or 
absorbed. The influence of the bilinear matrix elements 
is found to manifest itself in an alteration of the energy 
and crystal-momentum conservation laws of electron- 
lattice scattering. Of particular relevance for collision 
drag is the energy conservation law, €x’=€x-+#w,, in 
which each “effective” energy, ex, is equal to the 
corresponding Bloch energy, Ex, minus a term mv;- Vx 
(where v, is the above-defined local impressed dis- 
placement velocity, m the electron mass, and vx 
=(1/h) grad, FE, the expectation velocity in a Bloch 
state, k). The connection between this result and the 
collision-drag effect is established in Sec. 3 via the intro- 
duction of the transition probability expressions of Sec. 2 
into the collision term, (0f/0t)cou, of the Boltzmann 
transport equation. Defining the “relaxed” distribution 
as that for which (0 f/f) .o1.=0, one finds that it is equal 
to a Fermi distribution, fo(ex), differing from the con- 
ventional one in that the energy argument is e, rather 
than £,; this replacement corresponds to the fact that 
ex (rather than £,) is a so-called “‘summational in- 
variant” of electron-lattice collisions. Taking account of 
the fact that, to the first order in the amplitude of the 
impressed ultrasonic wave, «x= Ey—mv,/h, one sees 
that fo(ex) is a Fermi distribution whose centroid in k 
space is located at the point mv,/h. This result consti- 
tutes a generalized statement of the collision-drag effect, 
valid for arbitrary k dependence of Ey; for the special 
case of free electrons, the corresponding centroid in 
velocity space is v;, in accord with Pippard’s original 
statement! of the effect as given above. 

The final section of the paper is devoted to an in- 
vestigation of the effects on energy transfer arising from 
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the bilinear interaction ; it is shown that these effects are 
also describable in terms of the collision-drag picture. 


1. BILINEAR ELECTRON-PHONON INTERACTION 


Let it be assumed that, in addition to the impressed 
sound wave, a single lattice vibration mode is thermally 
excited. The displacement, Rg, of the gth lattice site is 
then a sum of the “impressed”’ displacement 

R,, «=u, expli(qi-$—w,t) ], 
and the ‘“‘thermal”’ displacement 

Rg, x= Uy expli (qn: $— wl) ]. (1.2) 
In these expressions, the u’s are complex vector ampli- 
tudes, the q’s wave vectors, and the w’s the associated 
frequencies (multiplied by 27). The subscripts 7 and \ 
refer to the impressed wave and to the Ath (traveling) 
mode of thermal vibration. Finally, it is to be under- 
stood that (1) and (2) are each to be supplemented by 
their complex conjugates, in order that Ry; and R,,, be 
real’; this prescription will be understood to apply to all 
equations containing complex lattice-displacement am- 
plitudes. 

In the presence of the displacements (1.1) and (1.2), 
the one-electron potential takes the form 


V(r)=Vo(r) +d expt (qn: $—wy/) Juy- grad, V (r) 
& 


(1.1) 


+¥ exp[i(q;-$—w,t) Ju; grad, V(r) 
e 


+ 2X exp[i(qa-g—wnt) ] exp[i(qi- 8’—wl) J 
g, 8’ 


X (uy: grad,) (u;- grad,-) V(r) 
+(-++), (1.3) 


Here, V(r) is to be regarded as a function of the 
electron coordinate, r, and of the displacements of the 
individual lattice sites, R,; Vo(r) denotes the electron 
potential of an undisturbed lattice (R,=0); and grad, 
means the gradient in R, space. The second and third 
terms give the conventional electron-lattice interaction 
in terms of the amplitudes of thermal and impressed 
waves, respectively ; the new, “bilinear” potential, which 
is the subject matter of this section, is represented by 
the fourth term; it will henceforth be denoted by the 
symbol V(r). Finally, the terms in (1.3) denoted by 
(--+) are either of third or higher order in the u’s, or of 
second order in uw); in the latter case, the inclusion of 
such terms would only result in corrections to the 
standard electron-lattice relaxation theory, uninfluenced 
by the presence of the impressed wave.’ 

2 For the time being, the vector amplitudes, uy, uy*, ui, ux*, will 
be treated as classical amplitudes. In the eventual quantization 
process, the positive exponentials of (1.1) and (1.2) get associated 
with phonon absorption, their complex conjugates with phonon 
emission. 

’ Under this category one should also include terms proportional 
to the products, uyuy’, of the displacement amplitudes of different 
lattice-vibration modes; these terms are also uninfluenced by the 
impressed wave, and hence make no contribution to collision-drag 
effects. 
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Turning to V ;,(r), one may write this term as 
V a(t) => exp{il(qitqa)- $—(witeor)t]} 
gh 


X exp (iq; h)(uy-grad,) (u;-gradgin) V(r), 


where 


h=¢'—g (1.4) 


is a relative lattice-site vector. Let it now be assumed 
that (uy-grad,) (u,-grad,;») V(r) is “short-range” in that 
it vanishes for sufficiently large |h| =Amax. Then, if 


GMmax<X1, (1.5) 


as will here be assumed (the assumption being con- 
sidered appropriate in view of the extreme largeness of 
the ultrasonic wavelength, 27/g:, in comparison to 
lattice spacings), one may replace the factor exp(iq;-h) 
by unity in (1.4). Then, upon applying the operator 
relation 
> grad,+grad,=0, (1.6) 
h 
which is a statement of the invariance of V(r) with re- 
spect to a rigid displacement of all particles (lattice 
atoms and electrons), one has 


Va(n= -> exp{iL(qit+qy) “e— (w;+w)t ]} 
& 
X (uy: grad,) (u;-grad,) V(r) 
=D exp{il(qitan) - $— (wi+wn)t]} V in®(n), (1.7) 
4 


where 
V n®(r) = —(uy-grad,)(u,-grad,)V(r). (1.8) 
Having obtained the “‘bilinear’’ potential in the form 
given by (1.7) and (1.8), one may now proceed to 
compute its matrix element, (vk’| V “? | nk), between 
two Bloch states, Wax and nx’, ie., states of differing 
crystal momentum, but belonging to the same band.‘ 
Using the operator relation 


im 
grad, (uy-grad,V (r))=—[_v,uy-grad,V(r)], (1.9) 
h 
where the square-bracketed expression is the commu- 
tator of the velocity operator, v= (#/im) grad,, with the 
operator uy: grad, V(r), one has 


(nk’| V n®| nk) 


1m 
ame ae {(m| uy Ver | m’) (n’k’ | uy- grad, V (1) | nk) 
se = 


— (nk’ | uy- gradgV (1) | 2'k)(n'|u;-v_) 2)}, (1.10) 


where use has been made of the circumstance that v is 
diagonal in k. 


‘ As will be seen later, this matrix element represents only part 
of the total effective bilinear interaction; hence, the use of the 
parenthesized superscript (1). 
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A useful simplification of (1.10) may be achieved by 
noting that 


(n’k’ | uy- grad, V (r) | nk) 


= f vow (o)Lu-gradV (0) Waa(e)ar 


= f veut rta)lay-gradgV (rq) Woxleta)dr 


=expLitk—K)-4] fvew r)uy grad,_oV (r)Wnx(ndr 


=exp[i(k—k’)-q ](n’k’ | uy-gradgooV (r)| mk), (1.11) 


where R,~9 denotes the displacement of the “zeroth” 
site, located at an arbitrary origin; the next to the last 
equality of (1.11) obtains by virtue of the translational 
symmetry properties of potential and wave functions. 
Introducing (1.11) and (1.10) into (1.8), one then has 


(nk’| V | nk) 


imN 
= ———k+qitan, k’ exp[ —i(wj+u)t ] 
h 


XY (nl uy ven’) (n’k’ | uy: grady_oV (4) | nk) 


— (nk’ | uy: gradgoV (r) | n’k)(n'|uj;-v_!m)}, (1.12) 


where JN is the number of unit cells in the sample, and 
where dy, x indicates the Kronecker delta symbol: unity 
for k’=k, zero otherwise. 

At this point, it is necessary to recognize that, as 
indicated by the parenthesized superscript (1), the 
matrix elements (k’! V,“|nk) do not by themselves 
provide a complete description of bilinear transitions, 
i.e., those transitions in which both an impressed and a 
thermal phonon are absorbed (or emitted). Transition 
amplitudes, (nk’|V °° |nk), of comparable strength 
arise from two-stage processes, each stage consisting of 
an interband (and hence virtual) transition, the matrix 
elements for which are provided by the linear terms of 
(1.3). Denoting the second and third terms of (1.3) by 
the symbols V,(r) and V(r), respectively, one has, 
according to standard second-order perturbation theory, 
(nk’ | V | nk) 

(nk’| Vy|n’, kK+q,)(n’, k+q,| V;| nk) 
Enu— En’, k+qi—hw; 
(nk’| V;\n’,k’—q,)(n’, k’—qy| Vy| nk) 
+> — . (1.13) 
n'#n Faye — En’, &’ aithw; 


In writing down (1.13), use has been made of the 
crystal-momentum selection rule for the matrix ele- 
ments (n’k’’| V ;| mk), according to which k’”’=k+4q,. It 
should furthermore be understood that Enue= Enut+hw 
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+hw;; this condition is imposed in view of the fact that 
(1.13) [together, of course, with (1.12) ], is to be used to 
compute real transitions. 

It is now proposed to utilize the extreme smallness of 
g; (and w;) to approximate (1.13) by the relation 


(nk’| V | nk) 
(nk’| Vy \n', k+q,) (n’k| V ;| nk) 

| Renta - . 

(nk’ | V;\ nk’) (n’, k’+q,| V.| nk) 
Enx’ " 


(1.14) 


n’#n 


— Eye 
where (n’k! V ;| nk) is to be understood as the limit of 


(n’, k+q;| V;)nk)=e‘*** 


X (n’,k+q;| ¥, exp(iq;- 8)u;-grad,V(r)!nk), (1.15) 


as gi goes to zero (w; being kept fixed in the time 
exponential). By applying the translational symmetry 
properties of the potential and the Bloch wave functions 
in a manner exhibited by the various steps in (1.11), one 
readily establishes that the right-hand side of (1.15) is 
equal to 
N(’, k+;/ u;-grad,—oV (1) | nk )e~****, 
which, in the limit of q;=0, becomes 
N(v’, k!u,- grad, V (1) | nk )e~ ‘*** 
=(n’,k!>-, u,-grad,V (r)| nk)e~*. 
The utilization of (1.6) then yields 
(n'k! V,| nk) = — (nk | u,;- grad, V(r) | nk )e~ :! 
= — (n'k|u;-grad,Vo(r)|nk)e~*:*, (1.16) 
the last equality holding by virtue of the fact that all 
derivatives are evaluated for R,=0, at which V(r) 
= Vo(r). 
It should now be noted that, since the one-electron 
Hamiltonian for the undisturbed crystal is 


Ho= (1/2m)p?+Vo(r), 
one has 
(1/h) (pH o— Hop) 
= (im/h)(vHo— Hov), 


grad, V 9(r) = 
(1.17) 
so that 


(n’k! V,| nk) 


= — (im/h)(n’\u;-V_e) n)(Eny— Ene it. (1.18) 


Substituting (1.18) and the equivalent relation for 
(nk’| V ;|n’k’) into (1.14), one has 


(nk’ | V | nk) 


1m 
= E (mR Valnl, he+Q) ("ws va | 0) 
1 n'n 


—(n\ uj: Vu’) (n’, k’—q;| Vy|nk)}e~****. (1.19) 
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Now 
(n’, k’—q,| Vy! nk) 
= (n’, k’—q;| >> exp(iqa- 8)uy- grad,V (r) | nk) 
. Xexp(—iwpt) 
= Nék+qatai, k’ exp(— tal) 
X (n’, k’— qi | uy: gradg—oV (1) | nk) 
> Nbxk+qx+ai, k’ exp(—iw él) 


X (n’,k’ | uy-gradg_oV(r)| wk). (1.20a) 


Correspondingly, 


(nk’| V)'n', k+q,) 
> N6k+qx+4i, k’ EXp(— tw!) 


X (nk’ | uy-gradgoV (r)|n’k). (1.20b) 


Substituting (1.20a) and (1.20b) into (1.19), one has 
(nk’| V © | nk) 
= (im/h) Nox+qn+qi.k’ expl —i (wi; +o )t] 
KX} {(n) uy: ve |n’) (nk | wy: gradg—oV (r) | nk) 


— (nk’ | uy-grad,_oV (r) | n’k)(n'\u;- vy! n)}. (1.21) 


The total bilinear matrix element is obtained by 
adding (1.21) and (1.12). It is to be observed that (1.21) 
is the negative of all the n’#n terms of (1.12); the final 
result is then given by the n’=n terms of (1.12). Thus 


(k’| Valk) 
= (i/h) Now+an+ai, k’ Expl —i(wi+o )t |mu;: (Ve— Ve’) 
 (k’ | uy-grad,oV(r)|k), (1.22) 


where the band index, m, has been dropped, since all 
quantities now refer to a single band. 

A significant feature of (1.22) is that the matrix 
element, (k’|uy-grad,.oV(r)|k), contained therein is 
the same as that which appears in the conventional 
electron-lattice interaction theory; it is, in fact, the 
transition amplitude for electron scattering by the Ath 
lattice-vibration mode. It is this feature which, as will 
be seen later, permits one to express the effect of the 
bilinear interaction in terms of such a basically simple 
concept as collision drag.® 

The generalization of (1.22) to the case in which each 
of the two types of phonons—thermal or impressed—is 
either absorbed or emitted, is readily achieved, and will 
be stated without proof. Namely, all the quantities in 
(1.22) remain unchanged except for the Kronecker 
delta and the time exponential, which take the forms 


5 In particular, (1.22) assures the absence of new electron-lattice 
interaction parameters which, in general, would be expected to 
occur with the introduction of higher-order matrix elements. 
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dk+qatai, k’ and exp[ — (-+w,-+w,)/ ], the notation + re- 
ferring to phonon absorption and emission, respectively. 

Equation (1.22) (generalized as indicated above), 
together with the in-band matrix elements, (k’| V,|k) 
and (k’| V;|k), of the first-order terms of (1.3), consti- 
tute the basic ingredients for the treatment of problems 
involving the simultaneous interaction of conduction 
electrons with thermal and impressed lattice vibrations. 
In the following sections, it will be shown how, under the 
appropriate conditions, the transitions associated with 
these matrix elements give rise to collision drag. 


2. TRANSITION PROBABILITIES 


In the event that the mean free path of electrons is 
large compared to the wavelength of the impressed 
sound wave, the effects arising from the bilinear inter- 
actions may be treated straightforwardly. Namely, one 
inserts (1.22) into the conventional formulas of first- 
order perturbation theory, and thereby obtains transi- 
tion probabilities from which one may compute, e.g., 
transfer of energy from the ultrasonic wave to the con- 
duction electrons and thermal vibrations of the metal. 
This particular calculation is, in fact, carried out in 
Appendix II of the present paper. However, as has 
already been discussed in the Introduction, such an 
approach does not yield specific collision-drag effects— 
at least, none in the sense of Pippard’s assumption,} 
which expresses them in terms of the Jocal lattice- 
displacement velocity, v;; such effects could be expected 
only if the domain of collision is localizable to within a 
wavelength, and if its temporal duration is capable of 
specification to within a period of the impressed sound 
wave. These requirements, however, are not compatible 
with a description of electronic states in terms of infinite 
plane waves; hence, the conventional theory, in which 
one computes transitions between states of sharply 
defined wave vectors k and k’, will not yield collision- 
drag effects. In particular, if the required space-time 
localization is to be achieved via a wave-packet ap- 
proach, as is the case in the present paper, it will be 
necessary that the wave-vector and frequency spreads 
(Ak and Aw~ Ak) of the wave packets be large com- 
pared to g; and w,, respectively. (vo is the velocity at the 
Fermi surface.) 

In the event that the electron mean free path, /,, is 
small compared to the wavelength of the impressed 
sound wave, it is all the more necessary to tolerate wave- 
vector and frequency spreads in excess of g; and w;. In 
fact, they must be large compared to 1//, and v/1., re- 
spectively; otherwise, quantal, multiple-scattering ef- 
fects would have to be considered explicitly. 

On the other hand, there does exist an upper limit to 
the magnitude of Ak, which is determined by the 
requirement that the resultant uncertainties in the 
wave-vector and energy conservation laws of electron- 
lattice scattering, 

k’=k+q,, 
Ey = Eythey, 


(2.1) 
(2.2) 


ULTRASONIC 


ABSORPTION 483 
be sufficiently small to permit their application to 
transport problems. A discussion of this requirement is 
presented in Appendix IIT; it is shown therein that it 
corresponds to the condition 


ARKhv/kT, (2.3) 


where x is Boltzmann’s constant. Since Ak also has to be 
large compared to q;, it is necessary that 


qi<Khvo/xT. (2.4) 


In what follows, (2.4) will be assumed to hold. It is 
shown in Appendix III that this condition does not 
impose any significant restrictions on the application of 
the theory to experimental conditions. 

A typical electron wave packet is built up as a 
superposition of Bloch waves, thus: 


¥(r,t)=>d0y A (kK)Yx(r) exp(—iExt/h). (2.5) 


It is convenient to choose A (k) to be the space-Fourier 
transform of a function, e'**''G(r— 19), which, in essence, 
represents the space-probability amplitude of the wave 
packet. Thus 


(2.6) 


N+ 
A(k)= feoresGee- ro)dr, 
V 


where V is the volume and .V the number of unit cells of 
the sample, ky the ‘wave-vector centroid” of the 
packet, and G(r— ro) a function which, on the one hand, 
varies little over a thermal-phonon wavelength, and, on 
the other, differs from zero only for | r—ro|<<A;. Equa- 
tion (2.6) may be written in the form 


A(k) =ei(ko k) -r0B(k), (2.5) 


where 


B(k)=(N}¥/ v) f ev ©) -1G(r)dr (2.8) 


is the space-Fourier transform of e***'G(r). In view of 
the properties of G(r), it is apparent that, whereas 
B(k)—and hence A(k)—differs from zero only for 
|k—Kko|<q,, it also varies sufficiently slowly that in the 
Taylor expansion 


B(k+q,) = B(k)+q;-grad,B(k)+---, (2.9) 


each term is an order of magnitude smaller than its 
predecessor. ® 

It is of interest to evaluate the Fourier sum of (2.5); 
this evaluation may be carried out with sufficient accu- 
racy as follows. Writing 

y= N be ik-ryy) ( r) = N he i( kot kr) -r] ‘eo +k,( ), 

where U,(r) is the periodic part of the wave function 
(normalized per unit cell) and k,=k—Kp is the relative 

6 In fact, the degree of smallness is ~g;/Ak, where Ak, the spread 


in k of the wave packet, is related to the spread in r, Ar, of G(r) 
by the standard uncertainty formula AkAr~1. 
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wave vector (referred to the wave-vector centroid, ko), 
one observes that U(r) is a sufficiently slowly varying 
function of k that, over the relatively small range of k,, 
Uo+,(r) may be approximated by Uxo(r) for all r. On 
the other hand, k-dependent terms in the exponentials 
behave altogether differently (i.e., for sufficiently large r 
and ¢, the factors e‘*** and exp(iExt/h) vary arbitrarily 
rapidly with k,). One thus has for (2.5) 


y( r,t) = Uo exp{i[ko- Sees Exol, h}} (1/V) 
xd. A(k) exp[tk,- (r— viol) ]+---, 


which, in view of (2.6) and Fourier’s theorem, may be 
written as 


¥(r,t) = Uo exp{iL kor— Excot/h }}G(t—to— Vieot). (2.10) 


According to (2.10), the wave packet, in essence, 
consists of the Bloch function Wxo(r) exp(—iEkot/h), 
modulated by the relatively slowly varying amplitude 
function, G(r— ro— Vol) ; this amplitude function moves 
uniformly with velocity Vx., and hence possesses the 
required quasi-classical behavior. 

With these preliminaries out of the way, one may now 
consider the scattering undergone by the wave packet 
under the simultaneous action of (1.22) and the ordi- 
nary electron-lattice interaction’ 

(k| Vy|k) = Nb«’, e+, exp(— iw) 
 (k’ | uy-gradgoV(r)|k). (2.11) 


This scattering will be computed according to first- 
order perturbation theory. Writing 


Wao= du Asc(k’ Wu (r) exp(—iEy t/h), 
one has 
0A so(k’) 


ih— 
at 


=exp[i( Ey =e E,y—hwy)t h | 


* N (k’ | uy- grad,-oV (r) | k)A (k) 
+3" exp[i(Ey: — Extqi—hoyFhw;)t/h) 


(+) 


imu; : 
x (= ) *(Vie— Ve’) 
h 


«* N(k’ | uy-gradoV(r)|k)Aurq:, (2.12) 
where k has been fixed at the value k= k’—qy (i.e., that 
value which satisfies the wave-vector selection rule for 


7 In what follows, the in-band matrix elements, (k’| V;|k), of the 
impressed deformation field will be ignored. This is done primarily 
in the interests of simplicity. There is, in fact, no intrinsic relation- 
ship between the (k’|V;|k) and the matrix elements of the 
bilinear interaction; in principle, the (k’|V;|k) may vanish. 
(Indeed, in the case of a transverse wave, the conventional matrix 
element, applicable to a spherical energy surface, does vanish.) A 
discussion of the effects to be expected from the eventual inclusion 
of the (k’| V;|k) will be given at the end of the section. 
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ordinary electron-lattice transitions), and where the 
sum, >> :4), goes over the two possibilities of absorption 
and emission of an impressed phonon, in accordance 
with the text subsequent to Eq. (1.2). (It is thereby to 
be understood that the vector amplitude factor, u,, is to 
be replaced by its complex conjugate, u,*, in the 
“minus” emission term.) 

Integrating with respect to time from —7/2 to 
+T7/2, and replacing A (k) by B(k), according to (2.7), 
one has 


e~ *ko-r04 ,.(k’) 
=A( Ey: — Ey—hwo) N (k | uy-grad,—oV (r) | k)B(k) 
1 
pS i ik-ro4 — i A( Ey — Ext¥qi—hwyF hw ;)mu ; 
h (+) 
- (vy —0«') NV (k’ | uy- gradgoV (r) | k) 


+ Be—qie™ ‘(kerqi)-r0, 


(2.13) 


where 


eit Tih g-izT/2% 2 sin(xT/2h) 


A(x)= (2.14) 





1x x 


It is now to be observed that, apart from the ex- 
ponentials, e~***4)-", and the A’s, the q; dependence of 
the right-hand side of (2.13) is of the slowly varying 
type represented by (2.9). As far as the A’s are con- 
cerned, their q; (and w;) dependence may also be 
considered slow provided that one limits the “inter- 
action” interval, 7, in (2.14) sufficiently. In particular, 
for A(Ex’— Ext qi;—fw,Fhw;) to be representable as an 
expansion about the point q;=0, one requires 


qi grad, Ey T/h2aw,T = (qi-tut9ic,) TKI, 


which, since |v! is generally >>c, (the velocity of 
sound), reduces to 


lv | TKAy. (2.15) 

The significance of (2.15) is that interaction time 
intervals must be taken small enough so that the 
collision can be localized to a region of linear dimensions 
small compared to the impressed wavelength. As 
pointed out at the beginning of this section, such 
localization is a basic feature of the present treatment. 
Admittedly, the arbitrary time-chopping procedure 
embodied in (2.15) is not wholly satisfactory. It is used 
here in lieu of some kind of ‘‘thought-construct,”’ which 
would serve to limit the duration of collisions in a 
physically more natural way; such a construct could 
conceivably be achieved by the use of localized wave 
packets for thermal phonon.*® 

Using (2.15), then, one arrives at the situation where, 


8A treatment based on the construction of classical lattice- 
vibration wave packets, in which the wu) are to be considered as 
specifiable vectors (rather than as operators), will be given in a 
later report. 
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apart from the exponentials e~ ***4* -*, all the quantities 
on the right-hand side of (2.13) are slowly varying func- 
tions of q; in the sense of (2.9). One then has, up to 
terms linear in q; and w,;, 


e~ t(ko-k) -t04 ,.(R’) 


= N(R’ | uy- gradg—or(r) | k)| A( Ey — Ey—hw,)B(k) 
im 
x[isitinny Euesnen 
h (+) 


a 
+— D0 m(Vie— Ver) wyetiait0 
h (4) 


x (qi grady)[A(Ey— Ey.— hw) B(k) ] 


1 
+— > m(ve— Vu) uyet*eB(k) 


hh (+) 


a 
x (Fhe: —— ) &(Ey— Ea—han) 
dEy 


= N(k'|u-grad,oV (r) | k) | A( Ey — Exy—hw,) B(k) 


im 
x] 14+ an) (Va | 
i 


m 
Ty (eT Ve) -Ce(0) grad, [A(E x — Ey — fun) BCR) ] 
0 
FMV 5° (Vie Vir) By — 
OF y: 
X[a(Ev— Bho), (2.16) 


where 
(2.17) 


(2.18) 
(2.19) 


u,(ro)=u,e*"+c.¢., 
Vi (fo) = tw ue"4"+-c.c., 
e; (ro) =iu.q.e'*"+c.c., 


are the displacement, displacement velocity, and strain 
dyadic® associated with the impressed wave; these 
quantities are all evaluated at r= ro and at ‘=0, i.e., the 
point in space and time at which the collision is pre- 
sumed to occur. In general, of course, the time is some 
arbitrary fo, so that the factor e‘%*'?° should be replaced 
by etlai-rotwito) 

It will now be noted that, up to and including terms 
linear in the amplitude of the impressed sound wave, 
(2.16) is equivalent to 


9 Actually, e;(ro) is not quite the strain dyadic, since the latter 
is by definition a symmetrical tensor, in contrast to the right- 
hand side of (2.19), which is clearly unsymmetrical, and which, in 
fact, includes the rotational part of the displacement. 


e-itha- 2-104 (’) 
= (k’|u)-grad,—oV (r) | k) exp[(im/h)u(t0) «(Vi— 0x’) ] 
KA(Ey — Ex—ej5—ho + mv: (Ve Vee) ) 
X B(k— xi), 
«x= + (m/h) (Vi— Vue) €4(T0). 
Upon taking the absolute square of (2.20), one obtains 
| Aso(k’) |?= (N?/h?) | (k’ | uy- gradg—oV (r) | k)|? 
XOCEg: — Exe; —hon+ mvj: (Vie— Veer) } 
X | B(k—«,)|?, (2.22) 
4 sin?(x7'/2h) 
ej 


(2.20) 
(2.21) 


where 


(x)= h?| A(x) |? (2.23) 


is the energy-resonance function introduced in Sommer- 
feld and Bethe’s article.!° It has the property that 
lim Q(x) = 2xhT6(x), 


T-0 


(2.24) 


where 6(x) is the Dirac delta function. 

It is convenient to change the notation as follows: 
instead of k being taken equal to k’—q,, it is now to be 
defined as 

k=k’—q,— x. (2.25) 
In terms of this new definition of k, (2.22) takes the 
form! 


| Aso(k’) |? = (W?/h?) | (R’| ua- grad,—oV (1) |k)|? 
KOLEy — Ey—hoy+ mv ;- (Vi— Vue’) | 


x | B(k)|2. (2.26) 


Equation (2.26) states that | Ax.(k’)|*, the probability 
that, at time ‘= 7/2, the electron is to be found scat- 
tered into a state k’, is the product of two factors. One of 
these, | B(k)|, is the probability that, initially, at time 
t= —T/2, the electron is in a state k (independent of 
other features of the wave packet, e.g., phase or ampli- 
tude relationships between the different Ay). It is then 
appropriate to consider the remaining factor to repre- 
sent the probability that an electron makes a transition 
from k to k’ (while absorbing a phonon of mode A). If 
this interpretation is accepted, one then has for the 
transition probability (per unit time) the expression 


P®(k— k’) 
= (N?/#?T) | (k’ | uy- grady—oV (r) | k)|? 
KOC Ey — Exy—hoy+mv i(Ve— Ve) | 
X 5x, k’—qyx—«i(k,k’), (2.27) 


10 A, Sommerfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, Part 2, p. 514, Eq. (34.34). 

11 The small change in the matrix element (and in vx) arising 
from the redefinition of k, is ignored in (2.26); this change involves 
only the magnitude of the transition probability, but not the 
selection rules for wave-vector and energy conservation which, as 
will be seen, are the important effects of the bilinear interaction. 
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where the notation «,(k,k’) is used in recognition of the 
fact that x; depends on k and k’ [via the factor, vi— Vx’, 
as shown in (2.21) }. 

It will first be noted that, in the absence of the im- 
pressed wave, (2.27) reduces to the standard transition- 
probability expression for electron-lattice transitions.” 
The effects of the impressed wave are then seen to be 
twofold. Firstly, the wave-vector selection rule is 
altered, in that the difference between initial and final 
wave vectors, previously equal to the phonon wave 
vector q,, is augmented by the term «,(k,k’). Second- 
arily, the energy conservation rule no longer holds; 
instead, in the transition from k to k’, the combined 
energy of the system of electron and thermal phonons is 
increased!* by an amount mv;: (Vi'— Vx). 

An alternative way of stating these results is as 
follows. Firstly, it is expedient to introduce a “‘local”’ 
wave vector 


=k+ (m/h)v,- (0). (2.28) 
Equation (2.25) then becomes 
k)/=ki+q). 


Similarly, one introduces a “‘local’”’ energy 


€ = Ey— MV ¢" Vix. (2.30) 
Inserting (2.28) and (2.30) into the Kronecker delta and 
the energy-resonance factor of (2.27), one then has 


P® (k — k’) = (N2/#T) | (k’ | uy-gradg—oV (1) |k) |? 
XQ (ex: — €x— Fw) 57, ky’ — aa. (2.31) 
It will later be seen that the occurrence of €, and ex, in 
place of Ey and Fy-, in the argument of Q(x), is of crucial 
significance for the explanation of the collision-drag 
effect. 
At this point, one may readily generalize to the case 
in which thermal phonons are emitted, as well as 
absorbed. One has, in place of (2.31), 


Poy™ (k > Kk’) = (N?/#°T) | (k' | ay - gradg—oV (1) | k) |? 
XQ ex: — €x-Fitw) 57’, kita, (2.32) 


where the plus-minus sign refers to the two cases of 
absorption and emission of thermal phonons, re- 
spectively. 

For application to transport problems, two further 
steps are needed. One of these, the introduction of (2.24) 


2 See A. H. Wilson, Theory of Metals (Cambridge University 
Press, Cambridge, 1953), second edition, p. 258, Eq. (9.32.3). In 
comparing this equation with (2.27) of the present paper, one 
should note that (a) Wilson’s Q(x) is $ that of f 27), and that (b) 
Wilson defines the transition rate as a time derivative, rather than 
as a time average. The two definitions are in effect equivalent 
since they are both used only in situations in which (2.24) holds, 
so that the total transition probability is linear in 7. 

8Tt is, of course, to be understood that, strictly speaking, all 
final energies are allowed ; the phrase “selection rule” refers to that 
choice of Ey for which the argument of Q(x) vanishes. 


We, w= (2eN?/h) | (k’ |, - gradg—oV (1) | k)|?. 
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into (2.32), is permissible for the transport problems of 
interest, in which it is assumed (see Appendix IIT) that 
the energy variation of the characteristic transport 
quantities (e.g., distribution functions) is small over the 
effective width (~#/T) of the resonance function Q(x). 
The insertion of (2.24) into (2.32) yields 


Peay (k — k’) = (29 N/A) | (k’ | uy gradgeoV (1) | k) |? 
X45 (€47 — €x Fwy) bk)’, kitan. (2.33) 


Equation (2.33) is the standard expression! for the 
transition rate; it possesses the two features of being 
independent of the collision-time interval, 7, and of 
providing infinitely sharp energy selection. 

The second step is to render explicit the dependence of 
(2.32) on the lattice-vibration state—specifically, on the 
initial number of phonons, Vy, contained in the Ath 
mode. This dependence is contained implicitly in the 
complex displacement amplitude, uy. Up to the present, 
u, has been treated as a classical field. On the basis of a 
simple correspondence-principle argument, one would 
take |u,|* to be proportional to Vy. As is well known, 
however, the correct recipe is 


| uy, |2, (2.34) 


eof fle 


where the upper and lower factors are to be used for the 
cases of phonon absorption and emission, respectively, 
and where |u, |? is independent of Vy. (It is, in fact, 
the absolute square of the matrix element of the quan- 
tized uy between states of VY,.=0 and N,=1.) It then 
follows that (2.33) may be written as 


Ny } 
Puy (kk) = Way (k—>k’), 


yy+1) 


with a vibration-independent transition probability 
given by 
W 4) ( (k— k’) =wyx ») 


XS (ex — €x-F hwy) bx)’, kj+q), 


(2.35) 


(2.36) 


where 


(2.37) 


It remains to discuss the question, raised in reference 
(6), of the neglect of the first-order matrix elements, 
(k’| V;|k), of the impressed deformation potential in the 
bese equation (2.12) of this section. These matrix ele- 
ments give rise to transitions of the type k— k+qi, 
which, in view of the smallness of g; with respect to the 
wave-vector spread, Ak, result in an essentially continu- 
ous alteration of a typical wave packet in k space—in 
sharp contrast to the transitions associated with the 
matrix elements (k’| V,{k) and (k’| Va|k), which pro- 


44 See R. Peierls, Quantum Theory of Solids (The Clarendon 
Press, Oxford, 1955), p. 40, Eq. (2.58); also pp. 123-124, Eqs. 
(6.37) and (6.39). 
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duce changes in k large compared to Ak and are hence to 
be interpreted as scattering events. The quasi-continu- 
ous transitions, k — k+q,, correspond, in fact, to the 
classical displacement of the electron in k space, in 
response to the action of the impressed deformation 
field, the latter being considered as a given function 
Ux(r,t) of position and wave vector.'® This correspond- 
ence must necessarily obtain for sufficiently long im- 
pressed wavelength and, in fact, is the basis of classical 
treatments, such as that of Pippard.' 

With respect to the subject matter of this paper, the 
question of interest is: what is the effect of this quasi- 
classical motion on the collisions of electrons with 
thermal phonons? Without going into quantitative 
details, one may answer this question as follows. In the 
limit of sufficiently large impressed wavelength and 
vibration period—i.e., large compared to the space-time 
domain of a typical collision—the deformation potential 
is, toa good approximation, a constant (equal to Ux(r,¢) 
evaluated at space-time locus of the collision). In this 
approximation, it is clear that the sole effect of the im- 
pressed deformation field is to shift the energy of the 
electrons by an amount Ux(r,/); the immediate conse- 
quence of such a shift is that the argument of the delta 
function in (2.33) becomes!® (€x-+ Ux — Ux Fhw). This 
modification, being essentially unrelated to collision 
drag, will be ignored in subsequent sections. 

The above qualitative argument has been confirmed 
by detailed, though at present preliminary, calculations, 
which it is hoped to incorporate in a subsequent 
report.!” 


3. TRANSPORT THEORY 


The basic expressions (2.35) and (2.36) for the transi- 
tion probability of electron-phonon collision—expres- 
sions which contain the first-order effects of the 
impressed wave—will now be introduced into the colli- 
sion term of the Boltzmann transport equation.'* The 


15 Tn the standard text-book case in which (k’| V;|k) depends 
only on (k—k’)=+q;, Ux(r,t) is independent of k, and may then 
be regarded as an ordinary potential energy; generally, however, 
the k, k’ dependence of the matrix element will be more complex, 
requiring a dependence of U,(r,t) on k. Physically, such a situa- 
tion means that the additional potential energy experienced by the 
electron, in response to a given lattice deformation, depends on its 
location in k space, as well as on the local strain. 

16 Tt may here be remarked that in the standard treatments in 
which Ux is taken independent of k, the effect disappears. 

17Tt is perhaps of interest to quote an expression for Ux(r,¢) 
which was obtained in the course of these preliminary calculations. 
It reads 

Uk(r,t) = (k+-3q;| Vi| kR—4qie't*°!*+c.c. 

18 The validity of this procedure will here be assumed, in com- 
mon with other treatments based on the Boltzmann transport 
equation. In the case at hand there is present the added feature of 
localization (the distribution function, f(k), having also to be 
considered a function of position, specifiable to within a distance 
small compared to the ultrasonic wavelength). A discussion of the 
significance of this localization, in relation to the requirements of 
energy definition in transport theory, is given in Appendix III. 
The more general question of the validity of introducing any 
spatial variation into the Boltzmann equation for a degenerate 
Fermi gas lies outside the scope of the present paper. 
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general form of this term is 
(Of/Al) con 
=P (MWh ~K+(M4+ DW (Rh — be) 


a 

x f(k)L1— f(a) J 

—[Y Wy ® kok) + (M4DW (ko k)] 
<x f(A 1—f(k’)}}. (3.1) 


It will be noted from (2.36) and the Hermitian 
property of the matrix element contained therein, that 
W 4) (k— k’) satisfies the basic reversibility relation 

Wy (ko kh) =Wae (k’ ob), (3.2) 


so that (3.1) may be written as 


). 


=P (1) f(kK) 1 — f(—))— (4 4+- 2D f(A f(K))) 


os, 

XW. (k— k’) 

+L(Ny+1) f(k) 1 f(k))— Na f(k) A— f(e))] 
XW (k>k)}. (3.3) 


Corresponding to (3.1), one may write down an 
equation for (0/02) e011, Which reads 


al k,k’ 


ON, 
(—) = > f(W\L1— fk’) 
coll 


XC(M+1) Wo (k— k’) 
—N\Woa \™ (k =p k’) }. 


(3.4) 
With the use of (3.2), this equation takes the form 


(ON )/0t) eon= > { f(k)[1 — f(k’) ](N,+1)- f(k’) 
k,k’ 


XL1—f(K) IV Wo (k-k’). (3.5) 

The substitution of (2.36) into (3.1), (3.3), (3.4), and 
(3.5), in place of the conventional expressions for 
W 4) (k — k’) (in which k; and ex reduce to k and Fy, 
respectively), automatically incorporates the effects of 
the bilinear interaction into transport theory.!® 

In what follows, the phonon population, Vy, will be 
assumed, as a result of other unspecified interactions, to 
be in thermal equilibrium with a temperature reservoir, 


19 Tt should here be remarked that, since (2.36) has been estab- 
lished only to first order in the impressed amplitude, the above 
expressions for (0//0t)eo11 and (0N)/At)coi; are to be employed 
only for calculations involving first-order quantities, such as 
current density. By way of contrast, as will be seen in Sec. 4, the 
computation of energy transfer (a quantity quadratic in the im- 
pressed amplitude) requires a special supplementary investigation 
of second-order effects. 
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so that the Planck distribution 


1 


N\,=— 
exp(hw)/xT)—1 


(3.6) 


holds. With the insertion of (3.6) into (3.1) or (3.3), 
Eqs. (3.4) or (3.5) for (8@N)/0t)o11 become superfluous 
and will not be considered further.” 

The point has now been reached where the validity of 
the collision-drag hypothesis may be examined. The 
problem is to determine the distribution for which 
(0 f/At)eo11 is zero; this is, by definition, the distribution 
towards which the system relaxes. 

The solution of the problem may readily be inferred 
from the solution of the corresponding problem for the 
conventional collision integral, in which k and e, are 
replaced by k and Ex, respectively. In that case, it is 
simply the Fermi distribution 


1 


fo( Ex) =———_ 


; (3.7) 
1+exp[(Ex—£)/«T] 


The occurrence of Ey, in (3.7) is connected with the 
circumstance that in the standard case, it is this 
quantity which enters into the energy conservation law 
of electron-phonon collisions. In the case at hand, how- 
ever, it is not Ey, but rather ¢,=Ey—mv;:Vx which is 
involved in energy conservation. It then follows that the 
“relaxed” distribution function is 


fale.) =$—_—_—_—_—____. 
1+exp[(ex—£)/xT ] 

Equation (3.8) constitutes the generalized version of 
the collision-drag hypothesis—generalized in that it 
applies to an arbitrary wave-vector dependence of Fx. 
For the special case of free electrons, one has 


Ey =? /2m=4mv.2 
and 
€x= 3m/(vi2—2Vx-V;), 


which, to the first order in the impressed amplitude, 
may be written as 


€x= 3m (Va— Vi)”. (3.9) 
When (3.9) is inserted into (3.8), the resulting distribu- 
tion is seen to be a Fermi distribution uniformly dis- 
placed in velocity space by an amount v,, in accordance 
with Pippard’s! assumption. 
In the more general case of arbitrary k-dependence of 
Fy, one has, to the first order in the impressed amplitude, 
€,= Ex—mvi/h. (3.10) 
Substituting (3.10) into (3.8), one obtains a Fermi 


® Some interesting features arise when N) is not assumed a 
priori to be given by (3.6). Owing primarily to considerations of 
space, the treatment of this case will be deferred to a later report. 
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distribution, uniformly displaced in k space by an 
amount mv,/h. 

It is of interest to compute the average velocity 

(V) ay? = (1/nV)>- x Vi fo(€x) 

associated with (3.8). [Here, m is the electron density, 
and V the volume of the sample; the meaning of the 
superscript (1) on the left-hand side will become ap- 
parent shortly.] Noting that to the required (first- 
order) accuracy 


fo(ex) = fo(Ex)— (mv ,/h)- grad fo(Ex), 
and performing an integration by parts, one has 
successively 
(v) wv) = — >> x (mv ,/nVh) -[gradx fo(Ex) |vx 
=— (m/nVh)>- Vx divs fo(Ex)vi ] 


=v,-(m/mi.*)m, 


(3.11) 


(3.12) 
where 


m/my*= (m/h) gradyVx= (m/h*)(grady)*Ey (3.13) 


is the reciprocal mass tensor, expressed in units of the 
free-electron mass, and where the average is taken with 
the states weighted according to the unperturbed 
distribution, fo(Ex). 

Equation (3.12) would appear to signify that the 
mean electron velocity associated with the locally re- 
laxed distribution, fo(€x), is in general different from the 
local displacement velocity, v;. This interpretation is, 
however, incorrect, since it assumes tacitly that the 
expectation velocity vy for a state of crystal momentum 
k is unaffected by the impressed wave. Such an as- 
sumption would be valid if an electron were in a given 
“nk” state belonging to a single band. Actually, how- 
ever, virtual transitions to other bands will take place 
due to the presence of nonvanishing interband matrix 
elements, (n’, k-+-q,!| V;| nk), of the first-order electron- 
lattice interaction. Associated with these virtual transi- 
tions is an additional “induced” component of velocity, 
vx”, linearly proportional to the amplitude of the 
impressed ultrasonic wave. This component, or rather 
its average over the unperturbed distribution function, 
fo(Ex), is computed in Appendix I. The result is [see 
Eq. (131) ] 


(V) wy? =Vi— Vi (m/Mx*) a, (3.14) 


which when added to (3.12) gives v; The average 
velocity of an electron gas in local equilibrium with its 
lattice ‘“environment”’ is thus equal to the local displace- 
ment velocity. 

It should be remarked here that, from the standpoint 
of ultrasonic absorption, the (Vv) component is of 
principal significance, since it is associated with varia- 
tions in the distribution function. These variations are a 
necessary prerequisite for the occurrence of relaxation, 
which, in turn, constitutes the ultimate mechanism for 
the dissipative conversion of ultrasonic energy into 
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heat." The (v),,° component, on the other hand, ex- 
hibits an instantaneous” response to the impressed 
wave, unaffected by collisions, and is, hence, relaxation- 
less. It therefore cannot play any direct role in ultrasonic 


absorption. 
4. ENERGY TRANSFER IN COLLISIONS 


The problem of ultrasonic absorption in metals is 
essentially that of computing the energy transfer from 
the ultrasonic wave to the combined system of electrons 
and thermal phonons. A component of this transfer, 
(0E/At)eo11, results from electron-phonon collisions, as 
modified by the bilinear interaction; this component 
will be computed in the present section. In the course of 
the work, it will be shown that (2.36), though not a 
priori valid to second order in the impressed amplitude, 
is nevertheless applicable to this computation. 

It is most convenient to start by writing down ex- 
pressions for energy transfer in terms of the general 
Boltzmann collision integral. The energy density of the 
system of electrons and thermal phonons is 


E=V Six ExfetV™ Da hor, (4.1) 


so that 


dE Of 
(2) ren 
al coll al coll 


ON, 
+¥+¥ tes(—*) . @2 
N Ot 7 oll 


Inserting (3.1) and (3.4) into (4.1), and interchanging k 
and k’ in the double summation of the positive terms 
coming from (3.1), one has 


OE , 
(—) =V" YO { (Ey —Ex—hwy) 
Ot F con dk,’ 


XN Wa (k > k’) f(k)(1— f(k’) J 
+ (Ey: — Exyt+hw,)(Nx+1) 


XW (kk) f()L1— f(k’) J}. (4.3) 


An additional simplification is achieved by interchange 
of k and k’ in the double summation of one of the terms, 
say the second, followed by the use of (3.2) ; one thereby 
obtains 


OE 
(—) =V9 DY (Ey—E,—hon) Way (kok) 
coll 


at ,k,k’ 
X(N f()L1— fe’) J 
—(Na+1)f(k)[1— f(k) J}. (4.4) 


21See A. Akhieser, J. Phys. U.S.S.R. 1, 289 (1939), wherein 
dissipation is computed in terms of the rate of increase of entropy 
due to collisions. 

2 The actual time of response is of the order of h/(Enx—En’x), 
i.e., the reciprocal of an interband frequency; such time intervals 
are in effect zero. 
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In proceeding further, it will first be assumed that 
(2.36) is valid to all orders in the impressed amplitude. 
It then follows that, by virtue of the energy delta 
function occurring in (2.36), 


€x’ — €k=Nw , 
whereupon, with the use of (2.30), one has 
Eye — Ex — hwy = mv 5° (Vier — Vx). (4.5) 
Substituting (4.5) into (4.4), one has 


OE 
( ) =V > mvi- (Ve —v)Wiay™ (kk) 
Ot F colt d, kk’ 


X(N) f(T — fk) ] 
—(Ny+1) f(k’)L1— f(k) J}. 


An alternative, physically more suggestive form of 
(4.6) is arrived at as follows. One notes that the 
collision-induced time variation of the electron current 


density ; 
7 fits > Vil 


(4.6) 


is representable by an expression similar to (4.4), in 
which Ey is replaced by vy (and fw, by zero, since the 
phonon flux is not to be included in j). Thus 


Ox 
ie 
ot coll 


1S (vie — va) Vy (k > k’) 


dk, k’ 
X(V. f(L1— f(k’)] 


— (Ny +1) f(k)[1— f(k) J}. (4.7) 


Comparison of (4.6) and (4.7) then yields the simple 
relation 

(0E/0l) on= MV 5° (dj / AL) cot. (4.8) 

From the standpoint of the impressed wave, (4.8) 

represents an energy loss of the form F-v;, where F, the 

effective force per unit volume exerted on the lattice 
particles, is given by 


F= —m/(dj, Of) coll. (4.9) 
This expression will be recognized as the so-called 
Stuart-Tolman reaction force, evoked whenever the 
electron current changes by virtue of interaction with 
the host lattice. It should be noted, however, that, 
strictly speaking, the Stuart-Tolman effect has to do 
only with the ponderomotive force exerted over the 
whole body; (4.9) goes further in describing how this 
force is distributed over individual volume elements. 
The question of the applicability of (2.36) to the 
computation of energy transfer will now be considered. 
As pointed out in reference 20, the question arises be- 
cause of the circumstance that the previous sections 
have established (2.36) only to first order in the im- 
pressed amplitude, whereas the energy transfer, as 
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represented by (4.4), is essentially a quadratic effect. In 
other words, if one expands W 4) (k — k’) as a power 
series in the impressed amplitude, viz., 


Wey Mkok) =F ,W iy M(k- k’), (4.10) 


and carries out the comparable expansion for the right- 
hand side of (2.36), it is legitimate to identify coefficients 
only for n=0, 1, to wit 


W 4) 9) = wy ye M5 ( Eye — Ey Fhe )dx’ +Q), (4.11) 


Way 1) =Wk’' YT mv: (Va— Vx')6 (Eye — Ey Fhe) 
dk, k’+ an t+6( Ey — Ey Fhw) 


XK m(Vie— Vue) Ce Gradydk, k’+qy |. (4.12) 


These equations are not sufficient for the computation 
of (AF/At)oo11; the quadratic term, W (4, (k > k’), is 
also needed. 

However, it turns out, as will now be shown, that 
W (4) (k — k’) enters into (4.4) in such a way as to 
permit establishing a correspondence between its contri- 
bution and the energy-transfer calculation of Appendix 
II. From this correspondence it becomes possible to 
show that the use of (2.36) gives correct results, at least 
for the space-time average of (0E/0t) coir. 

One proceeds by substituting (4.10) into (4.4) and 
studying the nature of the individual contributions, 
(0E/dt)eou'™. Firstly, it is clear that only the n+0, 1, 2 
terms play a role (except in the case of large impressed 
amplitude, which is not of interest here). Next, upon 
considering (0//0t).o11 one notes that, by virtue of 
(4.11), the integrand contains the factor (Ey — Fx 
— hw )6 (Ey: — Ey—hw,) which is zero, so that 


(0E/ Al) con =0. (4.13) 


For the same reason, the second term of W.,)°' (k— k’), 
as given by the right-hand side of (4.12), makes no 
contribution to (0//0t).o1;°". The first term of (4.12), 
when substituted into (4.4), gives the factor 


(Ey Ey —hw )d' ( Ey- Ey,—tw)) 


= —§6(Ey, — FE, —he)). (4.14) 


Inserting (4.14) into the expression for (0F/0)cou", 


and comparing with (4.11), one obtains 


OE\ 
( ) =—VI D> mvi- (ve Ve Way? (kK k’) 
Ot F wo A, k,k’ 


KEV f() D1 — f(k) ] 


— (N,+1) f(k’)[1—f(k) J}. (4.15) 
It is at this point to be noted that (4.15) vanishes when 
f(k) is equal to the Fermi distribution, fo(/,)—that 


23 Since the k, k’ sums, into which (4.11) and (4.12) enter, are in 
practice always replaced by integrals, the Kronecker delta, 
5k’, k+q), is to be regarded as a three-dimensional delta function, 
and hence comparably differentiable. 


HOL 


STEIN 


distribution being essentially definable by the require- 
ment that 


Ny fo(Ex)[1— fo(Ex:) J 
= (N)y+ 1) fo( Ey) [1 san fo( Ex) ] 


for all k, k’, and \ for which W;,)° (k > k’)#0 (i.e., 
for Ey: = Ey the). 

Finally, in considering the integral for (@E/02) 11, 
one notes that, since W;,,%:?) (k — k’) is already quad- 
ratic in the impressed amplitude, it is appropriate to 
replace f(k) by its zeroth order approximation, fo(/x). 
Thus 


(4.16) 


> 


dEy\® 
(~) =VI SY (Ey — Ex—ho,)W i)? (k > k’) 
Ot F con h, kk’ 


X {Na fo(Ex[1— fo(Ev)] 


—(Ny+1) fo(Ex)[1— fo(Ex) J}. (4.17) 


The significant feature of (4.17) is that it is independent 
of the actual electron distribution, since it contains this 
distribution only in its zeroth order form. In fact, 
by virtue of the vanishing of (0/00). and of 
(OE/Ab cou for f(k)= fo(Ex) (as pointed out above), 
Eq. (4.17) represents the fofal (0F/0t)eo1. under the 
condition that f(k)=fo(#x), ie., that the electron 
distribution in k space be spatially uniform and constant 
in time. 

It may now be pointed out that the space-time 
average of such a transfer (toa spatially and temporarily 
uniform distribution of electrons) may independently be 
computed from the first-order bilinear interaction, 
(1.22), by conventional perturbation theory, as is done 
in Appendix II. The limitation on the use of this theory 
in the calculation of W.,)%(k— k’), given in Sec. 2, 
arises, as explained at the beginning of that section, 
from the requirements of space-time localization. For 
the special case represented by the space-time average 
of (4.17), however, such localization is not required ; 
hence, the results of Appendix II are applicable. In 
particular, the space-time average of (4.17) is correctly 
given by the nght-hand side of (II9), i.e., 


((0E AL) coir) ay 


=) > 5( Ey — Ey —hey) bx’, k+an{ mv i- (Vie — Vee) |? 
A, k,k’ 


X (1/KT) Ny fo( Ew [1 — fo(Ex) ]. (4.18) 

With this result, the question of the applicability of 
(2.36) to the computation of ((0F/0t) 011°”) May now 
be resolved by straightforward comparison of the right- 
hand side of (4.18) with what would be obtained by 
assuming the validity of (2.36) to the second order in the 
impressed amplitude, thereby obtaining an explicit ex- 
pression for W.4)°:?)(k— k’) analogous to (4.11) and 
(4.12), and inserting it into (4.17). However, one may 
alternatively obtain the expression for ((0E/02) co11)wv 
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which results from (2.36), simply by setting f(k) equal 
to fo(Ex) in (4.6) [since, as noted above, (0E/0f) cou 
= (0E/Al) eo =0 for f(k)= fo(Ex) |. Noting, then, 
that (a) the curly bracket of (4.6) vanishes for f(k) 
= fo(ex), (b) only terms thereof linear in the amplitude 
of the impressed wave are required, and (c) to the first 
order, 


fo( Ex) = folex)+mv;: V0 fo ‘OF, 
= fo(Ex)—mvi- Vi fo(Ex)[1— fo(Ex) |/xT, 


one readily obtains, upon substitution of the last 
equality into (4.6) and use of (4.16), 


OE\ ® 
(—) =V" > [Lmv;- (te — Ve) PW ™ (ko Kk’) 
ot d,k, k’ 
Ny fo( Ex) 1 — fo( Ex) J 
x, 


«T 


coll 


(4.19) 


Then, taking account of the fact that, since the factor 
[mv i+ (Vi —Vx) ? is already quadratic in the impressed 
amplitude, W.4)%(k— k’) may be replaced by its 
zeroth order approximation, W:,)° (kK — k’), as given 
by the right-hand side of (4.11), one immediately ob- 
serves that the space-time average of the resulting ex- 
pression for (0F/0)eo1:° is identical with the right- 
hand side of (4.18). The applicability of (2.36) for the 
computation of average energy transfer, and hence of 
ultrasonic absorption, is thus established. 

The above discussion is by no means intended to ex- 
clude the possibility that (2.36) may actually apply to 
the computation of instantaneous, local energy transfer. 
It appears in fact possible that the treatment of Secs. 1 
and 2 may straightforwardly—albeit tediously—be ex- 
tended to include second-order terms; the result of such 
an extension would quite likely constitute a second- 
order verification of (2.36). However, in view of the 
circumstance that, in practice, only the average energy 
transfer is required, such an extension will not be at- 
tempted here. 


APPENDIX I 


As pointed out in Sec. 3 [in the paragraph preceding 
Eq. (3.17) ], the existence of nonvanishing interband 
matrix elements, (n’, k+q; V,;| nk), of the first-order 
impressed electron-lattice interaction, gives rise to 
virtual interband transitions of the type nk > n’, k+q);. 
These transitions constitute, in effect, a modification of 
the basic Bloch states of the system, the modified states, 
Vnx' (r,t), being given by the standard expression 


Wn’, k+ai(n’, k+qi| Vi| nk) 


Vax’? (rl) ={Pul(n+ dO 
Exythwi- En’, k+q; 


Wn’, k—qi(n’, K—qy| V :*| nk) 
+2 


Enx—hwi— En’, «-a: 


Xexp(—tEyxt/h), (11) 
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where, in accordance with the text Eq. (1.3), 


V i(r)=> exp{ilqs- $—w.t }}u;-grad,V(r). (12) 
& 


Associated with this modification is an additional ‘“in- 
duced” component of electron current density; the 
computation of this induced component is the subject 
matter of the present appendix. 

Before any calculations are entered upon, it should be 
stated that the actual current density at each point of 
the crystal is not to be computed. Rather, one is 
interested in a spatial average over dimensions large 
compared to lattice distances but nevertheless small 
compared to the impressed wavelength. Such an average 
would constitute a “‘macrocurrent” which, at the same 
time, would be sufficiently local for application to semi- 
classical treatments of ultrasonic absorption. 

A convenient way of computing the macrocurrent 
density is to calculate the long-wavelength space- 
Fourier components of the microcurrent density. For 
example, the Fourier component of current density as- 
sociated with a given “‘modified” Bloch state is 


h 
Jnk(q) - fe ie . [Wnu’?* grad Wn’? 
: 21m 
—Wax grad Wnx'* |dV, 


where the volume integration goes over the whole 
crystal. It will immediately be noticed from (I1) that 
the only nonvanishing long-wavelength components are 
those for which q=+q,;. The macrocurrent density is 
then 


(13) 


1 
Jnx (1,0) = pednlades T+3nx(—que gee) (14) 


[jnk(q,) being a function of time via the time de- 
pendence of nx” (r,/) |. 
An alternative form of (I3) is 


ine a= fvau*V(a)on : dV, 


where v(q) is defined by the operator equation 


h 
v(q)=——[e~ ‘9! grad, +grad,e~‘4'* ], 
2im 


(16) 


[It will be noted that v(q) is not Hermitian, but is 
adjoint to v(—q). | 

The insertion of (11) into (15) yields, without further 
ado, 


Jnx(q:) 
(nk | v(q,)| 2’, K+.) (n’, k+-qi| Vi) nk) 
Eni En’, k taithw; 


(n’, k—gi| Vi*| nk)*(n’, kK—q:! v(q,) | nk) 
+> , (17) 


n'#n 


Enu— En’, k-qi—hw; 
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which, with the usual laws of matrix algebra (in par- 
ticular that V ;* and V; are mutually adjoint), becomes 
jnx(Qi) 
(nk| v(q,) |’, k+q.;)(n’, k+q,| V;| nk) 
ee es erenes ae 
(nk| V;| 2’, kK—q,) (n’, k—q| v(q,) |\nk) 


inet sadlinsabe (18) 
Exx- En’, k—q;—fw; 





n'#n 


The evaluation of (18), while not intrinsically diffi- 
cult, is quite tedious, and the results are not simple. 
Fortunately, however, what is required is not jnx(q:), 
itself, but rather 


J(qi)= Ls Jn (qi) fo(k), 


where fo(k) is the unperturbed Fermi distribution. [The 
replacement of fo(k) by the actual distribution function 
would yield corrections to (I9) which are of second (or 
higher) order in the impressed amplitude, and hence 
negligible. ] Now, since the states k and —k have the 
same energy, so that fo(k) and fo(—k) are equal, (19) 


(19) 


may be written as 
J(qi)=DLox Inu (qi) folk), (110) 
where 


J nx (Qi)=3Lj nu (Qi) +Jn,—1 (Qi) |. (111) 


The evaluation of J,x(q,) is relatively simple and will 
now be carried out. 

The procedure is to add to (I8) the corresponding 
expression for j n,—-« (qi). This expression, which is gotten 
simply by replacing k by —k in all terms of the right- 
hand side of (18), will not be written down explicitly ; 
the important step is to transform it into a form which 
is suitable for superposition with (18). One is able to 
achieve this transformation by use of the relationships 


Enx=En,-x, (112) 
Vnk=Vn, e”: (113) 
which hold by virtue of the so-called *time-reversal”’ 
symmetry of the system (in the absence of a magnetic 
field). From (113) and the adjoint properties of the 
operators V ; and v(q), it is easily shown that 
(n, —k! v(q,)|n’, —k+q,) 
= — (n, k| v*(q,)| n’, k—q,) 
= — (n, k| v(—q)|n’, k—q:) 
=— (n’, k—q;| v(q;) | nk), 
(n, —k| V,\n’, —k—q,)=(n, k| V;*|n’, k+q,)* 
= (n’, k+q,| V;/ nk), 


(114) 


(115) 
similarly, 
(n’, —k—q,| v(q.)|”, —k) 
seas (n, k v(qi)| n’, k+4q,), 
(n’, —k+q;| Vi|n, —k)=(n, k| V;|n’, k—q,). 


(116) 
(117) 
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Making use of these relations together with (112), one 
may transform the expression for jn,—x(q:) to read 
Jn,—« (Qi) 
(mk | v(q:) |’, k+-q:)(n’, k+-q;| V;| nk) 
Enx— En’, k+qi—Mw; 
(nk | V;| 2’, k— qi) (n’, kK—qi| v(q:) | nk) 
- > — — ———_————, (118 


n' én Exqy— En’, k-qithw; 





n'#n 





in which, apart from the signs in front of the fw,’s in the 
denominators, each term is seen to be equal and oppo- 
site to a corresponding term of (I8). Hence, upon in- 
serting (118) and (I8) into (I11), one finds that jn, x(q,) 
and jn,—x(q:) almost cancel each other, the residual 
expression being proportional to hw << E nx— En. 

In carrying out the evaluation of (111), one may 
legitimately use approximations of the type 


1 


E.- En’, ania “wa 
1 Iw ; 
cree 4. —, (119) 


é ‘ ee c4 = “9 
Exx- tn’, k+q; (Enu— En,x)? 


and let q; approach zero in the matrix elements. One 
then has 


(mk | v| 2’k) (n’, k| V;| nk) 


Jnx(qs) =hw, a 


n'xn 


(Exnx— Enx)* 


(nk | V ;| ’k) (n’k| v| nk) | 
oo scalidhilalpabainaaillant — =a eee 


tata | 


where 
v= lim v(q,) 
qi0 
is seen to be the ordinary velocity operator 
v= (h/im) grad, 
and where 
(n'k| V ;|wk)= lim (n’, k+q,! V;| nk) 
qi0 
= — (i/h)(n'| uy: px| mn) 


X (Enu— Ene twit (122) 


in accordance with the text, Eq. (1.18). Introducing 
(122) and the relation 
(n’k| v| nk) = (1/m) (n’| Py | 2) (123) 


into (120), one has 


(n| px|n’)(n"|ws- pr|) 


joe twit 
Jnx (qi) = ———_ 


m n'#n 


Enu— Ene 


(n|uspx| 2’) (n"| px| 7) 


Ean— En 


(124) 
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At this point, one may expediently use Eqs. (2.81.2), 
(2.81.3), and (2.81.8) of reference 12 (pp. 46 and 47); in 
the notation of this paper, these equations are equiva- 
lent to 
1 (n| Puz|n’)(n"| Puy|m)+(m| Pry|m’)(m"| Piz|m) 


n'#n Enx— En 


m OE«n 


hh? ak,dky 


m OVky 


= - 
h Ok, 
M OVEz 

=— ———J ry. 


h Oky 


(125) 
Inserting (125) into (124), one has 


m 
Jnx(qi)= in| grad, (u;: vue ames 
i 


O([m 
| = grad (us-¥s)— ua fe . (126) 
atti h 
Turning, now, to the quantity J,x(—q,), one readily 


establishes from (16) that 


Jax(— q:)= Jnx*(qi) 


ot[m ' 
--| — grady(utvs)—us* [ere (127) 
/ 


atin 


Then, substituting (126) and (127) into the relation 
1 
Juul sf)=T Inu (aders*+Jax(— aie ‘git | (128) 
(which is the analog of I4), one has 


1[m 
Ju= --|" gradx (Vi: Vx) — | 
VLA 


1 m 
=—| vs ve grada 
V h 


0 
V=—L[u ete oid Fea reid | (130) 
al 


is the impressed lattice-displacement velocity [given 
equivalently by the text Eq. (2.18) ]. The corresponding 
local expectation value of velocity is gotten by dividing 
(129) by the electron density (which is V~! per occupied 
Bloch state), and is 


Vai = vi— (m/h)v;- gradxVx, (131) 
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which, when substituted into the equation 


(¥)in= >. Vax‘! fo(k), (132) 
nk 


gives the induced component of average velocity, 
utilized in the text Eq. (3.25). 


APPENDIX II 


In this Appendix, the transitions associated with the 
bilinear interaction will be computed by conventional 
perturbation theory. From (1.22) [and the generaliza- 
tions obtained by changing the signs of either of the 
pairs (qi,w,) or (q,,w,) ], the transitions in question are 
of the type 


k—k+q-tq,, (111) 


in which the + sign refers to the absorption or emission 
of either kind of phonon—thermal or impressed. In the 
light of the discussion at the beginning of Sec. 2, such 
transitions are to be regarded as taking place anywhere 
in the volume of the sample—in particular in a region 
whose linear dimensions are large compared to an im- 
pressed wavelength; their time duration (infinite, in 
principle) is to be regarded as large compared, e.g., to 
1/w;. It then follows that the transition probabilities for 
(111) will contain the impressed amplitude as space- 
time averages, rather than as local, instantaneous 
quantities (such as characterize the collision-drag effect). 
In particular, interference between the bilinear and 
ordinary electron-lattice interactions can no longer 
occur, since, starting from the same initial state, k, the 
two interactions send electrons to different final states— 
k+q and k+q+q,; the two types of transitions thus 
constitute independent processes, and are to be com- 
puted separately. 

With these preliminaries out of the way, one may now 
write down the first-order perturbation expressions for 
the probabilities of transitions (II1). Using the notation 
of Sec. 2 [see (2.27) ], one has from (1.22) 


Puy (k > k’) 


r9 


a | (k’| uy-gradgeoV (r)|k)|?| muy: (ve— ve) | 
h'T 
KO(Ey — Ey Fhoy¥F hw ;)bx’, k+q,+4i, 


or, on going from 2(x) to the energy delta function via 


(2.24), 
Piya (k— k’) 


2nN? 
=——| (k’| uy -grad,oV (r)|k)|?| muy: (ve— vu) |? 
h® 
KO (Eye — Ey F hwy hw ;)bk’, k+qn4 qi- (112) 
In (112) the superscript (+) represents the absorption 
or emission of an impressed phonon, the subscript (+) 
the same for a thermal phonon (of the Ath mode). 
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For the utilization of (II2) in transport theory—in 
particular, in the computation of mean energy transfer 
via an expression of the type of (4.4)—it is convenient to 
express the V, dependence of (II2) explicitly (while at 
the same time treating the impressed displacement 
amplitude as a classical field). Thus [see (2.35) and 
(2.36) ] 


Ny 
P20‘ (kK) =| 


| Ww H(k— k’), (113) 
N,+1 


where 
Wow ?(k- k) 


= Wey |mu;* (Ve— Vi’) ly 


K6( Ey — Ey Fh hw ;)bx’, k+qnx+4ai, 114) 
wee’ being given by (2.37). 

A further feature of significance in the application to 
transport theory is that, in writing down the reversi- 
bility relation—the analog of (3.2)—one must reverse 
the impressed-phonon process, as well as that of the 
thermal phonon; thus 


W ww w'P(k— k)=We d) F (k’ > k). (II5) 
It is then readily shown [by appropriate generalization 
of (4.3), use of (II5), and replacement of f(k) by 
fo( Ex) ] that the analog of (4.4) is 


aa. 


=V2 YY (Ev—Ex—hen) Way (kk) 


A, kk’ 


+ 


x tA rfo(Ex)[1— fo(Ex:) ] 
—(Ny+1) fo(Ex) [1 — fo( Ex) ]} 
=V' > D hw Wow (k— k’) 


A, kk’ 


X {Ny fol E,)[1 — fol Ey) ] 


—(Ny+1) fo(Ex)[1— fo(Ex) ]}, (116) 
where JV, is given by Planck’s distribution, and where 
the notation }°:,) indicates summation with respect to 
the two processes of absorption and emission of an 
impressed phonon. The last equality of (116) is based on 
conservation of energy, as expressed by the delta func- 
tion in Wiwa™ (k — k’). 

One may now take advantage of the smallness of hw; 
and g; to develop (I16) as a power series in these 
parameters. This is done most conveniently by expand- 
ing 6( Ey: — Ey—twyF hw ;) and bk’, k+q,x+4; in powers of 
fw, and q; [with the understanding that the Kronecker 
delta is to be treated as a three-dimensional delta 
function, in the same way as done previously in con- 
nection with (4.11) ]. It is then seen that if this ex- 
pansion is limited to terms linear in fw; or qi, only the 
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term in fw ;, containing the derivative, 6’( Ey» — Ex—fwy), 
of the energy delta function, contributes; since all other 
terms contain 6(Ey-—E,y—%w,), and since the curly- 
bracket factor of (116) vanishes for Ey:-= Ey +%w , the 
energy dependence of such terms is of the form x6(x) =0. 
One is thus left with 


((~) ) 
ot coll” Av 


=—=— 2 > hw 75! (Eye — Ey —hwy)dx’, k +qnW ice 
,k,k’ 


xX [Lmu,;: (V_- Vx’) NVP{N fo( Ex [1 — fo(Ex’) ] 
~ (Ny+1) fo(Ew)[1— fo(Ex)]} 


=—=— > 6 (Ee — Ex —toy) 5k’, e+ qn, ee ™ 


— fo(Ex)[1— fo(Ex)]}, (117) 
where Vy’ is the derivative of V, with respect to fiw . In 
obtaining the last equality of (II7), use was made of 
(4.14) and (2.18); from the latter relation one has 


(0527) w= 2w"U 2” (118) 
(the subscript x denoting an arbitrary Cartesian com- 
ponent) which is used to replace u; by vj. 

Utilizing the fact that 


Ny’ =— (1/KT)N)(Ny+1), 
and that 


Ny fol E,){1 — fol Ey) } = (Ny+1) fo( Ay) [1 _ fol Ex) ], 


when the argument of the delta function vanishes (1.e., 
when Ey: = Ex+%w,), one may rewrite (II7) 


((~) ) 
Ot F coi’ av 


= 6 (Exe — Ex —tiwy) bk’, k+ nw. . 
A, k,k’ 


X (Lv i: (Vie — Veer) ]?) av 


X{(1/kT)Ny fo(Ex)[1— fo(Ew) J}. (119) 
Equation (II9) plays an important role in the dis- 
cussion of energy transfer, given in Sec. 4 of this paper. 
For this reason, it is desirable to extend its domain of 
applicability beyond that indicated by the above deri- 
vation. In particular, it is of interest to investigate its 
validity in the region of /,/A;<<1, for which the transi- 
tion-probability expressions (II4) no longer hold. 

The method to be used here is a simplified version of 
the wave-packet approach employed in Sec. 2 of the 
text. The simplification consists in that no spatial 
localization is required; hence, the basic electronic 
states may be taken to be plane waves, as in the con- 
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ventional treatment given above. However, in order to 
avoid the multiple-scattering problem, the artifice of 
limiting the interaction time to an interval, 7., small 
compared to the mean time between collisions, will be 
employed (as in Sec. 2). The result of such a limitation 
is that (II4) will be modified by the replacement 


6( Ey — EyFhayFhw;) 
1 
———20( Ey — Ey FhoyFhw;), 
2rhT . 
4 sin?(xT./2h) 


x?/h? 


(1110) 


where 


(1111) 


d(x) 


[see (2.23) and (2.24) ]. 

Despite this modification, it is seen that (II5) and, 
hence, the first equality of (116) are still valid. Further- 
more, if (04/06) oi; is defined as the net loss of ultrasonic 
energy (rather than as the gain in electron-phonon 
energy), so that the ultrasonic quantum energy, +2w), 
occurs ab initio in place of (Ey:— Ex-+hw), the second 
equality of (116) becomes superfluous. 

At this point it is desirable to take advantage of the 
invariance of W(4)~)'* (k > k’), Ex, fw, and Ny with 
respect to changing the signs of the wave vectors k, k’, 
qa, and q;. [ This invariance is obvious for Ey, #w,, and 
Nj, and can be verified for the collision operator in oto 
by inspection of (II4).] The first step is to reverse the 
signs of k, k’, and qa, in (II6); this reversal is not a 
symmetry operation but a simple rearrangement of the 
terms of the summation over k, k’, and X. Next, one re- 
verses the signs of all the wave vectors, invoking thereby 
the above-stated invariance properties. The net result is 
an expression of the same form as (II6), the only change 
being the sign reversal of q; in the Kronecker-delta 
factor of the collision operator. Upon adding this ex- 
pression to the right-hand side of (I16) and dividing by 
2, one obtains 


((0E/ AL) cot) av 
=> > (tho)Waa 


,k,k’ (+) 


ym (k — k’) 


X(N fo( x) [1 — fo(Ex)] 
—(N\+1) fo(Ex)[1— fo(Ex)]}, (1112) 


where 


( t),sym(k —> k’) 


W (,a 


Q2( Ey EF thwFhw;) 
! 9 
=Were™ | muy: (Ve— Ver) |” ** 
2rhT 


Xd [6e’, k+qntai tn’, k+qazai |. (1113) 
From the form of (II13), in particular its symmetry 
with respect to the sign of qj, it is clear that the super- 
script “(+),” which was originally introduced to denote 
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simultaneous change of sign of q; and w;, may now be 
taken to refer to the change of sign of w,, alone. 

One now expands the energy-resonance function in 
powers of fw ;, viz., 


Q2( Ey Ey —hw)F hw) 
=0(Ey-— Ey —hw) ¥ hw ( Ey Ey—hw ). (1114) 


Upon substituting (1114) into (1113), one notes that the 
contribution of the first term of the right-hand side of 
(1114) vanishes, leaving 


(( —) 
dt me 


1 


= DY (—hw) weir ™ | mu; (Ve— Veer) 
2ahT , ».k,k! (+4) 


XQ" Ey — Ey —tw))dx’, k+ at Vy fo( Ex) [1 — fo(Ex-) ] 
—(Ny+1) fo(Ew)[1— fo(Ex) J}; (1115) 


where q; has been set equal to zero in the Kronecker 
deltas (since it is now obviously a small correction). 

At this point, one takes cognizance of the fact that the 
square bracket of (II15) is of the form (Fy-—F, 
—tu) Fy (k’,k), where Fy) (k’,k) is “slowly varying,” 
i.e., its variation is small over energy intervals KxT. 
Then, if the collision time interval, 7., determining the 
energy breadth, #/T., of Q(x) be chosen so that 


h/T <xT, (1116) 
Fy) (k’,k) may be considered constant, and hence equal 
to the derivative, with respect to ftw, of the curly- 
bracket factor of (I115) (evaluated at Aw,= Ey: — Ex). 
(As far as the other “‘nonresonant”’ factors of (II15) are 
concerned, namely wyy- and | mu;:(Vk—Vy-)|?, these 
may certainly be considered as constant over the energy 
interval 7/7.) One is thus left with the factor 


(Ey Exh) (Ey Ey—hw ), 


which, through an integration by parts, may be shown 
to be equivalent to —Q(Ey:— Ey—hw,). One thus ob- 
tains for ((0/0t) e011) an expression of the same form 
as (II7), except for the replacement indicated by (IT10). 
Then, in view of the slow variation of Vy’ and the curly 
bracket of (II7) in comparison to 2(*), one may finally 
dispense with (II10) altogether [i.e., consider Q(x) 
equivalent to 6(x) ], so that (II7) and (119) are valid for 
1./X;<K1, as was to be demonstrated. 


APPENDIX III 


In this appendix, the restrictions on the wave-vector 
spread, Ak, of the electron wave packets, introduced in 
Sec. 2, will be discussed. For the wave-vector conserva- 
tion rule (2.1) to be valid, it is required that 


AkKqa, (1111) 
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gn being of the order of x7/hc, (where c, is the velocity of 
sound and «x Boltzmann’s constant). Since Ak has also to 
be large compared to qj, it is necessary that 


giKqn~xT/he,. (IIT2) 


This requirement is easily satisfied, even at tempera- 
tures as low as 1°K. 

A more severe requirement is imposed by the energy 
conservation law (2.2). For this relation to be applicable, 
it is necessary that 


vp ARKhw,~ ss; ( ITI3) 


where v is the average velocity at the Fermi surface. 
This inequality, together with Ak>>gq;, leads to 


qiKxT/hir9. (1114) 


In discussing the significance of this limit, it will be 
convenient to consider two cases: 

Case I.—The electron mean free path, /,, is small 
compared to the impressed wavelength. In this case, 
(III4) is less restrictive than the corresponding con- 
dition 


1 Te— Vo L<«xT/h, (II15) 


which is required for the applicability of the standard 
first-order electron-lattice theory to transport phe- 
nomena at low temperatures.* According to reference 
24, this condition is generally fulfilled at low tempera- 
tures (i.e., low compared to the Debye temperature), so 
that (III4) also holds. 

In the case of impurity scattering (which, although 
not treated in this paper, is of interest to include in the 
present discussion), the situation is different in that the 
collisions are elastic; arguments based on that fact are 
given in the cited material of reference 24 for replacing 
(IIIS) by the much less restrictive condition 


1/7 <«i/h, (1116) 


where ¢ is the Fermi energy. (III6) is equivalent to the 
statement that the uncertainty of wave packets is to be 
small compared to ¢, rather than to x7; in that event, 
a similar modification should hold for (III4), i.e., 
g<Kf/hvo, which is always satisfied. 


% See reference 14, p. 124, Eq. (6.41), and pp. 139-142. 
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Case II.—The electron mean free path is large com- 
pared to the ultrasonic wavelength (/,>1/q;). In this 
case, it is first of interest to estimate the limitation on 
ultrasonic frequency, imposed by (III4). The latter is 
equivalent to 

5K max, (III7) 
where 


Vmax > (c,/Vo)kT /2xh. (1118) 


In a typical case (c,/vo~ 10, T=4°K), one estimates 


Vinax~ 80 megacycles/sec. 


This frequency, though numerically higher, is of the 
order of magnitude of those attained in the most recent 
experimental work.”®.*6 

It should, however, be realized that, from the stand- 
point of the general theoretical interpretation of ultra- 
sonic absorption experiments, the above-indicated limi- 
tation on the applicability of the present treatment is 
actually not very serious. The reason is as follows. It has 
been shown, e.g., by Pippard' and by Akhieser et al.,?7 
that, throughout the domain of mean free path large 
compared to ultrasonic wavelength, absorption results 
mainly from the interaction of electrons with the first- 
order impressed deformation field (as given by its 
intraband matrix elements, (wk’|V;|nk). In such a 
situation one may, to a good approximation, compute 
the absorption by ignoring collisions entirely**; the 
effects treated in the present paper would then consti- 
tute a small higher-order correction to such a computa- 
tion. The domain in which collisions become of para- 
mount importance is that of mean free path small 
compared to ultrasonic wavelength; for this case, as 
shown above, the treatment of Sec. 2 does apply. 


25 W. P. Mason and H. E. Bommel, J. Acoust. Soc. Am. 28, 930 
(1956). 

26 R. W. Morse and H. V. Bohm, Phys. Rev. 108, 1094 (1957). 

27 Akhieser, Kaganov, and Liubarskii, J. Exptl. Theoret. Phys. 
U.S.S.R. 32, 837 (1957) [translation: Soviet Phys. JETP 5, 685 
(1957) }. 

28 See C. Kittel, Acta Met. 3, 295 (1955), who, for the case of 
1.>>1/q:, computes the probabilities of transitions k — k+4q; re- 
sulting from the action of the first-order deformation field, without 
regard for collisions of electrons with thermal phonons or im 
purities. 
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Neutron diffraction experiments have been performed on anhydrous FeBre, CoBr2, FeCls, and CoCl: at 
temperatures from 295°K to 4.2°K to investigate the existence of magnetic ordering in these hexagonal 
layer-type structures. All four compounds have an antiferromagnetic transition at low temperatures to 
structures in which the atomic magnetic moments within a metal layer form ferromagnetic sheets and the 
moments in adjacent layers are antiparallel. In the iron compounds the moments are oriented parallel to the 
hexagonal ¢ axis and in the cobalt compounds the moment orientation is perpendicular to that axis. Values of 
the atomic magnetic moments are close to those expected for the divalent metallic ions if the orbital contribution 
is quenched. Small-angle scattering experiments on FeCl: and CoCl, have shown that the ferromagnetic cou 
pling between moments within a layer is much stronger than the antiferromagnetic coupling between atoms 
in adjacent layers, and single-crystal investigations on these two compounds have determined the method 
by which large net magnetization values are obtained at temperatures below 7'y in moderate magnetic fields. 


INTRODUCTION 


HE anhydrous dibromides and dichlorides of iron 

and cobalt are hexagonal layer-type structures 
which consist of layers of metal atoms separated by 
two layers of halide atoms. The specific crystal struc- 
tures of the bromides are slightly different from those 
of the chlorides because there is a different stacking 
sequence of the MX, groups. Neutron diffraction in- 
vestigations of the magnetic ordering in these four 
compounds were undertaken to determine the magnetic 
interactions which are important in layer-type struc- 
tures. Since the chlorides have been the subject of nu- 
merous magnetic investigations that have led to con- 
flicting opinions concerning their possible magnetic 
structures, many of the neutron diffraction measure- 
ments were directed toward a detailed understanding 
of the magnetic properties of these two compounds. 
The unusual magnetic properties of FeCl. and CoCles 
were first observed about forty years ago! and prompted 
many experiments.?~* More recent measurements by 
Starr, Bitter, and Kaufmann’ have confirmed all these 
early investigations and elaborated on them. The mag- 
netic susceptibilities of both compounds obey the Curie- 
Weiss law, x=C/(T—6), from room temperature to 
about 75°K, and extrapolations of these results give 
positive values of the paramagnetic Curie temperature, 
6. According to the Weiss theory, a positive value of 6 


corresponds to a positive molecular field and suggests 


the occurrence of a ferromagnetic transition. On the 
other hand, susceptibility measurements at lower tem- 
peratures exhibit maxima which occur at the same 
temperatures that A-type anomalies are observed in 
1B. Cabrera, J. chim. phys. 16, 442 (1918). 

2H. R. Woltzer, Leiden Comm. 173b (1925). 

3H. R. Woltzer and H. Kamerlingh Onnes, Leiden Comm. 173¢ 
(1925). 

4H. R. Woltzer and E. C. Wiersma, Leiden Comm. 201a (1929). 

5 W. J. de Haas and B. H. Schultz, Leiden Comm. 256d (1939). 

6 de Haas, Schultz, and Koolhaas, Leiden Comm. 259a (1940). 

7 Starr, Bitter, and Kaufmann, Phys, Rev. 58, 977 (1940). 


the specific heat measurements,* thereby suggesting 
antiferromagnetic transitions. Values of the specific heat 
peaks, magnetic susceptibility maxima, and paramag- 
netic Curie temperatures are given in Table I together 
with magnetic susceptibility maxima observed in recent 
experiments" on the bromides. Susceptibility meas- 
urements on FeCl, and CoCl, in an external magnetic 
field at temperatures below the anomalies also do not 
have the characteristics usually associated with either 
antiferromagnetism or ferromagnetism. A large fraction 
of the expected saturation magnetization can be pro- 
duced by magnetic fields that are much smaller than 
those usually associated with the exchange coupling in 
an antiferromagnetic structure which has a transition 
temperature of 25°K. Furthermore, the spontaneous 
magnetization exhibited by a ferromagnet is absent, 
and no big hysteresis effects are observed when the 
applied field is varied. In fact, the gross magnetic prop- 
erties of these compounds were considered so unusual 
that Becquerel and van den Handel” suggested that 
they be considered as a special class of magnetic ma- 
terials called ‘“Metamagnetics.” Because of these un- 
usual properties, there has been considerable specula- 


TABLE I. Values of paramagnetic Curie temperatures, and loca- 
tions of magnetic susceptibility maxima and specific heat peaks. 


Temperature Temperature 
for maximum x for sp. ht. peak 
Compound (°K) (°K) 


FeCl. 24 
CoCl, 25 
FeBre 11 
Cx Bre 19 


23.5 
24.9 


8 Q. Trapeznikowa and L. Schubnikow, Physik Z. Sowjetunion 7, 
66 (1935). 

9 Trapeznikowa, Schubnikow, and Miljutin, Physik Z. Sowjet 
union 9, 237 (1936). 

10 Bizette, Terrier, and Tsai, Compt. rend. 245, 507 (1957). 

1 Bizette, Terrier, and Tsai, Compt. rend. 246, 251 (1958). 

2 J. Becquerel and J. van den Handel, J. phys. radium 10, 10 
(1939), 
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TABLE II. Lattice constants of the hexagonal chemical unit cells. 


Molecules/unit 
c (A) cell 


FeCl, 0. 3 
CoCle 17.359 3 
FeBre 6.223 1 
CoBre 6.169 1 


Compound 


tion on the type of magnetic ordering at low tempera- 
tures and even on the existence of three-dimensional 
magnetic lattices. One of the earliest proposals was by 
Landau" who suggested that the temperature variation 
of the susceptibility of these compounds could be 
explained by a magnetic structure in which the atomic 
magnetic moments within a layer are aligned parallel 
and the moment directions in adjacent layers are anti- 
parallel. Schultz" extended the application of this model 
to the low-temperature susceptibility measurements in 
an external field and showed that the experimental 
results can be explained qualitatively by a molecular- 
field model with a ferromagnetic interaction between 
ions within a plane and an antiferromagnetic interaction 
between ions in adjacent planes. However, Starr'® has 
proposed a theory based on the ordering of small groups 
of moments, and more recently, Leech and Manuel!®"’ 
have attempted to explain the results by ferromagnetic 
order of the moments in the metal layers but no cou- 
pling between layers. Néel!* did not limit his considera- 
tions to a specific magnetic structure, but he used the 
molecular field treatment to show that the experimen- 
tal results are consistent with a two-sublattice anti- 
ferromagnetic model which has certain restrictions on 
the anisotropy energy and exchange energy. 

The neutron diffraction investigations’:”’ were first 
made with powdered specimens of the compounds and 
the general characteristics of the antiferromagnetic 
structures were determined from these measurements. 
Single-crystal experiments were then performed on 
FeCle and CoCl. to obtain additional details of the 
structures and to determine the method by which the 
atomic moments could be aligned parallel in relatively 
small magnetic fields. 


EXPERIMENTAL TECHNIQUES 
Sample Preparation 


Anhydrous FeBrz and CoBrz have the hexagonal 
structure characteristic of CdI, with one molecule per 


18 [,. Landau, Physik Z. Sowjetunion 4, 675 (1933). 

4B. H. Schultz, Physica 7, 413 (1940). 

18 C, Starr, Phys. Rev. 58, 984 (1940). 

16 J. W. Leech and A. J. Manuel, Proc. Phys. Soc. (London) 
B69, 210 (1956). 

17 J. W. Leech and A. J. Manuel, Proc. Phys. Soc. (London) 
B69, 220 (1956). 

18 L. Néel, Report to 10th Solway Congress, September (1954). 

1M. K. Wilkinson and J. W. Cable, Bull. Am. Phys. Soc. 
Ser. IT, 1, 190 (1956). 

2” W.C. Koehler and E. O. Wollan, Bull. Am. Phys. Soc. Ser. II, 
1, 190 (1956). 
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unit cell. The metal atom is located at (0,0,0), while 
the coordinates of the two bromine atoms are + (},3,u) 
with u equal to 0.25+0.01. Anhydrous FeCl: and CoCl. 
are isomorphous with CdCl, and are rhombohedral 
structures with one molecule per unit cell, but in the 
present investigation it has been convenient to consider 
the larger hexagonal cell which contains three mole- 
cules. In this hexagonal cell, the metal atoms are located 
at (0,0,0) and + (3,3,3), and the six chlorine atoms have 
coordinates of (0,0, +), (4,3, 7), and (3,3, 4+w), 
where « has been previously determined to be 0.25 
+0.01. Lattice constants for the hexagonal unit cells 
were obtained from x-ray measurements,” and these 
values are listed in Table IT. 

In layer structures of these types, the metal atoms 
are bonded tightly to the halide atoms in the planes on 
either side, but there are relatively weak forces which 
bond adjacent planes of halide atoms. Because of this 
weak bonding, stacking faults are easily produced in 
the structures, and the preparation of these compounds 
must be performed with extreme care in order to obtain 
crystallographically pure samples. Many methods of 
preparation were attempted, and most of the samples 
showed extra reflections which were apparently due to 
stacking faults in the structures. The best samples were 
prepared by sublimation of the anhydrous compounds 
which were obtained by dehydration of the hydrates. 
However, the method of sublimation was also found to 
be very important. The best bromide samples were 
prepared by sublimation in vacuum, but it was neces- 
sary to prepare the chlorides by sublimation in HCl. 
Large quantities of the compounds were sublimed so 
that there would be sufficient 100-mesh power without 
the necessity of grinding the large particles. 

Single crystals of CoCl, and FeCl: were obtained by 
the Bridgman technique with the sublimed material 
sealed under vacuum in a quartz container lined with 
Aquadag. Large crystals were grown by this method, 
and smaller specimens were then cut from the boule. 
Similar attempts to obtain single crystals of CoBre and 
FeBr. were unsuccessful in producing sufficiently large 
specimens that were not twinned. 


EXPERIMENTAL PROCEDURE 


In the experiments with powdered specimens, it was 
necessary to examine the scattering characteristics of 
these compounds at temperatures from room tempera- 
ture to 4.2°K. These measurements were made with the 
samples enclosed in a double-jacketed vacuum cryostat 
at pressures below 10-* mm Hg. The samples were 
contained in thin-walled aluminum cells and sealed in a 
helium atmosphere. These cells were suspended below 
the coolant container of the cryostat and a small heater 
was inserted so that the sample temperature could be 
raised with respect to that of the coolant. Tempera- 
tures were measured with a calibrated copper-constan- 


21H. Yakel and R. M. Steele (private communication). 
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tan thermocouple. In the magnetic structure deter- 
minations the samples were placed in cylindrical cells 
and the collimation of the scattered beam was effected 
by a Soller slit in front of the detector. In the small- 
angle scattering experiments, the samples were enclosed 
in flat cells and both incident and reflected beams were 
very well collimated to allow investigations into the 
small-angle region. 

The single-crystal measurements were made on a 
neutron spectrometer equipped with a cryostat and 
magnet, and the specimens were mounted on the low- 
temperature single-crystal goniometer in the same 
manner which has been described previously.” The 
crystals were flat cylinders with the axes of the cylin- 
ders parallel to the hexagonal c axis of the crystals, and 
specimens of different size were used to determine the 
effects of extinction. While the volume of the samples 
varied by about a factor of ten, the average specimen 
was about } in. in diameter and ;/¢ in. in thickness. 
Measurements were made at room temperature and 
4.2°K, and to ensure temperature equilibrium at 4.2°K, 
the samples were immersed within the liquid helium. 
The position of the magnet pole pieces limited observa- 
tions to reflections which occurred at relatively small 
values of the scattering angle, and the geometry of the 
apparatus limited the magnetic field to a direction 
closely parallel to the scattering vector of the scattering 
planes under observation. 


® Wollan, Koehler, and Wilkinson, Phys. Rev. 110, 638 (1958). 
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EXPERIMENTAL RESULTS 
Results from Powdered Samples 


Determinations of the Magnetic Structures 


The diffraction patterns from all four compounds at 
4.2°K showed additional reflections which were caused 
by the development of an antiferromagnetic lattice. 
Since many of the magnetic reflections were nearly 
superimposed on nuclear reflections, their angular po- 
sitions and intensities were obtained from difference 
patterns representing a point-by-point subtraction of 
data taken above and below the transition tempera- 
ture. Results for FeCl. and CoCl. are shown in Fig. 1, 
where the difference patterns were obtained from results 
at 4.2°K and 43°K. The reflections in these patterns 
are representative of the ordered magnetic lattices at 
4.2°K, and the negative backgrounds represent the 
diffuse paramagnetic scattering at 43°K. The choice of 
these two temperatures essentially eliminated effects 
from temperature-dependent nuclear scattering, but the 
patterns at 43° showed the presence of some short-range 
order of the magnetic moments. The decrease in back- 
ground at low angles in the difference pattern for FeCl, 
was caused by this magnetic-short-range order. 

The indices for the antiferromagnetic reflections in 
Fig. 1 are based on an hexagonal magnetic unit cell in 
which the c axis is twice the c axis of the hexagonal 
chemical unit cell and the @ axis is identical to that of 
the chemical cell. This magnetic cell, therefore, 
sents an antiferromagnetic structure in which the atomic 


repre- 
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moments are aligned parallel within each hexagonal 
layer, and the moments of adjacent layers are aligned 
antiparallel. This is exactly the structure suggested for 
these compounds in 1933 by Landau. The absence of 
magnetic (OO/) reflections from FeCl, restricts the 
moment orientation in this compound to a direction 
parallel to the c axis, and the relative magnetic in- 
tensities from CoCl, suggest a moment orientation 
closely parallel to the layers of moments. Although the 
diffraction patterns were taken with Soller slits limiting 
the horizontal divergence of the scattered radiation, 
there was considerable vertical divergence, and the 
asymmetry of the magnetic (003) reflection from CoC]. 
is probably the result of this divergence. 

Similar diffraction patterns were obtained from pow- 
dered FeBre and CoBre, and identical conclusions were 
obtained. The magnetic structures consist of ferromag- 
netic sheets of moments within the metal layers, and 
adjacent sheets have the magnetic moments directed 
antiparallel. In FeBr2 the moments are oriented parallel 
to the hexagonal c axis, while in CoBr2 they are nearly 
perpendicular to that axis. 

The relative saturation of the ordered magnetic lat- 
tices at 4.2°K and values for the transition tempera- 
tures were obtained from measurements of the tem- 
perature dependence of the magnetic reflections. Figure 
2 shows this variation for the (003) magnetic reflection 
from CoCl, as the sample was warmed slowly from 
4.2°K. The magnetic intensity follows a Brillouin-type 
curve to background and indicates a Néel temperature 
of 25°K in excellent agreement with the anomalies ob- 
served in measurements of the specific heat and mag- 
netic susceptibility. Similar measurements were made 
on magnetic reflections from the other compounds, and 
the transition temperatures were found to agree satis- 
factorily with the specific heat and magnetic suscepti- 
bility data listed in Table I. 
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The diffracted intensity in a Bragg reflection is pro- 
portional to the differential scattering cross section. 
For incident unpolarized neutrons on an ordered mag- 
netic lattice in which the atomic moments are aligned 
along only one axis, this cross section is given by* 


P=P+ Ep, (1) 


in which 6 and p are the nuclear and magnetic scattering 
amplitudes and 
g=1—(e-x)’, (2) 


where e is the unit scattering vector and x is a unit 
vector parallel to the atomic magnetic moment. The 
magnetic scattering amplitude is equal to 


p= (ey/2mc)uf, (3) 


where y is the neutron magnetic moment, yu is the 
projection of the atomic magnetic moment on its axis 
of quantization, and f is the form factor representative 
of the magnetic electrons. 

Powder patterns for all four compounds were anal- 
yzed in terms of the ferromagnetic sheet structures 
which have been described. Temperature corrections 
were applied using the Debye theory of independent 
oscillators, and intensities were adjusted to include the 
lack of saturation of the magnetic lattices at 4.2°K. 
The plate-like structure of the small particles caused 
considerable preferred orientation in the powdered 
samples. This preferred orientation together with the 
small number of observed magnetic reflections made it 
impossible to determine the proper Fett and Cott 
magnetic form factors or the exact orientation of the 
moments in the cobalt compounds. The experimentally 
determined Fe** form factor** was used for all com- 
pounds, and the atomic moments in CoBrz and CoCle 
were assumed to be within the plane of the layers and 
directed with equal probability along three equivalent 
hexagonal directions. The average values of the mo- 
ments as determined from the largest magnetic reflec- 
tions are listed in Table ITI, and the errors are estimates 
based on considerations of preferred particle orienta- 
tion, structure defects due to stacking faults, and the 
intensity determinations. 

Analyses were also made of the magnetic diffuse 
scattering by comparing the paramagnetic diffuse scat- 
tering at room temperature to the diffuse scattering at 
4.2°K. To a first approximation” this difference is 
proportional to y’®, and determinations of moment 
values by this method are independent of preferred 
particle orientation in the samples. The analyses were 
made at small values of the scattering angle where the 
results are insensitive to the choice of the form factor, 
and the moment values obtained by this procedure are 


%Q. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 

2C. G. Shull and E. O. Wollan in Solid State Physics, edited 
by F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1957), Vol. II, p. 210. 

28 G. T. Trammell (private communication). 





NEUTRON DIFFRACTION 


TABLE III. Antiferromagnetic structures determined from 
neutron diffraction powder patterns. 


Atomic magnetic moment 
values (Bohr magnetons) 
Coherent Diffuse 
scattering scattering 
determination determination 


4540.7 4340.6 
3.040.6 

4.440.7 
2.8+0.6 


Compound 


~ FeCly 


Structure 





Ferromagnetic layers 
(ul|c axis) 

Ferromagnetic layers 
(uc axis) 

Ferromagnetic layers 
(ul|c axis) 

Ferromagnetic layers 
(u_Le axis) 


CoCl, 3.2+0.5 


FeBr 4.5+0.6 


CoBre 3.1+0.6 


also listed in Table III. Within experimental error, 
values by the two methods are in agreement, and all 
values are fairly close to those for atomic magnetic mo- 
ments in which the orbital contributions are quenched. 


Small-Angle Scattering 

The most logical interpretation of the magnetic 
susceptibility measurements on CoCl. and FeCl. in 
terms of the known magnetic structures is that the 
ferromagnetic interaction between magnetic moments 
within the layer is much larger than the antiferromag- 
netic interaction between moments in adjacent layers. 
Moreover, molecular-field calculations on layer struc- 
tures of this type show that positive values of @ can be 
obtained from susceptibility measurements if such in- 
teractions exist. 

Neutron diffraction investigations of the diffuse 
scattering at sample temperatures near the magnetic 
ordering transition provide a method of checking this 
interpretation.”* A ferromagnetic interaction between 
magnetic moments enhances the small-angle scattering 
above the paramagnetic level, while an antiferromag- 
netic interaction causes this scattering to be lower than 
the paramagnetic value. Therefore, if both types of 
interactions are present in a magnetic substance, an 
examination of the small-angle scattering can frequently 
determine the relative strengths of these interactions. 

Both the incident and reflected neutron beams were 
very well collimated to allow investigations into the 
small-angle region, and scattering data at small angles 
were obtained for fixed sample temperatures in the 
vicinity of the Néel transitions. The results for FeCl: 
are shown in Fig. 3(a), where the curves represent the 
scattered intensities at the various temperatures in 
excess of that at 4.2°K. Since measurements of the 
temperature dependence of the magnetic reflections 
from FeCl, had shown that the magnetic lattice is 
almost completely ordered at 4.2°K, these curves repre- 
sent the magnetic scattering that results from the 
disruption of the ordered lattice. The cross-section 
scale at the right of the figure gives the absolute inten- 
sity of this scattering. The data at 295°K which cor- 


26M. Slotnick, Phys. Rev. 83, 1226 (1951). 
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respond to a completely disordered magnetic lattice 
were analyzed by the method mentioned previously 
and were found to be in good agreement with those 
expected from a spin-only value for the Fe+*+ magnetic 
moment. As the sample temperature was lowered below 
295°K, increased small-angle scattering was observed, 
and the intensity of this small-angle scattering reached 
a maximum at sample temperatures near the Néel 
transition. The temperature variation of this scattering 
is more apparent in Fig. 3(b), where the difference in 
intensity at scattering angles of 2 degrees and 16 
degrees is plotted as a function of temperature. This 
ferromagnetic type of small-angle scattering is observed 
at temperatures well above the Néel temperature and 
confirms the interpretation that the decrease in back- 
ground at small angles in the difference pattern for 
FeCl, in Fig. 1 is caused by short-range magnetic order 
at 43°K. 

A theoretical treatment of the neutron scattering 
from ferromagnetic materials near their Curie transi- 
tions has been given by Van Hove,”’ and the scattering 
has been termed critical magnetic scattering. This 
critical scattering, which is caused by the presence of 
large fluctuations in the magnetic scattering density, 
has been observed at small angles in experiments on 
iron®® and has been analyzed” according to the Van 
Hove treatment. For ferromagnetic materials, a maxi- 
mum in the intensity of the small-angle scattering is 
expected at the Curie temperature, since the regions in 
which there is a correlation between atomic moments 
are largest at this temperature. No quantitative anal- 
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27L. Van Hove, Phys. Rev. 95, 1374 (1954). 

28M. K. Wilkinson and C. G. Shull, Phys. Rev. 103, 516 
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ysis has been made on the small-angle scattering from 
FeCl, since the data are not sufficiently accurate to 
warrant it, but the maximum at the Néel temperature 
is undoubtedly associated with a maximum in the size 
of the regions with correlated magnetic moments. An 
estimate of the dimensions of these regions has been 
obtained by the application of small-angle scattering 
theory to the data shown in Fig. 3(a). The angular 
distribution of the curve at 25°K can be explained on 
the basis of clusters of magnetic moments that have 
effective diameters ranging roughly between 10 A and 
20 A. 

Similar small-angle scattering experiments were also 
performed on CoCl». While the presence of the (003) 
magnetic reflection made these experiments somewhat 
more difficult, small-angle scattering was definitely ob- 
served from this compound, and it reached a maximum 
intensity in the vicinity of the Néel temperature. No 
experiments were performed to investigate this type of 
scattering from FeBrz and CoBr2, but powder diffrac- 
tion patterns used in the structure determinations in- 
dicated the existence of small-angle scattering from 


both compounds at 43°K 


Results from Single Crystals of FeCl, and CoCl, 
Investigations of the Magnetic Structures 


The small number of magnetic reflections in the 
powder diffraction patterns and the preferred particle 
orientation in the samples prevented accurate deter- 
minations of the size and orientation of the atomic 
magnetic moments. Therefore, single-crystal investiga- 
tions were performed, but these were limited to the 
chloride compounds since no satisfactory single-crystal 
specimens of the bromides were available. 

The measurements were analyzed by the method 
used in the single-crystal neutron diffraction investiga- 
tions of Peterson and Levy.” In such investigations the 
entire crystal is irradiated by the neutron beam, and 
the integrated intensities, Exx:, of the Bragg reflections 
are given by 


Eya= (KIoP x? /sin26) A par, (4) 


where Jo is the incident intensity, Fy. the structure 
amplitude, @ the Bragg angle, Aj: the absorption fac- 
tor, and for a particular experiment, K is a constant of 
the experiment. In order to normalize the magnetic 
intensities so that values could be obtained for the 
atomic magnetic moments, it was necessary to deter- 
mine the scale factor, KJ». This determination was 
made from measurements of the intensities of nuclear 
reflections where the structure amplitudes could be 
calculated from known values of the nuclear coherent 
scattering cross sections of Fe, Co, and Cl. Absorption 
coefficients were calculated by the procedure estab- 


%®S. W. Peterson and H. A. 
(1952). 


Levy, J. Chem. Phys. 20, 704 
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lished by Busing and Levy. The inherent imperfection 
of these crystals allowed the use of fairly large speci- 
mens without involving appreciable extinction correc- 
tions, but the effects of extinction were investigated 
by examination of the relative intensities of strong and 
weak reflections from crystals of different size. 
Although the parameter, “, designating the coordi- 
nates of the chlorine atoms had been previously deter- 
mined to be 0.25+0.01, an analysis of the calculated 
structure amplitudes showed that the intensities of 
many weak nuclear reflections were very sensitive to 
the value of this parameter within the listed limit of 
accuracy. Hence, it was necessary to establish a more 
accurate value of u at the same time that a determina- 
tion was made of the scale factor. Both results were 
obtained from a plot of the experimentally determined 
values of KJo for several nuclear reflections as a func- 
tion of u. A typical plot is shown in Fig. 4 which repre- 
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31 W. R. Busing and H. A. Levy, Acta. Cryst. 10, 180 (1957). 





NEUTRON DIFFRACTION 


sents data from one of the CoCl: crystals and lists the 
nuclear reflections on the basis of the hexagonal chem- 
ical unit cell. The reflections can be divided into one 
group which have intensities that are sensitive to the 
value of the parameter and another in which the inten- 
sities are parameter insensitive. The intensities of the 
(101), (003), (009), and (107) reflections vary consid- 
erably with « and all are quite weak, while the inten- 
sities from the other reflections are very much stronger. 
Since both.groups of reflections give nearly the same 
average values of KJ, extinction effects in this crystal 
must be relatively unimportant. The value of the 
chlorine parameter in CoC]: was determined from these 
results to be 0.2558+0.0007. A similar determination 
on the basis of eleven nuclear reflections from FeCl. 
gave a value of 0.2543+0.0005 for wu. 

With the scale factors obtained by this procedure, an 
analysis was made of the magnetic reflections which 
occurred at sufficiently small scattering angles that 
they were not affected by the magnet pole pieces. In 
the determination of the integrated intensities of anti- 
ferromagnetic reflections, it is necessary to consider the 
possibility of antiferromagnetic domains in which the 
axis of antiferromagnetism can be oriented along equiv- 
alent crystallographic directions. In CoCl, the presence 
of such domains was actually observed by the variation 
in intensities of equivalent magnetic (A&/) reflectiqns. 
Such intensity differences, of course, indicate that the 
crystal was not divided equally into regions with differ- 
ent antiferromagnetic axes. Measurements on FeCl» 
where the axis of antiferromagnetism is directed along 
the unique c axis of the hexagonal cell did not show 
any variation in intensities from equivalent magnetic 
reflections. The determinations of the magnetic struc- 
tures of FeCl, and CoCl,. were made from average 
values of the integrated intensities obtained from all 
reflections with equivalent indices. This method cancels 
any effect due to an inequality in the distribution of 
atomic moments between antiferromagnetic domains. 

The observed magnetic intensities definitely con- 
firmed the magnetic structures which had been deter- 
mined from the powder diffraction patterns. The atomic 
moments in CoCls were found to be directed parallel 
to the plane of the layers, and, as will be discussed later, 
experiments with an external magnetic field determined 
the exact orientation to be along the (210) directions. 

In the determinations of the atomic magnetic mo- 
ments in these ordered antiferromagnetic lattices, at- 
tempts were also made to obtain the best magnetic 
form factor from the experimental data. The results 
for FeCl. agreed very satisfactorily with the experi- 
mental Fe*++ form factor determined previously, and 
the magnetic moment calculated on this basis was 
4.35+0.40 Bohr magnetons. The form factor which 
gave the best fit to the experimental data from CoC]. 
was one which was slightly higher than the Fe**+ form 
factor at the largest values of the scattering angle 
(about 10% higher at sin@/A=0.25), and the value for 
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the atomic magnetic moment was determined to be 
3.30+0.30 Bohr magnetons. Both moment values are 


therefore in good agreement with those obtained from 
the powder analyses. 


Magnetic Field Investigations 


Recent magnetic susceptibility measurements by 
Bizette, Terrier, and Tsai** on single crystals of FeCl: 
and CoCl: are in good qualitative agreement with the 
earlier powder susceptibility results in which large 
magnetization values were obtained at low tempera- 
tures with moderate external fields. Moreover, these 
single-crystal results indicate that such magnetization 
values can be achieved only when the field is applied 
parallel to the c axis of FeCl, and perpendicular to the 
c axis of CoCl». Neutron diffraction investigations were 
performed in external magnetic fields to determine the 
procedure by which the atomic moments became aligned 
parallel. Furthermore, it was of interest to examine the 
behavior of antiferromagnetic domains in these com- 
pounds and to determine the specific orientation of the 
magnetic moments within the layers in CoCl.. 

(a) Effects of a magnetic field on the magnetic structure 
of CoClo.—The single-crystal measurements on CoCl, 
in zero magnetic field had suggested the existence of 
antiferromagnetic domains in this compound, and this 
interpretation was confirmed when a field was applied 
to the sample. Figure 5 shows the change in intensity 
of the hexagonal (113) magnetic reflection when a 
magnetic field was applied parallel to the scattering 
vector. This intensity variation is associated with 
changes in the effective value of g’ in Eq. (2) as the 
atomic magnetic moments were reoriented by the field, 
and the diagrams within the figure explain the results 
according to the domain behavior. Before the field was 
applied, the intensities of equivalent reflections of this 
type, such as the (113), (123), and (213) reflections, 
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Fic. 6. Comparison of the field dependence of the (113) 
and (101) magnetic reflections from CoCle. 


varied about 30%, and this variation is represented in 
the diagram by slightly unequal numbers of moments 
pointing along the three equivalent hexagonal direc- 
tions. In an external field the moment orientation per- 
pendicular to the field direction is the most stable, and 
the domain pattern changed with applied field until 
with about 1.2 kilo-oersteds the entire crystal was 
transformed into one domain direction. When the field 
was removed, the intensity remained considerably 
higher than the original zero-field value, indicating 
that much of the domain transformation had remained. 
This was confirmed by intensity measurements of the 
(123) and (213) reflections, because these intensities 
were much smaller than the original values. 

The decrease in intensity of the (113) reflection at 
high fields is associated with the production of a net 
magnetization in the crystal. After all of the moments 
are oriented perpendicular to the direction of the field, 
larger fields rotate these moments into the field direc- 
tion thereby producing a net magnetic moment per 
unit volume. Magnetization data as a function of the 
field are not given in the single-crystal susceptibility 
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measurements on CoCls, but the powder measurements 
show a magnetization at low fields which increases almost 
linearly with the field. The diffraction data of Fig. 5 
might appear to be inconsistent with these results since 
no positive effects are observed until reasonably large 
field values. However, since the change in intensity is 
proportional to (u cos¢g)*, where ¢ is the angle between 
the atomic moment y and the field direction, the ex- 
periment is not sensitive to small rotations of the mo- 
ments. Rough calculations based on the magnetization 
values in the powder susceptibility measurements show 
that the intensity should be about 5% below the maxi- 
mum at 10 kilo-oersteds and about 20% below it at 
16.5 kilo-oersteds. The results in Fig. 5 are in good 
agreement with these predictions. 

The magnetic moments in the diagrams are shown 
directed along the equivalent hexagonal (210) direc- 
tions. This moment orientation was indicated by ex- 
periments which investigated the intensity changes of 
several magnetic reflections after the field was applied 
at various angles parallel to the hexagonal layer and 
then removed. Since these experiments involve the re- 
population of domains when the field is removed, the 
interpretation was not completely unambiguous. How- 
ever, the moment direction appears to be confirmed by 
close examination of the intensity changes of the (101) 
and (113) magnetic reflections when small fields are 
applied parallel to the scattering vectors of those 
planes. The results are shown in Fig. 6 and the diagrams 
within the figure represent an interpretation of the 
intensity changes. The variation of the (113) intensity 
with an external field shown in Fig. 6(b) involves 
merely a domain transformation as previously dis- 
cussed. However, when the field is applied along the 
scattering vector of the (101) reflection, the intensity 
variation seems to involve two processes. First, there is 
a domain transformation in which all of the moments 
become oriented in the two domains which have the 
axes of antiferromagnetism most closely perpendicular 
to the field direction. The results do not permit a 
determination of the relative population of the two 
domains. This transformation is completed at about 
the same field value* that is required when the field is 
applied along the scattering vector of the (113) planes. 
However, as the external field is increased further, a 
critical field is exceeded and the moments flip from the 
preferred crystallographic direction to one perpendicu- 
lar to the field. This process is completed with a field of 
about 2 kilo-oersteds. Since the intensities at zero 
field depend on previous applications of the magnetic 
field, these experiments were started for both reflec- 
tions with a domain population which minimized the 
intensities of the reflections which were studied. The 
intensities which should have been observed for these 


%4 Because of the relative orientation of the field and the moment 
directions in the two experiments, the field required for a domain 
transformation should be slightly larger when applied along the 
scattering vector of the (101) planes. 
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reflections if there had been equal population of the 
domains are shown on the figures. These two values 
are experimental determinations of the average inten- 
sities of all reflections which are equivalent to the 
(113) and the (101) reflections. These experimental 
values representing equal domain population were then 
used to calculate the intensities expected for the various 
moment orientations that were suggested by the in- 
tensity variation with applied field. These calculated 
values are also shown on the figures, and the experi- 
mental measurements are in good agreement. Although 
the results are not shown, higher fields along the (101) 
scattering vector also rotated the moments to produce 
a net magnetization, and the (101) intensity decreased 
in the same manner as that of the (113) reflection 
shown in Fig. 5. 

Fields applied along scattering vectors of the (101) 
and (113) planes make angles of about 85° and 81°, 
respectively, with the c axis, and these experiments 
thereby show that reasonably small fields applied paral- 
lel to the layers produce a net magnetization in CoCle. 
An examination of the (003) magnetic reflection with 
the field applied parallel to the scattering vector and 
hence parallel to the c axis showed no intensity change 
from zero field to 16.5 kilo-oersteds. No intensity in- 
crease would be expected, of course, since g’ is equal to 
one for this reflection regardless of the domain popula- 
tion. The absence of an intensity decrease for higher 
fields confirms the single-crystal susceptibility results 
which had indicated that large magnetization values 
cannot be obtained with moderate fields if they are 
applied in this direction. 

(b) Effects of a magnetic field on the magnetic structure 
of FeCls.—In an antiferromagnetic material such as 
FeCl. where the axis of antiferromagnetism is along a 
unique crystallographic direction, effects on neutron 
diffraction intensities due to domains would not be 
expected, and they were not observed. Measurements 
of the intensities of three antiferromagnetic reflections 
in an external magnetic field are shown in Fig. 7, and 
the only variation is the intensity decrease at high 
fields which is associated with the parallel alignment 
of the atomic moments. Figure 7(b) represents data 
obtained with the magnetic field applied either parallel 
or nearly parallel to the scattering vectors of the reflect- 
ing planes, and Fig. 7(a) shows the same data plotted 
against the component of magnetic field parallel to the 
c axis of the crystal. These results confirm the single- 
crystal susceptibility measurements which showed that 
large magnetization values can be obtained in FeCl, 
with moderate fields only if the fields are applied 
parallel to the c axis. The numerical values of the 
critical field required to produce this condition in the 
two experiments are also in satisfactory agreement. 

Previous investigations of this effect which were 
made on another crystal showed that the crystal can 
be seriously damaged in an experiment of this type. 
If the component of the applied field parallel to the 
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c axis exceeds the critical value required for parallel 
alignment of the moments, and simultaneously, there 
is a large field component perpendicular to the ¢ axis, 
the magnetic forces can be sufficiently strong to fracture 
the crystal. Such a fracture, of course, causes a sudden 
decrease in the intensity of the reflections, but both 
magnetic and nuclear reflections are affected, and the 
process is irreversible. For the investigations of the 
(0111) and (0117) reflections shown in Fig. 7, the 
field was applied as closely parallel to the ¢ axis as 
permitted by the apparatus, and it made angles of 14° 
and 18°, respectively, with the scattering vectors of the 
planes. The effects were completely reproducible as the 
intensity of the magnetic field was varied, and no effects 
were observed on nuclear reflections studied under 
similar conditions. For investigations of the (107) re- 
flection, the field was applied parallel to the scattering 
vector, and the critical field along the c axis was not 
exceeded with applied fields up to 17 kilo-oersteds. 
This result is in quantitative disagreement with the 
difficult experiment by Herpin and Mériel** who studied 
the intensity variation of the (107) reflection from a 
powdered sample when an external field was applied 
parallel to the scattering vector. 

In CoCl, small magnetic fields first flip the axis of 
antiferromagnetism perpendicular to the field after 
which larger fields rotate the moments into the field 
direction. If this process also occurred in FeCls, strong 
hexagonal (00/) antiferromagnetic reflections would be 
observed at the first indication of a net magnetization 
in the sample. The angular position corresponding to 
the (003) antiferromagnetic reflection was scanned 
carefully as the magnetic field was applied parallel to 
the c axis, and no reflection was observed for fields up 
to 17 kilo-oersteds. Since this field is considerably 
higher than the critical field of about 11 kilo-oersteds 
required to start the parallel alignment, the moments 


35 A. Herpin and P. Mériel, Compt. rend. 245, 650 (1957). 
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do not flip to an alignment perpendicular to the field. 
Instead of this procedure, those moments which are 
antiparallel to the direction of the field must undergo a 
complete reversal in direction. Since this type of trans- 
formation involves a sudden disruption of the anti- 
ferromagnetic lattice, the intensities of the antiferro- 
magnetic reflections decrease rapidly with changes in 
the moment orientation as shown in Fig. 7. 


DISCUSSION 


The neutron diffraction results show that all of these 
iron and cobalt halides undergo magnetic ordering at 
low temperatures to antiferromagnetic structures in 
which the magnetic moments within the layers of metal 
atoms are coupled ferromagnetically and adjacent 
layers have the moments oriented antiparallel. Small- 
angle scattering experiments on FeCl, and CoCls have 
shown that the ferromagnetic interaction within the 
hexagonal layer is much stronger than the antiferro- 
magnetic interaction between layers, and similar con- 
clusions were indicated in powder diffraction patterns 
from FeBr2 and CoBre. Although the antiferromagnetic 
structures and the relative strengths of the coupling 
interactions in these compounds are known, the specific 
coupling mechanisms which produce the interactions 
are not understood. The ferromagnetic coupling be- 
tween moments within a metal layer may be caused by 
a direct exchange interaction between the 3d electrons 
of two neighboring magnetic atoms or by an indirect 
exchange mechanism through halide ions in the adjacent 
layers. The distance between these metal atoms is 
considerably larger than that usually associated with 
direct exchange, but even though the intralayer inter- 
action is the strongest one in these compounds, it is 
relatively very weak when compared to known ferro- 
magnetic interactions such as those which exist in the 
ferromagnetic metals. Of course, the distance between 
metal atoms in adjacent layers is sufficiently large that 
any exchange coupling between magnetic moments of 
these atoms must be indirect via the intervening halide 
ions. Furthermore, in FeBr2 and FeCl. these exchange 
forces must exist, since the configurations are unstable 
with respect to dipole forces. In the bromides, there is 
a nearly straight-line path through two bromine atoms 
connecting metal atoms in adjacent layers, and experi- 
ments” on MnBre have suggested that an antiferro- 
magnetic coupling exists through this linkage. In the 
chlorides there is no straight-line path between metal 
atoms in adjacent layers through overlapping chlorine 
atoms, and the coupling must be more complex. An 
indication of the strength of the exchange interaction 
between moments in adjacent layers can be obtained 
for the chloride compounds from the magnetic fields 
required to produce parallel moment alignment. Al- 
though the field required to accomplish this condition 
in CoCl, is about twice as large as that necesgary in 
FeCls, an exchange energy corresponding to a transition 
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temperature of about 6°K is obtained for both com- 
pounds when dipole forces are considered. These forces 
help stabilize the magnetic structure of CoCle, but tend 
to make that of FeCl, unstable. 

The large net magnetization values which are pro- 
duced in FeCl. and CoCl: with moderate fields at 
temperatures below Ty are undoubtedly achieved by 
overcoming only the weak interaction which exists 
between magnetic moments in adjacent layers. This 
procedure would require that the moments within a 
particular layer are always aligned parallel and turn 
simultaneously with the application of the field. The 
procedures by which parallel moment alignment is 
accomplished are in good qualitative agreement with 
those predicted by Néel!* from his molecular-field cal- 
culations based on a two-sublattice model of an anti- 
ferromagnet. The moments in CoCl, first undergo a 
domain transformation to the domain in which the 
antiferromagnetic axis is favored by the field direction, 
after which they flip to an alignment perpendicular to 
the field and are then rotated into parallel alignment. 
In FeCl, the moments never become perpendicular to 
the field direction, but the moments antiparallel to the 
field merely become reversed when a critical field is 
exceeded. According to Néel’s treatment, both mecha- 
nisms are predicted depending on the ratio of the 
anisotropy energy to the exchange energy, and the 
moments will become perpendicular to the field di- 
rection only if this ratio is small. Since the mag- 
netic interactions in these compounds are similar, their 
different behavior in an external field can be explained 
by the differences in the anisotropy energy. In CoCl, 
the anisotropy energy which must be overcome in 
rotating the moments to an alignment perpendicular to 
the field direction is the small value associated with the 
preferred crystallographic direction within the layer. 
Conversely, for FeCl, it is the large value which would 
be required to vary the moment direction with respect 
to the unique crystal axis. Therefore, although expres- 
sions based on a two-sublattice model may not be 
directly applicable to these magnetic structures, they 
certainly predict the observed behavior. It should be 
mentioned that Néel’s calculations give an incorrect 
value for the anisotropy constant of CoClo. This value 
resulted from his interpretation of the magnetic sus- 
ceptibility measurements that about 10 kilo-oersteds 
were required to align the moments perpendicular to the 
field. The neutron diffraction results show that this 
condition is achieved with only about 2 kilo-oersteds 
applied in a direction perpendicular to the ¢ axis, so 
that the anisotropy constant within the hexagonal 
layer is considerably lower than Néel’s value. These 
experiments do not give any information concerning 
the anisotropy energy associated with the unique crystal 
axis in CoCls. 

The various diffraction experiments have given values 
for the atomic magnetic moments in these compounds 
which are not greatly different from moments corres- 
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ponding to the ground state of the free metallic ions in 
which there is no contribution from the orbital currents. 
In both FeCl: and CoCls, there is good agreement be- 
tween the values obtained from powdered specimens 
and single crystals, and the moments are about 10% 
higher than those expected for complete orbital quench- 
ing. This agreement with a spin-only value may be 
fortuitous, since in certain diluted cobalt salts at low 
temperatures a similar accidental agreement has been 
observed previously. An accurate measurement of the 
magnetic form factor at large values of sin@/A should 
determine whether an orbital contribution exists, but 
this measurement was not possible in the present in- 
vestigation. The value for the moment in FeCl, is in 
satisfactory agreement with the neutron diffraction 
observations of Herpin and Mériel, but it is consider- 
ably lower than the value which Bizette, Terrier, and 
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Tsai obtained from the single-crystal magnetic suscep- 
tibility measurements. This disagreement between val- 
ues obtained in the two types of investigations, which 
suggests that there is a different amount of orbital 
quenching in zero magnetic field and fields of only about 
20 kilo-oersteds, is not understood. 
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The Hall mobility of photoelectrons has been measured down to 5°K in single crystals of silver chloride. 
The experiment was carried out with a pulse technique which overcomes the difficulties of space charge and 
high impedance common to such measurements on insulating crystals. Results show that the electron Hall 
mobility rises to high values, 6000 cm?2/volt-sec. at very low temperature. On the other hand, drift mobility 
is strongly influenced by multiple trapping and is not characteristic of microscopic mobility in these crystals 
at low temperature. Comparison with mobility theory indicates that electrons are scattered by both the 
optical and acoustical modes of lattice vibration depending upon the range of temperature. Evidence for a 
structure-dependent scattering such as would be produced by impurities is found below 20°K. Magneto 
resistance effects begin to become important at high values of mobility and magnetic field in qualitative 
agreement with the theory of electronic conductivity for a cubic crystal with simple energy bands and 


nondegenerate statistics. 


sample preparation. The present experiments on Hall 
effect were carried out to determine whether the de- 
crease in drift mobility is due to scattering by imper- 
fections or to multiple-trapping effects, and to extend 
mobility data into the very low-temperature range. 
It is well known that microscopic mobility is more 
closely related to Hall mobility than to drift mobility 
when shallow traps are present. 


I. INTRODUCTION 


HE drift mobility of electrons in single-crystal 
silver chloride has been investigated over a wide 
temperature range by means of transit-time tech- 
niques.'* Results of these measurements are in rea- 
sonable agreement with the theory of electron mobility 
in polar crystalst> down to about 80°K but show a 


wide discrepancy at lower temperatures. Drift mobility 
has been found to decrease sharply below a maximum 
in the vicinity of 60 to 100°K depending upon the 
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The new results on AgCl show that the Hall mobility 
for electrons released by light rises to very high values 
at low temperature, indicating samples of high per- 
fection. Drift mobility is apparently influenced by 
multiple-trapping effects. Holes are found to make 
little contribution, if any, to Hall effect in the crystals 
studied which is in agreement with separate experi- 
ments on transient photoconductivity. It is found that 
electrons are scattered by both acoustical and optical 
vibrations depending upon the range of temperature. 
Magnetoresistance effects begin to become important 
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Fic. 1. Outline of the photoelectric Hall apparatus. The longi 
tudinal component of electric field, E,, is produced by the voltage 
gradient along a uniform NESA coating on quartz. Short, 0.5- 
usec, light pulses release charge throughout the volume of the 
crystal and are synchronized with the maximum of longer, 500- 
usec, field pulses. The pulses occur singly or at a very low repeti 
tion rate. 


at the lower temperatures and higher magnetic fields, 
in qualitative agreement with the theory of electronic 
conductivity for a cubic crystal of simple energy-band 
structure and nondegenerate statistics. 


II. EXPERIMENTAL METHOD 


Silver chloride is an insulator at low temperatures 
but becomes photoconducting when exposed to light 
in the tail of the fundamental band. Even when 
illuminated, however, the impedance of large crystals 
is very high so that conventional Hall measurements 
become exceedingly difficult as pointed out by Klick 
and Maurer.® Steady-state dc measurements of the 
Hall voltage in insulating photoconductors suffer from 
uncertainties due to space charge. Alternating current 
techniques can sometimes be applied’ but high, steady 
light intensities are required. The Redfield technique*’ 
is a transient method which overcomes the difficulties 
of high impedance and space charge. As originally used 
on diamond and colored alkali-halides, the method 
employed steady voltages, single light pulses a few 
seconds long, and a vibrating reed electrometer as a 
detector. This approach was not found applicable to 
AgCl largely because of an unbalance signal which 
develops due to the large electron range in this material, 
temporary trapping, and related low-frequency noise 
and drift during illumination. 

Consequently a fast-pulse technique shown in Fig. 1 


®C. C. Klick and R. J. Maurer, Phys. Rev. 81, 124 (1951). 

7J. R. MacDonald and J. E. Robinson, Phys. Rev. 95, 44 
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was developed.” Brief single pulses of light, of less than 
0.5 usec duration from an air spark triggered by a 
hydrogen thyratron, were synchronized with the 
maximum of a voltage pulse applied to the resistance 
film electrode. The potential gradient on the resistance 
film provides the longitudinal component of electric 
field so that electrons will be deflected by the transverse 
magnetic field. Charge is induced on the upper equi- 
potential signal electrode by the drift of carriers within 
the volume of the crystal." This induced charge is 
detected by a low-noise cascode preamplifier and a 
wide-band oscilloscope (Tektronix Type 545). One 
observes a signal which depends upon the fast primary 
response of the photoconductor." Under certain 
circumstances the light flash will have ended before 
appreciable trapping of photoelectrons has occurred 
although such a condition is not essential. The short 
light duration allows a high intensity (which is required 
at very low temperatures where the lifetime of electrons 
before trapping is exceedingly short) and permits one 
to discriminate against low-frequency noise and 
secondary currents. 

Since the voltages applied to the film were single 
transients a uniform, low-resistance (2000 ohms/sq), 
semiconducting quartz electrode could be used without 
heating effects even at several hundred volts peak. No 
voltage existed across the crystal during the several 
seconds between pulses; consequently a low-intensity 
steady red light could be used to release polarization 
built in during the test pulse. This treatment was not 
always necessary, however. 

Figure 2 shows the cryostat used in the measure- 
ments. It consists of a set of Pyrex glass Dewars which 
fit between the pole faces of a large electromagnet. 
The silvering is omitted from a narrow strip on the 
inner surfaces of the Dewars for the purpose of ad- 
mitting light to the sample. The sample chamber is 
suspended from a thin-wall Cupranickel tube, D, which 
serves the dual purpose of being a coaxial line for the 
signal lead and a pumping tube for the space sur- 
rounding the crystal. In operation the sample chamber 
is filled with helium gas through the tube A for purposes 
of heat exchange. The glass tube, F, can be evacuated 
to 10-* mm Hg through B or filled with a small amount 
of helium gas (controlled by a capillary) to cool the 
sample at a uniform rate thus avoiding strains. Heat 
losses were such that down to 30°K, with F evacuated, 
the sample chamber remained at a constant temperature 
long enough for the measurements. Below 30°K, fixed 
temperatures could be achieved, with a few microns 
pressure of helium gas in F, by controlling the power 
to a small heater. Two separate high-vacuum systems 


10 F. C. Brown, Phys. Rev. 92, 502 (1953). 

The Redfield technique relies upon induced charge and does 
not require ohmic contact between electrodes and crystal. The 
detector responds to the drift of carriers throughout the region 


between electrodes. 
2 F, C, Brown, J. Phys. Chem. Solids 4, 206 (1958), 





HALL 


and manifolds were used in conjunction with the 
cryostat. 

Details of the crystal mounting and sample chamber 
are shown in Fig. 3. Access to the chamber was through 
a lead gasket seal backed with spring washers. Light 
was transmitted by a Mylar window and a filter of 
AgCl kept at the same temperature as the sample. 
The filter assured that the charge was released uni- 
formly within the volume of the crystal. This condition 
was carefully tested during the experiment, and on 
occasion, additional sharp cutoff filters were employed 
external to the cryostat. The field pulses, balanced to 
the ground, were fed to the resistance film electrode by 
two small thin-wall coaxial lines. Temperatures were 
measured by a Leeds and Northrup platinum resistance 
thermometer which had been calibrated down to 10°K 
by the National Bureau of Standards. 
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Fic. 2. Glass-metal cryostat for measurements in the tempera- 


ture range 4 to 150°K. The Dewars fit between the pole faces of a 
twelve-inch electromagnet not shown. 
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Fic. 3. Details of the crystal mounting. The copper sample 
chamber can be filled with helium gas to assure thermal contact. 
The space outside this chamber can be evacuated or filled with a 
small but known amount of helium gas for purposes of heat 
transfer. 


An analysis of the method of measurement will now 
be presented which is similar to that given on page 527 
and Appendix F of the article on Hall effect in diamond 
by Redfield.’ We use the circuit and notation of Fig. 1 
which is similar to Fig. 3 of reference 8 except that the 
batteries are replaced by an RC, transformer-coupled, 
pulse generator, and the detector is a wide-band 
amplifier. The input time constant of our amplifier, 
leads, and crystal is such that an integrated charge Q 
is registered for a drift of carriers in the volume of the 
crystal. Assume that m carriers per unit volume of 
charge e are released by the light pulse. Let 7, be their 
mean free time before trapping in the volume of the 
crystal. The induced charge depends only upon the 
component of drift velocity in the y direction, v,, and 


is given by 
NEVyT ¢ 
o= f ff —“axayas, (1) 
D 


integrated over the illuminated volume of the crystal, 
where D is the thickness of the sample. The displace- 
ment distance in the transverse direction is v,7¢. 

The drift velocity may be obtained from J=nev and 
the relation 


I=o.0E+aEXH+8EH?+7H(E-H)+¢H’EXH, (2) 


where the coefficients are as given by Seitz" for the 
isotropic case. vag 

For H.=H, H,=H,=0, and E,=0 (neglecting edge 
“418 F, Seitz, Phys. Rev. 79, 372 (1950). 
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effects for the electric field) 


1 
vy=—(ooE,—aE,H— ¢' E,H*+BE,H’). (3) 
ne 


The term in y drops out but not the second order (in 1) 
magnetoresistance term, 8. We have also retained the 
second order Hall coefficient e’ along with a from which 
arises the linear Hall effect. 

Let us take the data as did Redfield for +H (forward) 
and —H (reverse) but also include the reading at H=0. 
With zero magnetic field the potentiometer is carefully 
adjusted for no response with light pulses on: 


. 
o-f ff —ooE dxdyds=0. 
D 


A similar balance Q=0 is obtained with +H on by 
adjusting the potentiometer an amount AV so that 


i AV 
Q= f f f “| ou( +) ab. Chat 
D D 


, 


+0( + )ar Jasayde—0 
D 


Subtracting one expression from the other gives 


Tt AV AV 
SS fr +$8—H?—wkE,H—¢ E,H® 
D D D 


+0b,t0 )dvd ydz=0. 


If 7, and the various coefficients are taken to be a 
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Fic. 4. Balance position AR plotted as a function of magnetic 
field for forward and reverse polarities at the temperatures shown. 
AR is measured with respect to the balance position for zero 
magnetic field. 
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constant over the volume of the crystal, the above 
relation states that 


(AV /D) (00+ 8H?) =uE,H—BE,H?+¢E,H®, (4) 
where 


i.= { f f E,dxdyds ff f f f dxdyds, 
E,= f f f E,dxdydz , f f f dxdydz. 


The electric field is not uniform, but it is analytical so 
that E, can be evaluated.* In the symmetrical case E, 
should be zero; however, a small departure from 
uniformity may be important. Note that AV is not 
linear in H unless the terms involving 8 can be neg- 
lected. This is true even when the experiment is carried 
out to determine AV7 for H forward compared to 
reversed as was done by Redfield. Fortunately the last 
term —@E,H? in Eq. (4) cancels in this case, giving 


(AV r/D) (00+ BH?) = 2E.H (a+e'H’). (5) 


Most of the data will be taken in this fashion (reading 
AV r for +H to —H) as a function of H to test for 
linearity and the importance of the terms containing 
8 and e’. It will be shown that except at the highest 
fields and lowest temperatures BH? and ¢’H? can be 
neglected. Neglecting second order terms and taking the 
value™ of op=neu and a= —neupn/c, Eq. (5) becomes 


AV 7/DE,= —2uyH/c=20n. (6) 


Thus one determines the Hall mobility uz from the 
potentiometer reading AV 7. Essentially the method 
gives a measure of twice the Hall angle, 0x. 


III. RESULTS 


As indicated in Fig. 1, balance was achieved by 
varying the position of the ground tap on a poten- 
tiometer connected across the ends of the resistance 
film. The change in resistance AR is proportional to 
AV, the change in voltage between opposite points on 
the electrodes. At certain temperatures, such as given 
in Fig. 4, AR (more precisely the balance position in R 
measured with respect to the balance position for H=0) 
was plotted as a function of H, both positive and nega- 
tive. The points are fairly reproducible as indicated by 
the uncertainty shown. It was found that the balance 
position for H=0 depended upon the existence of space 
charge within the volume of the crystal. Therefore data 
of the type shown in Fig. 4 was taken under conditions 
which did not favor the formation of a polarization field 
(short electron range, low pulse light intensity, and the 
use of a background depolarizing light). At temperatures 
above 25°K the nonlinear terms of Eq. (4) were neg- 
ligible. At 22°K, however, there is evidence for the 
effect of higher order terms in Eq. (4) at the highest 
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TABLE I. Crystal dimensions, average electric field and carrier 
range for the AgCl samples tested. The thickness, D, is the 
distance between the signal electrode and the uniform resistance 
film; 2a is the length of the crystal measured in the direction of 
the potential gradient along the resistance film*; H, is the average 
field as defined in connection with Eq. (4); Zo is the voltage 
applied to the resistance film divided by the length of the film. 
The carrier ranges were determined as described by Van 
Heyningen and Brown.» 


Maximum 
possible 
hole range 
(cm?2/ 
volt) 
1x1077 
9x10° 


electron 

range at 
80°K 

wo(cm?/ 
volt) 


7.2% 105 
1.0X 10-3 
8 X10-8 


Lengthe 
2a (mm) 


8.36 


8.90 
8.82 


Thickness 
D (mm) 


1.46 
4.70 
2.06 


E./Eo 
0.491 
0.425 
0.484 


Crystal 
XVIII; 
XXII; 
H-342-196b4 


® See reference 8. 

> See reference 14. 

¢ The width of all samples was closely 7.0 mm. 

4 This sample was run a second time after its size was reduced to 0.68 
cm’, D =2.04 cm. 


magnetic fields. When AR for H+ to H— is plotted 
as a function of H, the points fall along a straight line 
except in the vicinity of 10000 gauss at the lowest 
temperatures (high mobilities). Therefore Eq. (6) can 
usually be used to compute the Hall mobility in the 
range of linear dependence upon 7. 

Three air-grown crystals of AgCl were selected for 
these measurements. Electron drift mobility! is known 
as a function of temperature for two of them and 
transient photoconductivity has been studied in all 
three.“ The long range of electrons, shown in Table I, 
contributed to a high sensitivity for the Hall experi- 
ment. It can also be said with certainty that holes make 
a negligible contribution to the Hall signal. The drift 
of holes has never been detected in these samples and 
upper limits on a possible hole range are given in Table 
I. 

The samples are of high impurity and contain of the 
order of parts in 10’ heavy metal impurities.'? 
Crystals XVIII; and H-342-196b were cut at random 
from the boule. Number XXII; was oriented by back 
reflection x-ray diffraction so that the face against the 
resistance film was a (100) plane. Care was taken in 
surfacing to avoid a gap between crystal and electrodes. 
Silver conducting paint was applied to the upper 
equipotential surface. The samples were carefully 
annealed in air and exposed only to darkroom red light. 

As Table I shows the crystals had quite different 
dimensions. No systematic errors were found which 
could be ascribed to edge effects. Most runs were made 
by illuminating an area of 0.68 cm? which was smaller 
than the total surface area of the crystal. E,/Eo was 
calculated from a modification of Eq. (5) of reference 
8. Finally a second run was made on H-342-196d after 
it had been reduced in size to 0.55 cm? and could be 

int Van Heyningen and F. C. Brown, Phys. Rev. 111, 462 
inal Moser, Goddard, and Urbach, Rev. Sci. Instr. 28, 275 
}. 
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totally illuminated. No significant differences were 
introduced by this factor. 

Uniform release of charge in the crystal by light was 
important. Where possible, Corning filters were used 
in addition to the AgCl filter mentioned earlier. When 
the maximum light intensity was required (very low 
temperatures) these additional filters were sometimes 
eliminated and a small correction factor determined at 
higher temperatures applied. 

The magnitude of the Hall mobility computed from 
AR was found to be dependent upon the uniformity of 
the crystal as regards to trapping mean life, 7,;. This 
property was investigated by means of saturation 
curves.'* The thin sample XVIII; was found to be very 
uniform and therefore should yield the most reliable 
mobility data. Some inhomogeneity was detected for 
H-342-196d so that in plotting the data the computed 
values of uy were increased about 20%. This corre- 
sponds to normalizing the Hall data on crystal 
H-342-196b to that on XVIII; in the vicinity of 80°K 
(as well-as to bringing the Hall and drift data into 
better agreement at 80°K). A similar but smaller cor- 
rection was applied to XXTI;. 

Both Hall and drift mobility are shown in Fig. 5 
over a wide temperature range. The absolute value of 
the Hall mobilities are good to about 20%. However, 
the scatter in the data is less than this and the relative 
values at different temperatures for a given crystal are 
probably good to about 10%. It was estimated that the 
temperature of the crystal was known to +1°K. Figure 
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Fic. 5. Electron Hall mobility and drift mobility as a function 
of temperature for two single crystals of AgCl. The data repre- 
sented by open and closed circles were computed from the Hall 
angle in the range of linear dependence on magnetic field. The 
drift mobility indicated by triangles is from reference 1. The data 
marked with crosses are from J. R. Haynes and W. Shockley, 
Phys. Rev. 82, 935 (1951). 
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Fic. 6. Hall mobility for three different crystals plotted as a 
function of 1/7. The importance of acoustical scattering can be 
seen below 50°K. Optical scattering predominates at higher 
temperatures. 


6 shows the Hall mobility for all three crystals plotted 
as a function of 1/7. 


IV. DISCUSSION 


The sign of the observed Hall effect in the AgCl 
crystals tested was negative as would be produced by 
electrons. Electrons can be separated from possible 
mobile holes by the transient photoconductivity 
experiments" mentioned earlier. The drift of holes was 
not detected in any of the samples used so that their 
contribution to the Hall experiment can be neglected. 
This point of view is further strengthened by the high 
observed mobilities which are reproducible from sample 
to sample. Electrons only will be considered in what 
follows. 

According to theory the lattice scattering of current 
carriers in ionic crystals should be determined primarily 
by interaction with the longitudinal optical vibrations 
of large wavelength. At temperatures T<© where © 
is the Debye temperature of the longitudinal optical 
modes, a characteristic of the material, carrier mobility 
is dependent on temperature as follows: 


Ho& (e%/T— 1). 


For AgCl the temperature 9 = 280°K as computed from 
restrahl data.'{ 
At sufficiently low temperatures, however, Konto- 


t Note added in 
situation is such t 
accuracy from the mobility data. 


roof.—This may be only approximate. The 
t we cannot yet determine © with high 


AND *¥.:C. 
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rova'® has pointed out that the effect of acoustical 
vibrations will be evident. In a material such as AgC] 
the polarization of the medium as a result of the 
acoustical vibrations should be insignificant!” so that 
scattering occurs because of density fluctuations due 
to lattice vibrations as in an atomic semiconductor. 
The temperature variation of mobility is then'® 


Ma& ie A 


At the lowest temperatures one expects mobility de- 
termined by impurity scattering which might vary 
according to the Conwell-Weisskopf formula or modifi- 
cations of this.” In sufficiently pure crystals or in the 
case of association of substitutional ions and vacancies 
the effects of impurity scattering may be small even at 
10°K. To summarize, in the absence of impurity effects 
one expects a mobility which varies from T7-! to 
(e*/7—1) with increasing temperature. It is just this 
behavior that has been found as shown in Fig. 6. 
Average electron mobility yu is given by 


e \ (vr) 

= (=) “o 

m*/ {v") 
where e is the charge of the electron, m* the polaron 
effective mass, and 7 the mean scattering time.” In 
this expression the mean scattering time must be 
averaged over the energy of electrons near the bottom 


of the conduction band as designated by (_ ). On the 
other hand, Hall mobility is defined by a different 


average, 
e \(v?7*) 

A as) 

m*/ (vr) 


The photoelectrons in our case rapidly reach a Maxwell- 
Boltzmann distribution among energy states near the 
bottom of the conduction band. If one assumes a simple 
spherical energy band in the case of our cubic crystal 
the above mobilities can be readily evaluated. In the 
temperature range where optical mode interaction is 
predominant, electron free path is proportional to 
velocity, so that 7 is a constant independent of energy. 
This results in uy =o. On the other hand, for acoustical 
mode scattering, rx E-} so that uy=%au4 under the 
simplifying assumptions stated above. 

For an intermediate temperature range where both 
types of scattering occur, one must add reciprocal 
scattering times and perform the average with proper 
regard to energy dependence. However, it has been 
pointed out that, although incorrect in principle, the 


16T. A. Kontorova, J. Tech. Phys. U.S.S.R. 27, 269 (1957) 
(translation: Soviet Phys. Tech. Phys. 2, 237 et 

17H. J. G. Meijer and D. Polder, Physica 19, 253 (1953). 

18 F, Seitz, Phys. Rev. 73, 549 (1948). 

9 F. Blatt, Phys. Rev. 105, 1203 (1957). 

2” W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand and Company, Inc., Princeton, New Jersey, 1951), 


p. 274. 
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addition of reciprocal mobilities should not lead to 
large errors.!® 
The mobilities shown in Fig. 6 appear to be due 

primarily to acoustical scattering below 50°K. There 
is also evidence for impurity scattering, which varies 
from sample to sample, below 20°K. At higher tempera- 
tures the observed mobility is much steeper due ap- 
parently to optical scattering. Combining mobilities 
according to 

1/u=1/uot1/ua, 
where 

po= C(e8/T—1), 
and 

KkA>= A TH, 


one arrives at coefficients C=16.5 and A=6.25X 10° 
practical units. 

The values of both A and C are quite reasonable. 
From the magnitude of C the polaron effective mass 
m*/mj=0.4 and interaction constant a=2.2 can be 
obtained according to the theory of Low and Pines.*§ 
These are a little larger than previously reported for 
AgCl.! It is not reasonable to fit the polaron theory to 
the data at temperatures too close to ©. Consequently 
the room temperature values of Haynes and Shockley 
are not considered decisive for evaluating C. The value 
of A is fairly small and similar to that found for silicon.” 

Drift mobility for AgCl is strongly dependent upon 
multiple-trapping effects. For a single set of shallow 
traps drift mobility including the effect of traps is given 


by 
1 
a 
1+7,/Tt 


where n= the mobility in the absence of traps, 7,= mean 
life of electrons in the traps, and 7,=mean trapping 
time for electrons in the conduction band. Shallow 
electron traps of high density (~10'/cm*) do exist in 
these crystals.“ Quantitative considerations are given 
elsewhere.”! 

The importance of terms nonlinear in H can be 
estimated from theory. Seitz'* has evaluated the 
coefficients of Eq. (2) for Maxwell-Boltzmann sta- 
tistics and cubic symmetry. A simple isotropic energy 
band structure was assumed but the scattering time 7 
was generalized to have an angular dependence of cubic 
symmetry. It may be that the energy band structure is 
simple and also that electron scattering is isotropic in 
the case of silver chloride. This can be tested by com- 


§ Note added in proof.—A criticism of the various polaron 
theories and use of the Feynman model for the polaron are given 
by T. Schultz (to be published). Effective masses based on com- 
parison with the latter theory are somewhat larger. 

21 F, C. Brown and K. Kobayashi, International Conference on 
Semiconductors, Rochester, New York, August, 1958 (unpub- 
lished), paper K6. 
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paring the experimental results with theory including 
the higher order terms in the temperature range of 
acoustical scattering (constant mean free path). Refer- 
ence 13 gives”? 


oo= ney, 
a=— (neu/c)un, 
B= —ne(9nu*)/(16c*), 
e’ = — (9nu?a)/(8c*), 
where yu is the microscopic mobility given by 
u=8el/(3mrmd), 


1 being the mean free path and 0 the mean thermal 
velocity. For convenience we have introduced the Hall 
mobility ux#= au which one usually obtains from the 
linear Hall coefficient. Inserting these results into Eq. 
(5) and cancelling, one arrives at 


—2DunEH Or Or 
Ai ers 
¢ 8 16 


where §=uH/c. 

Figure 4 shows values of AR (proportional to AV) 
measured with respect to the balance position for 7=0. 
The data at 22°K may be compared with Eq. (7) by 
plotting AV 7 for H+ to H— as a function of H. If the 
foregoing interpretation of the linear Hall data is 
correct, lattice scattering by acoustical modes pre- 
dominates at 22°K. At this temperature the micro- 
scopic mobility determined from the observed Hall 
mobility is p= (8/3r)ux=3400 cm?/volt sec. The 
departure from linearity at high H can be estimated 
for this mobility from Eq. (7). Fairly good agreement 
with experiment is found although there is an indication 
that the theory departs from linearity somewhat more 
than experiment at high values of £.|| 


Vv. ACKNOWLEDGMENTS 


The authors are grateful for the suggestions of 
Professor F’. Seitz. The help of Professor John Wheatley, 
Professor D. Mapother, Mr. F. E. L. Witt, and staff 
is much appreciated. Dr. Franz Urbach of the Research 
Laboratories, Eastman Kodak Company has been most 
helpful in connection with the properties of silver 
chloride. One of the crystals (H-342-196b) was grown 
by Dr. F. Hamm at Eastman Kodak Company. 

2 The integral J, Eq. (22c), reference 13, should be negative. 
See M. Shibuya, Phys. Rev. 95, 1385 (1954). 
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saturates at high values of § Furthermore, quantum effects will 
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Expressions for the relativistic K-shell photoeffect cross sections, correct to first order in aZ (inclusive), 
are established. For this purpose a second order calculation must be carried out, that is, electronic spinors 
correct to second order in aZ must be employed in the matrix element. The final continuum state spinor of 
the electron, whose exact analytic form is not known, is described by means of the Born approximation. To 
avoid the divergences, peculiar to the application of this method to the pure Coulomb field, the case of the 
screened potential is considered at the beginning. The matrix element, which is evaluated in momentum 
space, remains singular in the limit of no screening. Nevertheless, it is shown that the differential cross 
section, as issuing from a very laborious trace evaluation, is to first order finite in this limit and has the 
behavior one would expect. Indeed, its zero-order approximation in a@Z coincides with Sauter’s formula, as it 
should. Further, in the nonrelativistic and extreme relativistic limits the cross section determined reduces to 


results established by other means. 





I. INTRODUCTION 


HE determination of the relativistic photoeffect 
cross sections is an extremely involved problem, 

so that no exact analytic expressions have been found.' 
In the case of the differential cross section the difficulty 
essentially comes from not knowing the exact form of 
the electron’s final state spinor wave function, suitable 
to the problem. One can give therefore only approxi- 
mate formulas for the cross section. In the case of the 
K shell, for light elements (small Z) and high velocities 
of the ejected photoelectron (8 approaching 1), the 
problem was solved long ago by Sauter.? Subsequently, 
Sommerfeld and Maue* succeeded in deriving the same 
result by a more direct method, based on the approxi- 
mate expression found by them for the final continuum 
state spinor. The formula of Sauter represents the zero- 
order approximation in aZ to the exact cross section, 
for 8~1. It can therefore be applied only to the lightest 
elements, for which aZ<«1. Now, the few numerical 
calculations available show that for heavy elements, 
for which this condition is not fulfilled, the exact cross 
section may differ from that of Sauter by a factor larger 
than 2. Such a disagreement naturally raises the prob- 
lem of finding the corrective terms of Sauter’s formula. 
This implies the use in the calculations of a higher order 
approximation for the final state spinor, than was done 
before. However, the methods used in the past for the 
approximation of this spinor become impracticable when 
applied to the determination of the higher order cor- 
rections. One can use instead the Born approximation 
method, whose efficiency in treating such higher order 


* Work done while the author was granted a predoctoral State 
scholarship by the Ministry of Education of the Rumanian 
People’s Republic. 

1 For a review of the subject see the article of H. Bethe and 
E. Salpeter, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1957), Vol. 35, Part I, especially Sec. 73. 

2 F. Sauter, Ann. Physik 9, 217 (1931); 11, 454 (1931). 

3A. Sommerfeld, Atombau und Spektrallinien (F. Vieweg und 
Sohn, Braunschweig, 1939), Chap. 6, Sec. 8. 

‘Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. 
Soc. (London) A149, 131 (1935). 


corrections has been put in evidence by Dalitz, in his 
study of the Coulomb scattering.®:* The successive 
Born approximations not only improve the form of the 
spinor in what regards the parameter aZ, but also render 
it useful for lower and lower asymptotic velocities B. 
However, as is well known, the method cannot be 
directly applied to the Coulomb field because of the 
infinite range of the potential, which causes the di- 
vergence of the occurring integrals. This mathematical 
difficulty can be avoided by replacing the pure Coulomb 
field by a screened one, of potential energy eAo(r) 
= —aZe~*’/r, for which the successive Born approxima- 
tions are convergent. The higher order approximations 
of the matrix element thus evaluated remain singular 
in the limit 4 — 0, of the pure Coulomb field. Physical 
arguments suggest, nevertheless, that the cross section 
itself cannot be singular in this limit; this can happen 
only if, when taking the square module of the matrix 
element, which appears in the cross section, a cancella- 
tion of these divergences takes place in consecutive 
orders of aZ. This cancellation has been checked in the 
case of scattering, for the first-order approximation, by 
Dalitz. As we shall see, it occurs to first order also in 
the more complicated case of the photoeffect. Since the 
cross section thus obtained (finite in the limit 4 — 0) 
yields in the nonrelativistic and extreme relativistic 
limits the results derived by other means, the validity 
of the method is once again fully confirmed. 

The aim of the present work is to determine the rela- 
tivistic cross section of the effect, correct to first order 
in aZ, by means of the Born approximation method. 


II. SPINOR WAVE FUNCTIONS 


The photoeffect differential cross section for the 
ejection of a K-shell electron, of spinor ¥,(r), and energy 
m(1—a2Z?)!, into a continuum state of spinor ¥2(r), 


5R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 

6 Higher order Born approximations have also been considered 
by H. Mitter and P. Urban, Acta Phys. Austriaca 7, 311 (1953), 
and subsequent papers. 
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energy E, asymptotic momentum k pointing inside the 
solid angle dw, under the influence of an incident photon 
of momentum x, energy « and polarization s (x-s=0, 
?=1), is given by? 


(27)*a 
do =———| M |*dw, (1) 
K 
where 


u= fics exp(ix: r)yi(r)d’r. (2) 


In Eq. (2), s is the four-component quantity (s,0). 
Here and subsequently, given a quantity w with the 
four components w,= (w,7wo), we shall denote w=wy,y, 
=w:ytiwoys.”” Further, given the spinor ¢, we will 
denote ¢=¢*y4. The spinor ¥:(r) is supposed to be 
normalized to unity, whereas Y2(r) is supposed to be 
normalized per energy interval and element of solid 
angle. In order that it should describe the final state 
of the ejected electron, ¥2(r) must represent the super- 
position of a relativistic plane wave and a spherical 
incoming wave (both distorted by the Coulomb field)." 
As we desire to find the expression of the matrix ele- 
ment M correct to first order in aZ, we shall have to 
use approximations correct to second order in a@Z for 
the position space spinors ¥;(r) and y2(r). This rather 
surprising circumstance is peculiar to the photoeffect.” 
It is caused (as will be explained in Sec. III) by the 
special analytic form of the initial bound state spinor, 
which can produce the lowering by a unit of the order 
of the integrals of M in which it appears. 

The quantities which characterize the electron’s 
initial and final states are related by several equations. 
It is sufficient for our purpose to consider their correct 
form only to first order in aZ. This is due to the fact 
that they will be used only after the first order approxi- 
mation of the matrix element has been set up.’ We 
have thus 

k=m-+k, (3) 


k?—«=2mk, k?+«?=2Ek, (4) 


E=m/(1—6*)}, k=Ep. (5) 
Equation (3) is the Einstein relation for the conserva- 
tion of energy, the ground-state energy being in our 
approximation equal to m. In the last equation of (4), 


7 Reference 1, Eqs. (69.5) and (73.1). 

8 The case of hydrogen-like ions is considered; the corrections 
for the atomic case are discussed in reference 1, Sec. 69a. 

® We use the natural system of units, such that h=c=1; we 
have then €Z=@€Z/hc=aZ. 

10 The yy matrices are Hermitian and defined as in reference 1, 
Eq. (10.12). 

1 Reference 1, p. 382. 

12 Tt is also present in the derivation of Sauter’s formula, where 
a first-order calculation is needed to establish the zero-order 
approximation to the exact cross section. See reference 3, Chap. 6, 
Sec. 8B. 

13 T.e., only after Eq. (29). 
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derived with the help of (3), terms of order (aZ)* have 
likewise been neglected. 

Actually, the quantity of experimental interest, 
which we will subsequently calculate, is not (1) but the 
cross section of the process summed up over the two 
K-shell electrons and the two possible spin directions 
of the final state: 

(29)*ax 


do,=——— >> | M |*duw. (6) 


K 7192 


Since we adopt the Born approximation method for 
the final state spinor, the integration of the matrix 
element will be carried out in momentum space. Con- 
sidering the Fourier expansions 


1 
V1 ( r) => if miner ee 


(2r 


1 
Yo(r)= — fa(nye tgp, 
(2x)! 


the matrix element (2) becomes 
M= f a(p)su(p— 2). 


The ground-state spinor may be written as 


a. p 
wi(o)=——| G19) +i Prer - 1%, (8) 
p 


4r)} 


where X; is one of the constant spinors (1,0,0,0) or 
(0,1,0,0), according to whether we consider the state of 
magnetic quantum number m=} or m=—}. For the 
functions G(p) and F(p) we shall use the following 


approximate forms": 


32r°\ 3 TwaZ 
cip)=( ) (1+ ~p 
T 8m 


(— 1p 1 
cs ) m (pe+ar2)? 


where \=aZm. It may be shown that the preceding 
expressions describe correctly the exact functions to 
first order in aZ. The form of the corrective term in 
the expression (9) for G(p) is established under the 
additional assumption that p/A>>1,!° whereas the ex- 
pression for F(p) is valid whatever p/d.'® We shall 


) 1 
(pP+en2)? 


Phys. Acta 6, 287 (1933). 

15 This corrective term [%2 in the notation of (10)] occurs 
only in the matrix element Mo of (17), where it is considered for 
p=k-—x. Since in our case |k—x«|/A is of order (1/aZ)>>1, the 
assumption is satisfied. 

16 This approximate spinor has also been used in the calcula- 
tions of Baranger, Bethe, and Feynman, Phys. Rev. 92, 482 (1953), 
Appendix. It actually corresponds to the Fourier transform of the 
position space spinor ¥1(r) correct to second order in aZ. 
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introduce the following notations: 


41(p) = %10(p)+t¥411(p)+12(p) ; 
1 1 1 


44,;= Ny— ————_y 


pX,, 
am (P+? 


uy=N, 


(p? +2)? 


Uyo= 1 (10) 


aZ 
NV 1—$(p)X1, 
2x? 


where 


Bon mp 
=—(8\5)!, A=aZm, $(p)= 
T 4m (pe-n2)? 
The final-state spinor wave function #.(p) satisfies 
the Dirac equation in momentum space: 


ti2(p) (ip+m) = ief ata) A(q—p)d*q, 


where p is the four-component quantity (p,iZ) and A is 
the potential four-vector, in our case (0,iAo). The Born 
approximation method for the continuum state spinor 
ti.(p) consists in expanding it in powers of the external 
potential and keeping a suitable number of terms. By a 
well-known iteration procedure one finds for the second- 
order Born approximation the expression 


ip—m 
tio(p) = N2*X2 (fa p—k)—ieA(k—p) ~ 


p—k—ie 
q-m 
+ (ie)’ fai (k—q)———_— 


f—P—te 


2 2 — t¢ 
(12) 


ip—m 
r 


where X,(k) is the momentum space spinor for a free 
electron of momentum k and a certain spin direction, 
g is the four-component quantity (q,i/Z) and e is an 
infinitesimal, real quantity introduced to circumvent 
the poles. The sign of € is essential in the determination 
of the nature of the solution (12). In order that u2(p) 
should represent a plane wave plus a spherical incoming 
wave, as is demanded by our problem, e must be chosen 
positive in (12).!7 The coefficient V2 originates in the 
change of normalization, from that of the k scale to 
that of the energy and solid angle. It may be shown that 
its magnitude is independent of the existence of the 
external field, being given as in the case of an unper- 
turbed plane wave by 


|N2|2=kE, (13) 


where & and E are related by (4). 

Since the pure Coulomb potential has strictly speak- 
ing no Fourier transform, we shall consider, as discussed 
in the Introduction, the case of the screened potential. 


17 See, for instance, reference 1, Sec. 98. 
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The Fourier transform of the latter, defined as it 
occurs in (12), is given by 


Aulad= >, fedut fig S23 (14) 
e = eA o(r)e*8"*r = —— 
o(q 0 On? (gt) 
Hence, the spinor #2(p) may be written in the form 
t2(p) = d20(p) + te1(p) + H22(p) ; 

U20= N2*X2(k)5(p— k), 

k) Y ip—m 

[(p— b+] (—#—i0 
(15) 


nis Oo v4 iq—m 
U22= (—) variety f —— 
2n* C(q—k)?+22] (g?—k—ie) 


v4 ip—m 
"ha. p)” re “(Pp — hie) 
Ill. MATRIX ELEMENT 











For our purpose we need the expression of the matrix 
element (6), correct to first order in aZ. Employing 
the expressions (10) and (15) for the spinor wave func- 
tions, we may split the matrix element into three terms 
M;, giving the contributions of the successive Born 
approximations #2; of (15), 

M=M,o+Mi4M:2. 

The integration in Mo is immediate, the whole spinor 


u;(p) of (10) being required in its expression, to the 
order we are interested. We get 


(16) 


M y=N\N2*-—_—_—_ 
[ (k—)?+-A? P 


1 aZ 
is +—(k—x«)ysy+—?(|k— | ps (17) 
2m 2r? 


In the expressions for M; and M; only a part of the 
terms of “;(p) should be taken into consideration, to 
first order in aZ. To emphasize this, we introduce the 
notation 


My= f da(p)su(o—Wep. (18) 


Then, to first order, M, is given by 


M,=Myt Mu; 


aZ _ 
Myo= aegis Ravelam), (19) 


T 


, ins JsysyX.), (20) 


aZ 
My,=—-—N,N* 
ar mM 
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where we have put 
ip—m 


Ie 
i k)?+y? JL (p— «)?-+)? P(p?— ie) 





d*p, (21) 





J=f ip—m 
L(p—k)?+u? JL (p— x)?-+d? P(p?— hie) 
X(p—x«)d*p. (22) 


The term M, reduces in this approximation to M2: 


aZ\? 
M.= Mo= (—) NiN2o* (XeysKsX,), (23) 
2m? 
where 
a f f 1 (1g—m) v4 
L(q—k)?+p"7] (?—k—ie) [(q—p)?+n"] 
(ip—m) 1 
——d* pag. 
(p?—k’—ie) [(p—x)?+d? P 


Thus the matrix element (16) is given in our approxi- 
mation by 








(24) 


M= Mot Myo+ My,+ Mo. (25) 


We shall now show that all the terms of Eq. (25) are 
indeed of zero or first order in aZ and that M contains 
no others of this order of magnitude. 

It is clear that all the terms of Mo are of zero or first 
order. Consideration of a higher order approximation 
for u;(p) would lead to the occurrence in M9 of terms of 
order (aZ)*, which we neglect throughout. Contrary to 
appearances, M jo is of zero order in aZ; indeed, because 
of the special analytic structure of the bound state 
spinor, the integral J of (21), considered as a function 
of the parameter \=aZ™m, has a simple pole inA=0. We 
shall show this taking advantage of the fact that one 
of the analytic forms of the 6(p—) function is'* 


1 r 
5(p— x) =— lim ———————_. 
nw? 0 (p—x)2-+22 2 
We then find 
it—m 


lim AJ =———— ; 
(k—«)? ¢@—# 


»>0 
t being the four-component quantity («,iZ). J can 
therefore be written 
xe tt—m 


1 
[=- (26) 
h e—k (k—x)? 





+], 


where J) contains the zero and higher order contribu- 
tions in \. Since we are interested in the expression of 
18 All the results we shall obtain by the use of the 6 function 


may be rederived by using the exact formulas of the Appendix 
and the approximations we work in. 
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M only to first order in aZ, J needs to be evaluated 
only to zero order in A. My, is of first order in aZ. 
Indeed, upon introducing similarly the function 6(p— ) 
in the integral J of (22), one finds that owing to the 
occurrence of the factor (p—*«) in the integrand, the 
integral is of zero order, J= J; we are interested in 
J® only to this lowest order. The next term Mj, of M, 
[see Eq. (18) ] should be neglected since it contains the 
product of (@Z)? with an integral which, owing to the 
presence of the factor | p—k| in the integrand, has no 
pole in A=0. M2 is of first order in aZ, for, applying 
again the 6-function procedure, it follows that the inte- 
gral K has a simple pole in A=0. To this lowest order, 
the only one needed, K reduces to 

L o*- 

K=-——Ly,(it—™m), 
Ar—F? 


(27) 
where” 


ip—m 


(28) 


L= _ ~ — —— —_ — 
[(p—k)?+-2? ][(p— «)?+A?](p?— #’— ie) 


The next term M>2, of Mz should be neglected by similar 
arguments as in the case of Mj. [this time on account 
of the occurrence of the factor (p—«) in the integrand ]. 
As regards the next correction to #2(p) (the third Born 
approximation), it yields a contribution of order (aZ)?, 
which is therefore negligible. 

Summing up the different contributions to Eq. (25) 
and using Eqs. (26) and (27), the matrix element M 
becomes 


dp. 


M=X.(P+Q)X, (29) 


where P and Q contain the zero- and first-order terms 
in aZ, respectively. As regards the expression of P it 
should be noticed that Mo of (17) contains in the de- 
nominator the quantity (k—«)?+?. In our case, using 
Eqs. (4) and (5), it may be shown that for relativistic 
velocities 8, the ratio \?/(k—«)? is of order of magni- 
tude (aZ)?. We may thus neglect \? as being a second 
order quantity.” Taking this into account, P and Q 
become, with the help of the second equation of (4): 


> — = 


~ (k—»)! 


$+syay—(k— x) +— 


2m 4m’k 


= i (k—«)? 


va(it—ms| 
(30) 


aZ i 
Q= vane 56 | k— |) — yl s— —y, I syer 
2x? 2m 


1 
-—yalalit—m)s| (31) 
4m’ 


19 By applying the 5-function procedure, in the expression (28) 
for L, u* should occur in the place of \*. Since in our approximation 
this change is of no consequence, we prefer for convenience the 
expression (28), which, owing to Eqs. (4.23) and (A.24), is actu- 
ally the exact one for L. 

* Practically everywhere in this paper the quantity (k—%)* 
occurs in the denominators in the form (k—«)?+ )?. We shall 
neglect \* throughout. 
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Since s has a vanishing fourth component and x-s=0, 
it follows that 
Sys=—ysS, ts=—st. 
Thus, P may be put into the form 
NiN* 
P= Sys(ta+b), (32) 
(k—x)* 


where 6 and the four-component quantity a(a,iao) are 
given by 


Equation (31) for Q may be written 


aZ 4 
0=—N.N?S R,, 
2r* u=l 

where 


R,=s¢(|k—x«!]), R =—y Is, 


; 1 (35) 
Ry=— va syex, R= ———_valiyalit—m)s. 
2m 4m’ 


In view of finding the explicit form of the matrix 
element (29), the integrations in the expressions of 
I, J, L must be carried out. Putting in evidence the y 
matrices in these expressions, we may write 


— (Eys+m).: Ao, (36) 
— (Eys+m)A;— (37) 
— (Eyst+m)Bo, (38) 


I =1y;A; 
Ji=17jA 
L=iy;B; 


where Bo, B;, Ao, Ai, Ai; are the momentum space in- 
tegrals (A.1), (A.21) discussed in the appendix. All 
these integrals are divergent in the limit 4 — 0; since 
the first and higher order terms in uv vanish in this limit, 
they will be neglected from the beginning. In this 
approximation the results derived are correct in A, but 
only the required order of magnitude should be kept in 
evaluating the expressions (36), (37), (38). If we denote 
the zero and higher order terms in \ of Ao, A;, Ai; by 
Ay, Ax, Ay the dependence of 7 and J; on 
the newly introduced quantities is similar to that given 
by formulas (36) and (37). (Actually, as we have 
previously shown, J;=J;, since J; has no terms in 
1/X.) We may then put 

I =ie+d, (39) 
(40) 


(41) 


J =i7;A yj — (Eye tm) A, —«,(ic+d), 


laieks 
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The notation introduced here is 


c=(A GEA), e=(BiEBo), 


d=—mA,, (42) 


c and e being four-component quantities. The explicit 
form of the quantities of (42) is not needed for the 
calculations of the next section. 


f= —mBo, 


IV. EVALUATION OF THE TRACES 


The cross section (6) is expressed in terms M|? 
where the summation is to be performed over all the 
possible transitions from the K shell to the continuum 
final state of asymptotic momentum k. Due to the 
form (8) adopted for the spinor #(p), the matrix 
element M has the same aspect for all these transitions: 
the matrices P and Q are the same, only the spinors 
X, and X, are different from case to case. On the other 
hand, the spinors X_ and X; satisfy the equalities 


Xo(k)(tk+m)=0, (il+m)Xx,=0, 


where & is the momentum four-vector (k,iko) of a free 
particle in motion (ko= (k’+m?)!=£) and / is that of 
a free particle at rest (0,im). The first equality is 
satisfied by X2 by definition, the second one may be 
checked immediately taking into account the explicit 
form of X;. In these conditions the sum }°>|M|? is 
found, by a well-known formula, to be 


ae 


7192 


(43) 


4 
4 


where P and Q are defined by means of the equality 
O=~7,O0'y,. Neglecting the second-order terms in aZ of 
Eq. (43) and taking into account that the two of first 
order are complex conjugates of each other, we find 


1 “ 
> | M|?=—— Sp[P(il—m)P(ik—m)] 
4Em 


7102 


2 
+— Re{} Sp[Q(il—m)P(ik—m)]}. (44) 
Em 


In our case, owing to (32), we have 


_ N,N;* 
Piller —b)s. 
(k— x)! 
Here we have denoted by a’ the four-component quan- 
tity (a, —iao). Using (32), (34), and (45), Eq. (44) 
may be written in the form 
|[NiN2|? 1 


(k—x)§ 


(45) 





> |M|?= 


e102 Em 


x[ ont ¢ (kw Re EA], (46) 
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where we have introduced the following abbreviations : 
(47) 
(48) 


Qo=} Sp[sys(ia+6) (il—m)ys(ia’—b)s(ik—m) ], 
Q=4 SpLR,(il—m)y.s(ia’—b)s(ik—m) }. 


The evaluation of the traces (47), (48) is a very 
laborious task. It may be performed with the help of 
the following formulas. Let us put 

W=j Spll=W,+Ws, (49) 
X=} Sp(xll)=X,+ Xo, (50) 
=} Sp(xyID=Y,4+YVo, 


IIl=s(il—m)y,s(ia’—b)s(ik—m), 


(S51) 
(52) 
where x and y are arbitrary four-component quantities, 
with (x,ixo) and (y,iyo), respectively. We then find 
(with ko= E) 
W.,=2m/(a-s)(k-s), 

W o=—m[a-k+ (ko—m) (ao—8) |, 
X ,=2im(a-s)[(x-s) (ko+m) —x0(k-s) ], 
Aa= im{ xo[_a- k+ (ko—m )(ado— b) | 

= (k- x) (ao—b)— (a-x)(ko+m)}, 


Y,=2m(a-s){(y-s)[x- k—xo(ko+m) ] 
— (x-s)[y- k— yo(kot+m) | 
+(k-s) (x: Y—<xoyo)}, 


Yo= m{[a- x+2x0(ao—b) |[k- y¥—vo(Rot+m) ] 
—[a- y+yo(ao—6) |[k- X—X0(Ro+ m) | 
— (x- y—xoyo)a- k+ (ko—m) (ao—b) ]}. 


(57) 


By inserting suitably the product s-s=1, the ex- 
pressions in square brackets following the Sp symbols 
in Eqs. (47) and (48) may easily be transformed so as 
to contain the matrix II as a last factor. Taking then 
into account Eqs. (35), (39), (40), and (41), the re- 
sulting expressions for the traces may be evaluated 
using the formulas for W, X, Y. If we denote by I’ the 
s-dependent terms thus found and by © those inde- 
pendent of s, we may write generally 


0,=T,+90,, v=0, 1, 2, 3, 4. (58) 
We thus finally get 


I'yo= —4m(a-s)(k-s)(ao—)) 


ado—b\? 
y= mibo+m) (atk os +) 
Rot+m 


lr, =9(|k—«|)W,, 
I's=2m(a-s)[(c-s)(kot+m)+ (K-s) (cot+d) ], 


©,=¢(|k—«|)We, 


O2.= —m(ko+m) 
cotd ao—b 
| (c+ )-(++e—)] 
kot+m kot+m 
3 
P'3=— (a-s)[(k-s)(X) Aj; — xe) 
j=l 


— Ajj sikj + (e-s) (K+ %) J+A ijs,a;(k-s) 
—A,;s;sj_a- k+ (ko—m) (ao—8) | 


— (E+m) (ao—b)(k-s) (As), (64) 


x= 3 Lake (bo—m) (ao 11 Aj;—x-¢) 
j=1 


ao—b 
+ | « c+ (k- inten “Ith «+ (kot+m)*] 
kom 


(65) 
o—5 
-|a «+ (k- lt c+ (ko+m)(co—d) }}, 


orm 


(a-s) 
= {(e-s)[t- k—(to—m) (kot+m) } 


2m« 
—(k-s)[e-t+(to—m)(eo+f)]}, (66) 


1 
e-—| [e-t+ (to—m) (eo+f) | 


4mx 


X[a- k+ (ko—m) (ao—b) | 


o—b 
+[e- k+ (=) botm) att ( onal ] 
kot+m 
(67) 


ao—b 
_ E a+(e- K)— [Eke (to—m) (ko+m) | . 


kotm 


In Eqs. (66) and (67) we have used the notation t= x, 
to= FE, and the fact that t-s=0. 


V. DIFFERENTIAL CROSS SECTION 


It should be noted that owing to the fact that the 
quantities a, ao, and 6 of (33) are real, 29 given by (58), 
(59), and (60) is also real. This was to be expected 
since Q» corresponds to the zero-order approximation in 
aZ of the real sum >>| M|? of (46). 2: given by (58) and 
(61) is also real. However Q, Q3, and Q, are complex and 
divergent in the limit 4 — 0, because they involve the 
quantities defined in (42). Only the real parts of these 
traces are required for the calculation of the sum of 
Eq. (46). Since the complex quantities Ap, Ao, B, 
Bo, and Aj; occur in Q2, Q3, and Q4 multiplied by real 
factors, only their real parts are needed. These, as 
shown in the appendix, are finite in the limit of the 
pure Coulomb potential (u— 0). The same will also be 
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true, because of Eq. (46), for the cross-section (6), 
correct to first order in aZ. Thus, the cancellation of the 
specific divergences of the Born method is established 
also for the case of the photoeffect. 

We now set out to find the explicit form of the quanti- 
ties 2) and ReQ,. To this end we shall use the definitions 
(33) and the relations which derive from them: 

1 (k—«)? 
=—(ks), a—b=———--1 
2m 4m? 


a—b «ff P—k-xn —k-x 
a+k- a —+.— | 
kyot+m 2m? k? K 


(68) 


(69) 


Taking the scalar product of the vector (69) with k 
and x, we find 
ay—b 
a-k+F * =a-k+(ko—m)(ao—)) 
kotm 


1 
=——[k*?— (k- «)?], 
2m*x 


(70) 


ao—b 
oet'-)—-- 
kyo tm 2m? 


K 
Ct—(k-x)*]. (71) 


In the case of 20, employing Eqs. (68) and (69), we 


obtain for I'p and @o of (59) and (60), the expressions 


1 
@o=——(k— «)*[ k’x?— (k- x)? ]. 


3, 


The terms I’; and ©; of 2), are given by Eqs. (61), 
(53), (68), and (69). Expressing ¢(|k—«]|), defined in 
Eq. (11) by means of @ of Eq. (A.18),” we get 


1 (k-s) 
"hm (k—x)? 


[R'x?— (k- x)? ] 
eo, 


(74) 


(75) 


Taking into account the definition (42) of the quanti- 
ties ¢, co, d, their real parts can be obtained with the 
aid of Eqs. (A.26) of the appendix. Employing also 
Eqs. (68) and (69), we find for the two terms of ReQ, 


ReI’.=2EQ(K-s)?, (76) 


E 
Re@,=——@[K2— (k-x)?]. 
mK 


Using the same expressions for the real parts of ¢, co, d 
as above and the formula (A.33) for Red_A;;, we find 
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after some elementary transformations based upon (3) 
and (4) 


E 
ReQ@;= —_ alk? — ( k- x)? ] =—=— Re@s. (78) 
mK 


The calculation of the real part of I's, given in (76), is 
more tedious. From Eqs. (A.27), (A.33), and x-s=0 it 
follows firstly that 


Rel’ 3= — vULa- k+ (ko—m) (ao—b) | 


k? 1 ay—b 
a (k-9)| - —at+—v48| a «+ (k- J | 
2m m ko+m 


1 ay—b 
+ ———— ) peut (h9)8) 


-2m Rkotm 


= (E+m)(ao—b)@ . (79) 


Using the expression (A.31), (A.29) for U and §&, one 
then finds 


k-x—k? 1 | 
(k—x)? 


Put (k-.)S=P@+} e| — 
k'x?— (k- x)? 


+h*+—___—_. 

k'x?— (k- x)? 
We shall replace the other § occurring in Eq. (79) by 
T, given in (A.30), since $= 7; the expression of VU is 
given in (A.32), and from (80) and (4) it follows 


K 
-= —(k®?—k-x). 
2m kotm m 2m? 


Thus, using also Eqs. (68), (70), and (71), we find in 
the end after rearranging the terms conveniently, 


1 (k2—k-x)C—2k 
ReP';=—- 
4 





2m?x 


k— x)? 
+(k-s)|2¢|1—- “le 


4m? 


Cc 1 K 
+—|——_+ 

4m\(k—x)?  k’x?— (k- x)? 

K P+k-x« 
—__——|. (80) 
2m?k k?x?— (k- x)? 


4 


In order to find the expression of Re%&, we note 
firstly that, given the definition (42) of the quantities e, 
eo, f, as well as that of t and é, Eq. (66) for Ty may be 
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given the form 
(k-s) 
r= [(B-s)(k-x—k?)— 


4m?x 


(k-s)(B- «+ Box’) ]. (81) 


The calculation of Rel’, is done by using the formulas 
ReB- k= @k’+}€, (82) 
ReB- x= @(k-«)+3C—432°/k, (83) 
and ReB-s=@,(k-s), which all derive from (A.20). 


We find on their account, after some manipulations, 
the result 


(k-s)? | 
ReI's=——j — (k++ x") 
4m? 


ok 6) (k= x)? 2[ bat — (Ie 9)*] 
Be— (kw)? 


2 


In the case of ©4, it should be noted that the real 
parts of the terms of Eq. (67) may be calculated using 
Eqs. (82), (83), (70), and (71). We thus finally find 


1 
ReQ,= acacia [ee 
4mx | m 


—(k-x)*?]@ 


e 
hire | te « 2— (ke x) (E+) 
4m 2h 9 


+[ 2k? — (k- «) (R?+°) ](— kx) 


ae 

———[2k'?— (k- x) (+4? i}. (85) 

4m? kk 

We have to consider next the summation of the in- 
dividual contributions Rel’, and Re@,. Addition of the 
results contained in Eqs. (74), (76), (80), and (84) 
yields, after expressing ® in terms of @ and conveni- 
ently rearranging the terms, the result 


1 (R—k- ¥)e— mk 


4 
Re > T,,= 
p=l 4 2m? K 


+(k-s)? {4x of 


4m? 


2 E k-x-# 
ae eine Wd | 
mU(k—«)?  m k’x?— (k- x)? 


m (k- — 
(k-%)? 


~ 8mthx kk 
Similarly, adding Eqs. (75), (77), (78), and (85), we find 
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E 
Re © 0,=——[kx2— (k- «)"](k—x)?@ 


y=l 2m x 
ec 2m kx? — (k- x)? ] 
+ alia 
16m'x? (k—x)? 


— (k- x) (P+) +2(k— y 


4 





+2? 


i 
Ber ae — (K+ x) (R?+x°)]. (87) 
16m'®x?k 


It is to be noticed that the @-dependent term of Eq. 
(86) may be put, owing to (72), into the form 2E@I'». 
Likewise, on account of (73), the @-dependent term of 
Eq. (87) may be written as 2E@@p». With the results 
(58), (86), and (87) and the preceding remarks, Eq. (46) 
may ‘be given the form 

| M N3| 
> |M|?= 


o102 Ba 


a 
" a +-28a(k—x) 
(k— x) 

In view of expressing the differential cross section (6), 

we now introduce the usually adopted coordinate sys- 
tem in which x points in the positive z direction and s 
in the positive x direction. Let @ and ¢ be the polar 
angles of k in this coordinate system. Then, on account 
of (4), we have”! 
(k—«)?=2Ex(1—B8 cos), k’x?— (k-%)?= Rx? sin’@, (89) 
By use of the preceding formulas and the definition of 
€ of Eq. (A.18), the quantities Q) and Z occurring in 
Eq. (88) may be written 


1 2k* 


a Qo=— 
(k—x)$ 


vA 
, |+mezs } (88) 


rT 


(2Ex)*(1—B cos8)8 


(come Ex) Ed 
x { sin cos] — - + 


sina, (90) 
1s cet 2m?) 4m? 


1 


a 
— 
—_—— 


16m’ QE «(1 —B cos) ]! 
k? sin’ cos'¢ Ex k 
x | ane — +— costo( con—1)| 
(1-8 cosé) m K 
mk’x — sin’6 K 
— —AmBt-ute(1— cost) 
E 1-8 cosé k 
1 
+——_—- == 
8m'*x[2Ex(1—B cos#) ? 
X {k(m—x)+ Ex cosd—2Em cos6 cos*y}. (91) 
Tt may be shown that the expression for (k—%)? given in 


(89), approximate because of the neglect of terms of order (aZ)? 
in Eqs. (3) and (4), is precisely the rigorous one for (k—%)?+-22, 


obtained by using the exact form of the same equations. It is in 
fact this latter quantity which is of interest; see reference 20. 
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The expressions (90) and (91), as well as the coeffi- The zero-order approximation of the cross section (92) is 
cient |N,N2|?/Emx may be expressed as functions of 8, _ precisely the formula of Sauter. It should also be noticed 
employing the relations (5) and (3). We also find, with that contrary to %, the corrective term G does not 
the help of Eq. (A.26) for @, vanish for #=0, 7. 


? "y we: 4 j 2 —_ f q If 
1+2E@(k—x)‘aZ/n?=1— (naZ/B). VI. TOTAL CROSS SECTION 


Thus the differential photoeffect cross section (6), Performing the angle integrations in Eq. (92), the 
correct to first order in aZ, can be given the form” contribution of the F term, found by Sauter, is given by 


do,= a®Z? 5 one, —_ 


m ri—( (1-—8° 2a , * 


waZ 
x|5(1- —)-+na75 | de (92) 
B 


a shina —6)* 4 1-3(1—6)!+2(1—6") 
[sa0- a 


where we have abbreviated a ’ : . ‘ 
lhe integration of G can be carried out with the aid of 


sin’8 cos*y jie (1 —B) 4} sin®@ costy the following formulas 


~ (1—B cosé)* 2(1—6*) (1-8 cos8)? ry sin’9 
[i—(i—6*) P sin’ 0 (1-8 cosb)7” 


“6 


4(1—8°)! (1—B cosé)3 ; 8 (2 (1-/ (1—8)!— (1+8)} (1—{ | 
‘t1-0-6)") sele (1-6)! | 
5= 


d9 
=poul\t 
--+— cos6 cos’¢ 
1—*)! 1B cosd 1—° =|. = (1—8)!— (1+)! | 
1— (1-8)! —#)) sin’ ~ 3el6 (1-69) 2 (1-6)! 


aw — (1+ cos*y) — — i 
= cos*¢ i-s# 1-8 oui f sind 2 ltnallaadl 


27/292 (1-6 cosé)! [- sin@ cosé 
[- 46° sin*?@cos*g 6 48 0 


+48" —4g-—— 


(1—g")! (1-6)! f- S) 
i—( 1—8*)! {- ia 2 0 (1—B cos6)? 


ie nat [1— (1-6)! » (1—8 cosé)! 38 
— cos] 


— — cos$ cos*¢ 


)? 
48° ( iB cos@ 
a —d§= —— 


r sin8 cos 2 1-8 
— In—. 
0 (1—£8 cos6)? B(1 _# yt & 1+£8 


1— (1—6")! 


(-# ) _ 6? . With the above, the contribution of G becomes 





(1— 1— (1—6%)#}!; (1-8)! (1+8)'r 4 46 8 
y= — PP fg, LF cite p ~+-—(1—p")!— 1-8) | 
vig" | 8 3 15 


rT 15 


it 2 4 4 ay 2 B 1 2B, 1 1 
+[-a)-+ +8)4] ~=— +——— -—|+c0-0'-a48)"] —- +( - ) 3 --|| 
31—s 15 (1-6)! 15 31-@ \ge 3/(1-s)! 2 


1—(1—,)! 1 B 
+L! 201-9] 1+ in| (96) 
g 28 1+8 


“ 


2 The cross section in ordinary gauss-cgs units is obtained by multiplying formula (92) by #*/c? and giving @ and § their usual 
values. 
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Equation (96) may be given a more suitable form, 

making use of the elementary identities 

(1—6)'— (14+8)!= — (2[1— (1-6) 4}, 

(1—B)!— (1+8)!=— {2C1— (1-6) 102+ (1-6)4), 

(1—6)!+ (1+6)!=26{2[1— (1—6?)#]}-#L2— (1—6*) 4]. 
Thus Xt may be expressed as a function of the powers 

of (1—6?)*. One finds finally” 


5 8 
+—(1-6")+—(1—6")! 
b | ) 
1 1-8 
+ (1—6)§[1 —3(1—6*)!+2(1 6%) In—}. 
28 1+6 


With Eqs. (95) and (97), the total cross section 
becomes 


(97) 


8*(1—£*) 
(1-1-6) 8 


TwaZ 
x{ (1 raza, (98) 
B 


or.= 3 G00 


where go is the Thomson scattering cross section. 
VII. DISCUSSION 


We will now consider the limiting behavior of the 
total cross section (98). The fully nonrelativistic limit 
is found by retaining only the zero-order terms of the 
expansion of the cross section in powers of 1/c (that is 
to say, in powers of 8 and @Z simultaneously). To do 
this, the formula (98) must be considered as written in 
ordinary units with a=e/hc, B=2/c, go=8me'/3mic'. 
We then find 


Ms, N=O(B), 1—(waZ/B)=1—2(EZ/h). 


With the above, the nonrelativistic limit of the cross 
section (98) becomes 


9 


me? \ 7/2 eZ 
a= WiaiZ ea “ ) (1---), (99) 
hy hv 


This result entirely agrees with the one obtained by 
making the corresponding approximations in the exact 
nonrelativistic formula of Fischer. To facilitate the 
comparison, we remark that, in the Sommerfeld version 
of this formula, the quantity 7 occurring there is 
actually identically defined®® with the one we intro- 
duced in (A.9)—the arc tan function being determined 

23 The terms of It in 1/(1—f*) cancel. 

* Reference 3, Chap. 6, Sec. 5, Eq. (6) for wat =ax. 

25 Reference 3, Eq. (VI,5,19b). 
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TABLE I. The values of o4/aZ® go, for Al (Z=13) and A (Z=18) 
as given by the Sauter formula, Eq. (98), and the exact 


evaluation.* 


Formula (98) Exact evaluation 
Sauter Al A Al A 


29.47 19.7 16.2 22.3 199 
1.68 1.19 1.00 1.24 1.12 


hv/me? 
0.693 
2.21 
® See reference 4. 


in the same way.”® Hence, expanding the formula of 
Fischer in powers of e’Z/hv one finds indeed, to first 
order, the expression (99).?7 

In the extreme relativistic limit 8— 1, by keeping 
only the lowest power of (1—8*)!, we find 


oR = Sat Z5 po(1 -3)1( 1—naZ— 


4 
ral), (100) 
15 


The result (100) is precisely the one obtained from the 
extreme relativistic formula (exact in aZ) of Hall,”® if 
only first order terms in aZ are retained.” 

We finally discuss the range of validity of Eqs. (92) 
and (98). The way they involve the quantity maZ/8, as 
well as the aspect of Hall’s formula,”* suggest that the 
error with which these equations stand for the exact 
cross sections is of order of magnitude (raZ/B)*. Equa- 
tions (92) and (98) can therefore be applied to heavier 
elements and to smaller velocities 8 than those of 
Sauter. These conclusions are corroborated by the 
comparison of the values obtained from Eq. (98) with 
those interpolated from the exact computations of 
Hulme ef al.4 (Table I). 
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26 Indeed, from the definition of the generalized Laguerre func- 
tion Ln(p), which appears in Eqs. (15a) and (15b) of reference 3, 
Chap. 6, Sec. 4, we have L,(0)=1. This requires that the deter- 
mination of the imaginary power [«/(x—1)]" occurring in the 
integrand of L,»(p) should be chosen so that lim[x/(x—1)]"=1, 
for |x| — © ; hence 

—a<arg[x/(*—1)]<+r. 
The same is true, using the notations of Eq. (VI,4,16e), also for 
7 =arg[xo/(xo—1)]; since the imaginary part of [x0/(xo—1)] is 
negative, it follows that 7<0. We thus find that the determination 
of 7 is the one given by our formula (A.9). 

27 To this end it should be noted that employing the nonrela- 

tivistic energy conservation relation 
k2(1+|n|?2)=2«m, 
where |n| =e@Z/hv=x/k, one finds 
; K ‘ 
e—h+\2= sak —pot Of |e |. 
2m 

Since in a truly nonrelativistic calculation the quantity «/2m 
should be neglected in comparison to 1, it follows that 

r=arc tan2|n| =—2+ O0(|n]|). 
Hence, in our approximation: 7|n| = —|n|. 

28H. Hall, Revs. Modern Phys. 8, 358 (1936); the formula for 
te= Nook on p. 395. 


2” The evaluation, to first order in aZ, of the implicit formula of 
Hall has been given by M. Gavrila, Nuovo cimento 9, 327 (1958). 
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APPENDIX. EVALUATION OF THE MOMENTUM 
SPACE INTEGRALS 


All the integrals we shall evaluate depend critically 
on the screening parameter yu. Since in the final result 
the limit 4— 0 is to be taken, it will be sufficient to 
evaluate them neglecting from the beginning the first 
and higher order terms in w, which vanish anyway in 
this limit. However, the \ dependence of the constant 
and divergent (for 4 — 0) terms in y will be determined 
exactly. Eventual \ approximations will be performed 
only in the end. The method of integration we follow 
is due to Dalitz.® 

Out of the group of integrals 


(1, £] 
(Bo,B) = | —— _ {hbo d*p 
[(p—k)*+u" JL (p—%)*+0*] (p*— ie) 
(1p) 
[1(21(3) 


where k and « are at the outset arbitrary, we start by 
evaluating Bo and shall work exactly in yu, for the time 
being.” Using one of Feynman’s identities, By may be 
written as 


.) 
[(p—P)?-+A? P(p?— Fie) 


where we have put 





—d* p, 


P=xxr+k(1—2), 
—a?(k—x«)?-+a[ (k— x)? +—y? +p? 
With one of the formulas of Dalitz,*! Bp becomes 


r . dx 
Bo eae aceite Tate —B,’ > By! = f LL 
2ki(k— x)? o y(ux+ov+y) 


(A.2) 


(A.3) 


Here we have denoted by 


=p? ue 
y= + - tal + ' 
k—«)*J (k—x)? 
(A.4) 
k?—x?—}? +H iV 
ios = rs 


2ki| k— +e] ~ 2ki| k— x! 


Changing the integration variable according to x 
= (x,+42)/(PF+1) where x; and x2(%1>x2) are the 


a This integral has been calculated also in reference 5, Appendix, 
under an assumption (A= — 0) not suitable for our case. Besides, 
the formula (A.9) derived there is misprinted, the conclusions 
drawn being correct. 

3! Reference 5, Eq. (A.3). 
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roots of equation y’=0, and putting 
—%x2)+[ (*1—2x2)?—4(xyu+2) (xou+2) }! 


h2= ’ 


2(x,u+2) 
: ( =) - (—) 
f=u—(—}, ¢’=-[(—}, 
x1 x1—-1 
we find 


2 ae ie | 1 
“aatacal (ce 
(xyu-+2) (t;— Le) t’ t—t, t—le 


2 
- -] 
[ (1—x2)?—4(ayu+2) (xeu+2) |! . 


We now proceed to approximate calculations in yu. 
Using the explicit form of the quantities appearing in 
(A.5), we obtain 





(A.5) 


B,'= 


(A.6) 





(t!’—t) (t’—te) k?—«?—)?+2kid 
=p 

(t’—te)(t’—t;) 2kiL(k—«)?+ 7] 

With (A.3), (A.6), and (A.7) the integral By then 


becomes 


T= +O(u?). (A.7) 





r P—e- 
=— in( 
kil (k—x)?+)?] 





2+ 2kid ) 
2kil (k—«)?+A2] 


+0(u). (A.8) 


We must now specify which of the many values of the 
logarithm appearing in (A.8) has to be chosen. To this 
end we have to follow the variation of the arguments of 
(t—t,) and (t—é) along the integration path in (A.6). 
One finds that, whatever the sign of (x*— + ?), one 
may write 


InT=In| 7 | +i(7+}2)+ O(u) ; 


— 2kd 
—mQ£r=arc tan( —~)<o 
K— k?+)?2 


It should be noticed that Bo of (A.8) is divergent in the 
limit of no screening (u— 0). 

The group of integrals (A.1) occurs in Eqs. (28) and 
(38), where & and « are now related by (3) and (4). In 
this case the result is required only to lowest order in X. 


By of (A.8) becomes then® 
i Kc ) 
ee ns 
2ki(k— x)? 


The imaginary part of the logarithm of (A.10) is given 
by (A.9), taken for \—>0 and our case x°—k’+)*<0; 
we thus find t=—v-. For the real part of Bo of Eq. 


(A.9) 


Bo= (A.10) 


— ln 
ki(k—x)? 


2 According to (4), for relativistic energies the difference k?—x? 
is of the order m?; kX and X? will then be, respectively, quantities 
of first and second order. See also reference 20. 
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(A.10) we accordingly obtain the value, finite in the 
limit np — 0,% 


®= ReBo= — 1°/[2k(k— x)? ]. (A.11) 
The integral B; of (A.1) may be put into the form™ 
2B;= Eky+>nj +f (kX x);. (A.12) 


It may be shown that in our case the coefficients £ and 
n are given by 


=——_____{°[ (2+) Bo—Ci+- Cs] 
[ete (Ik-¥)"] ‘ 


— (k- x) [(@+P+22) Bo—C2+Cs]}, 
(A.13) 


1 
n= ——${B[ (k’-+x°-+22) Bo— C2 C3 
ee (i Sh C 2+Cs] 


— (k-x)[(2k?+-p2)Bo—C:+-Cs]}, 


(where we have put e=0), whereas ¢=0. In (A.13) the 


following notations have been introduced: 


dp d°p dp 
eh, Gah -— Ga . (A14 
or Fats Woe 


Using one of Dalitz’s formulas,*® the integrals C; and 
C2 become 


im? k—x+1r in? 
C,=-—hb——,, C.=-— ln 


2 (A.15) 
K k+wtin Rk 2*+ip 


The analysis of the quoted formula*® shows that the 
imaginary part of the logarithm appearing in C; is 
i0(A), while that of the one appearing in C2 is: 
iL (4/2) +0(xu) ]. 

The integral C3 may be reduced, by use of one of the 
Feynman identities, to 


(A.16) 


1 dx 
dx f —, 
0 c( — _py 442 ~ o A 


the notations being the same as in (A.2). Changing the 
integration variable in the same way as for Bo’ and 
using the notations of (A.4) and (A.5), C3 becomes 


i ‘dx Lr 1 
opal alert) 
[k—x|4o y | hk— «| t—i t+i 
We obtain finally, after neglecting the first-order terms 
in y, 
in? Pea k—x| 


oie welll allio 
ET Ra 


% The conclusions drawn from (A.10) and (A.9) for ReBo are 
in agreement with those obtained in reference 5, following Eq. 
(A.9). 

4 Reference 6, Appendix. 

35 Reference 5, Eq. (A.2). 


(A.17) 


PHOTOEFFECT 525 
Following the variation of the arguments of (t—i) and 
(t+i) along the integration path, we find for the 
imaginary part of the logarithm of (A.17) the value 
i[—+0(d)]. 

To lowest order in A, the integrals C; and C; of 
(A.15) and (A.16) yield 


ae (A.18) 
ie “| ) 


In this case we note that C; is purely imaginary, whereas 
C; is real.* 

The expression for B;, to zero order in w exact in 
what concerns X, is obtained combining Eqs. (A.12), 
(A.13), (A.8), (A.15), and (A.17). In contrast to that, 
to lowest order in A, B; is expressed with the aid of 
(A.12), & and n being given by 


§= 2B,——____— 
[a?K?— (k- xe)?] 


2— 
x] (Ci—C3) + (k- ae k-x) In aaa } 
(k nae 
(A.19) 
1 


~ Dee (kx)?] 


a—} 
x(k: ili ata Miia? -}, 


(k— x)? 


In these formulas, the expressions (A.10) and (A.18) 
should be 7 for Bo, Ci, and C3, the imaginary part of 
In[ (x°— k /(k—)*] being —im. One thus sees that B; 
is iti in the limit » — 0. However, ReB; is finite 
in this limit; indeed from (A.12) and (A.19) we find 


ReB=@6,k+@6,x; 
1 (?—k- K)C+mk- x/ hi 
= B+-— 
2 RK? 2_. (k- x)? 


k- x) C— 


1 (#— 


where we have introduced © defined in (A.18). 
We now proceed to the evaluation of the integrals 


(Ao,A j,A i) 
-{ (1 Piri pi) 
C(p—k)*+u° LC (p— «°F (p?— ie i 
where k and x are again at the outset arbitrary. This 


36 The results (A.18) and others that can be derived from (A.15) 
reduce, in particular cases, to those of reference 6, Eq. (A.14). 





526 MIHAI 
task reduces to that of the evaluation of the integrals 
in (A.1), since 


2d an’ 
(A.22) 
1 0B; 
ict; < 


1;= Kj : 
2 Ox; 


In evaluating Ao, one must use, on account of the 
differentiation involved, the expression (A.8) for Bo, 
exact in \ except for terms of order O(u). (Differentia- 
tion with respect to A does not change the orders of 
magnitude in yw). As seen from (A.22), A; may be 
calculated in two different ways, the first alternative 
being the shorter one.*” We thus find for Ao and A; 


rT 


1 
d kil (k—«)?+ ?] 


ic 


+ 
kif (k—x)?-+A? 


ki-— A 


| 


—K 2_)2 +2bid k—x)?+A 


n( 


( 


k?—x?—)?+2kir 


2kif (k—x)?-+d7] 


rT 


+l uw), (A. 23) 


2k (k2—k- ) 


_ad 
i) [att (k- x)" 
2(k- x) (k?—k- x) e—k-x 
Tee (kx)? [ee— (ken)? ](k 
[eek *) — ( i allio 

Chex? —(k- x) P 
2x? (k- x) — (kx)? Ree? 
Cae? — (k-x)? 

(k? =m | 


(k-x)? 

It should be noted that $=TZ as it should, 
A,j;= Aji; also, out of the preceding quantities, only ® 
has a term in 1/A, which does thus not appear in the 
From the above formulas one 


u=atie|— 


es 


a 
[RP 


since 


expression of ReA;;“’. 
may derive the result 

37 In the second alternative, the expression for B; exact in X 
[to terms of order O(u)] must be used. One ascertains that both 
alternatives lead to the same result. 
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where the logarithm has the same imaginary part as 

in (A.9). The integrals Ao and A; occur in Eqs. (36) and 


(37), which should be evaluated to zero order in \. We 
obtain for their real parts, in this approximation, 
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where now & and « are related by (4) 

The expression of the integral A ;;, appearing in (37), 

is needed itself only to zero order in wu and A. Hence, for 

evaluating its real part, in this approximation, use may 

be made of Eq. (A.22) combined with (A.20) and 
(A.25). We thus find 

ReA ;;= xix; +Skixj+ Triskjt+ WRik;+V5;;, 

P—k-x 


where we have denoted 
Tee. ~~ (k- x)? 1(k- x)? 


s}+ 7 
k(k-x) 
a 


ReA;=@k;, (A.26) 


(A.27) 


a 


, (A.28) 
[h'— ~ (k- x)? ? 


(A.29) 
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Se nen 
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Re x Aj;= r+; 


=! 


» k- K 2(,2—, 
nee) (A.33) 
3 
Re >) Aj, =F @. 

j=1 
As one sees, while the integrals (A.21) are divergent for 
u— 0, their real parts (A.25) and (A.27) are finite in 
this limit. 
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It is shown that Weisskopf’s nuclear evaporation theory, when allowance is made for the expected dis- 
tribution of nuclear temperatures of fission fragments, predicts an essentially Maxwellian distribution of 
fission neutron energies in the laboratory system. This is found to be in excellent agreement with all available 
data. On the assumption that neutron emission is symmetrical about 90° in the center-of-mass system, the 
average energy E of the fission neutron energy spectrum should be B= £;+2T, in which Fy and T are 
the average values of the fission fragment energy per nucleon and the nuclear temperature. Experimentally, 
E,0.78 Mev for all cases reported, giving fission fragment nuclear temperatures of 0.6 to 0.7 Mev for 
measured fission neutron spectra. This gives a= 12+2 Mev for the equation E,=a7*= excitation energy. 
The same concepts lead to the prediction T=3[(0+1)Ep/2a}}, or EX0.78 Mev+0.621 (+1)! for U5+n; 
Eo is the excitation energy change per emitted neutron, about 6.7 Mev, and 7 is the average number of 
neutrons emitted per fission. This equation, which is approximately valid for all present experimental data, 
leads to the prediction that d#/dE,0.025 for U™® (E, is the excitation energy of the fissioning nuclide). 
The center-of-mass energy spectrum of fission neutrons has also been calculated, as well as effects of 
anisotropy of emission on the laboratory fission neutron spectrum. 


I. INTRODUCTION lation measurements.! However, the neutron emission 


times may be considerably shorter; the lower limit 
must be of the order of 10~” second, the time required 
for a nuclear particle to cross a fission fragment. If the 
time is less than 10~° second the fission fragments will 
not have attained their maximum velocities. In this 
case the relation between fragment velocities and 
neutron velocities would not be quite as assumed in 
this paper; the calculations presented here are thus 
based on the assumption that neutrons are emitted 
from the fragments in a time lying in the range 10” to 
10™“ second, during which the fragments have an 
essentially constant velocity in any case. 

For a neutron emitted from a moving fragment at a 
center-of-mass angle @.m., the relation between the 


HE main purposes of this paper are to consider 

the agreement with experiment of various 
theoretical predictions as to the energy spectrum of 
fission neutrons, to extract some information concerning 
nuclear temperatures from measured spectra, and to 
investigate the variation of the fission neutron spectrum 
with » (the average number of neutrons emitted per 
fission), i.e., with excitation energy. Incidental purposes 
include the calculation of the center-of-mass fission 
neutron spectrum (emission spectrum) and of the effect 
of anisotropy on the laboratory spectrum. 


II. FISSION NEUTRON SPECTRUM FORMULAS 


All predictions of the fission neutron spectrum have 
in common the assumption that the neutrons are 
emitted from moving fission fragments. This assumption 
is in excellent agreement with experiment, both as to 
the general shape of the spectrum and as to the direc- 
tional correlation of neutrons and fragments.! In addi- 
tion, isotropy of neutron emission in the center-of-mass 
system of a fission fragment is usually assumed, for 
convenience. There is apparently no direct evidence on 
this point; however, it was suggested by Hill and 
Wheeler? that there should be a preference for emission 
of neutrons parallel and antiparallel to fragment velocity. 
This should be highly probable if the fragments still 
retain large distortions at the time of emission of 
neutrons. It is not clear at what time the neutrons are 
emitted; measured neutron widths at thermal energies, 
extrapolated to high energies as (£,,)', give emission 
times of the order of 10~'® second, and an upper limit 
of 4X10-" second has been found from angular corre- 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. S. Fraser, Phys. Rev. 88, 536 (1952). 

2D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 


center-of-mass neutron energy Eem. and laboratory 
energy £ is given by 


E= Ey+ Eom.+2(E;Eem.)! COGe.m., (1) 


in which £; is the fragment kinetic energy per nucleon, 
or more precisely the energy M,V//2 of a neutron 
moving with the velocity of the fragment. For isotropic 
emission, or even for anisotropic emission which is 
symmetric about 90°, the average energies thus have 
the very general relation 

E=E;+E.n.. (2) 
If isotropy of emission is assumed, the result for given 
Ey and FE. m, is a uniform distribution of energies in 
the laboratory system given by V(/)=}(Ey;Ee.m.)~ for 
(V/V Ee.m.—-V Ey? < EX (Ec.m.t+\/ Es)? and N(E)=0 
elsewhere. If the center-of-mass energy distribution is 
$@(Ee.m.), the result for a given Fy is the equation 


(VE+y En)" &(Ee.m.)dEo.m. 
viE)= f *s : 
(VE—WVE;)? 4(EyEem.)} 
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This result was perhaps first given by Feather.’ One 
immediate consequence of Eq. (3) is that at low 
energies the fission neutron spectrum must be propor- 
tional to E}: 


(E)/[(E/E)'#(E))J>1 as E>0. (4) 


All measured fission spectra exhibit this property. 

For the center-of-mass neutron energy spectrum 
Feather used the “evaporation’”’ spectrum predicted by 
Weisskopf* and given by 

(Ee.m.)= (Ee.m./T*)e-¥e-™-!7, (5) 
in which 7 is the nuclear temperature of a fragment. 
Combining Eqs. (3) and (5), Feather obtained the dis- 
tribution of fission neutron energies given by 
(x}/8E/T'){ FL (2E/T)'+ (2E,/T)*] 

—F[| (2E/T)!— (2E,/T)}|]}, (6) 


N(E)= 


in which 


F(x) = —2x(2x)—! exp(—2?/2) 


+(2n)4f exp(—f/2)dt, (7) 


—z 


and is composed of tabulated probability functions.® 
The average energy E and most probable energy £, for 
Feather’s distribution are given by 


E=E,4+2T, (8) 
tanh(2E,'E;!/T)= (E;/E,)}. (9) 


Equation (9) indicates that E,> Ey. 
A simpler representation of the fission neutron 
spectrum is the Maxwellian distribution, 
iT?) F4e-E 
17 1) Fie — 


N(E)=(2/e (10) 


which has average and most probable energies given by 
E=3T/2, (11) 


E,=T/2=E/3. (12) 
This has the required energy dependence at low energy 
[Eq. (4) ] but no simple theoretical derivation; it was 
used to describe the fission neutron spectrum in early 
work of Bloch and Staub.® 

Another distribution, given by Watt,’ is obtained 


3.N. Feather, U. S. Atomic Energy Commission Document BR 
335A, 1942 (unpublished). 

4V. F. Weisskopf, Phys. Rev. 52, 295 (1937); J. M. Blatt and 
V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1952), pp. 365-374. 

5 Tables of Normal Probability Functions, National Bureau of 
Standards, Applied Mathematics Series No. 23 (Superintendent 
of Documents, U. S. Government Printing Office, Washington, 
D. C., 1953). 

*F. Bloch and H. Staub, U. S. Atomic Energy Commission 
Document AECD-3158, 1943 (unpublished). 

7B. E. Watt, Phys. Rev. 87, 1037 (1952). 
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from Eq. (3) if the center-of-mass energy distribution 
is assumed to be Maxwellian [Eq. (10) ]: 


N(E)=[e-®/'7/(wEsT)* Je-®!? sinh[2(EE;)*/T J. 
For the Watt distribution, 

E=E,+3T/2, (14) 

tanh(2E,'E,/3/T)=2(E,E;)*/(E,+ Ey). (15) 


For this case, also, E,> Ey. This distribution was also 
perhaps first used by Bloch and Staub.® It, of course, 
includes the Maxwellian distribution [Eq. (10)] as a 
special case, and bears a strong resemblance to it. In 
either case it must be understood that the parameter 


(13) 
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Fic. 1. Experimental fission neutron spectrum for U5 (thermal 


fission). Standard deviations are given for all experimental points 
in this and other figures. 


T is not the nuclear temperature as defined by Weiss- 
kopf.4 


III. EXPERIMENTAL FISSION NEUTRON SPECTRA 


The neutron spectrum for thermal fission of U™* has 
been carefully investigated in a number of experi- 
ments.* The results definitely do not fit the Feather 


8.N. Nereson, Phys. Rev. 85, 600 (1952). 

® Bonner, Ferrell, and Rinehart, Phys. Rev. 87, 1032 (1952); 
this paper contains references to earlier literature. 

TD. L. Hill, Phys. Rev. 87, 1034 (1952). 
1D. B. Nicodemus and H. H. Staub, Phys. Rev. 89, 1288 
1953). 
12 —— Frye, Nereson, and Rosen, Phys. Rev. 103, 662 
1956). 

is D. M. Barton, reported in reference 47. 
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distribution, as pointed out by Watt.’? However, both 
the Watt and Maxwellian distributions fit all the data 
quite well. Three of the sets of experimental data are 
shown in Fig. 1, with V(£)/\/E plotted ona logarithmic 
ordinate scale. The proportional-counter work of Watt,’ 
the time-of-flight data of Cranberg and Nereson,” and 
the photographic-plate data of Frye and Rosen” are 
shown as unnormalized distributions, to each of which 
the Maxwellian distribution has been fitted by a least- 
squares method. Also shown are the Watt distributions 
with parameters recommended by the experimenters. 

Fission neutron spectra have also been measured~!® 
for the thermal fission of U** and Pu**, and for spon- 
taneous fission of Cf**’. Figure 2 shows a comparison of 
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Fic. 2. Comparison of experimental fission neutron spectra for 
thermal neutron fission of U** and Pu, 


the U** and Pu*® thermal fission spectra, as determined 
by Nereson using photographic plate techniques,®!® 
with Maxwellian distributions fitted to the data by the 
least-squares method. Figure 3 shows the results from 
photographic plate experiments of Mukhin, Barkov, 
and Gerasimova," comparing the spectra from thermal 
fission of U**, U*, and Pu®*. Their results have also 
been fitted to Maxwellian distributions, omitting the 


4 Mukhin, Barkov, and Gerasimova, quoted by B. G. Erozo- 
limskii in Physics of Nuclear Fission, Supplement 1 to Atomnaya 
Energiya (1957) [p. 67, Pergamon Press edition (1958). 

15 N. Nereson, Phys. Rev. 88, 823 (1952). 

16K. M. Henry and M. P. Haydon, Oak Ridge National 
Laboratory Report ORNL-2081, 1956 (unpublished). 

17 Hjalmar, Slatis, and Thompson, Arkiv Fysik 10, 357 (1956); 
Phys. Rev. 100, 1542 (1955). 

18 Smith, Fields, and Roberts, Phys. Rev. 108, 411 (1957). 
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Fic. 3. Comparison of experimental fission neutron spectra for 
thermal neutron fission of U8, U5, and Pu. 


low-energy point of each distribution, as recommended 
by Erozolimskii.“ Figure 4 shows the Cf*® data of Smith, 
Fields, and Roberts,!* taken by two different methods, 
and the photographic plate work of Hjalmar, Slatis, 





- 


r 
C17 FISSION NEUTRONS 
@ EXPERIMENTAL 
MAXWELLIAN: 
\Unter~ ve 7 
< WATT FORMULA: 
n 
\wiey~e"* sinn 2 VEE, , 
T + 1.136 MEV 
E,*0.646 MEV 
E+2.35 Mev 
SMITH, FIELOS 
@ ROBERTS 
(TIME OF FLIGHT) —~ 
E«2.13 MEV 


SMITH, FIELOS, 
@ ROBERTS 
(PHOTO PLATE) 
E+2.35 MEV 


HJALMAR, SLATIS,@ THOMPSON 
(PHOTO PLATE) 


EoRTo 2.1 MEV 











3 4 
E (MEV) 


Fic. 4. Experimental fission neutron spectrum of Cf? (spon- 
taneous fission). The data points of Hjalmar e al. have been 
combined in pairs to reduce statistical fluctuations. 
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and Thompson,’ also for Cf*®. Also included are the 
Watt distribution recommended by the first authors 
and the Maxwellian distributions which best fit the 
data. The low-energy points (below 2 Mev) of the 
second group have been ignored in the fitting because 
of the well-known tendency of photographic plate 
techniques to become unreliable at low neutron energies. 

Recently the threshold detector method has been 
used'*° to make accurate comparisons of the thermal 
fission neutron spectra of U*, U**, and Pu’. Although 
this technique does not directly yield the neutron 
spectrum, it is highly sensitive to differences between 
spectra. The experimental results indicate close simi- 
larity of these three spectra. The slight differences in 
average energy may be evaluated with very small 
uncertainty by assuming the spectra to be Maxwellian, 
although any similar spectrum would do; these dif- 
ferences are given in Table II in the next section. 

Other sets of experimental data on the fission neutron 
spectrum which are not shown in Figs. 1 through 4 are 
also quite consistent with both the Watt and Maxwellian 
distributions. Bonner, Ferrell, and Rinehart,’ in par- 
ticular, examined the low-energy region from 50 kev to 
700 kev using cloud-chamber techniques and established 
that in this region the spectrum is consistent with these 
distributions. Their value for the proportion of total 
yield falling in this energy range is in excellent agree- 
ment with those for both the Watt and Maxwellian 
distributions for E22 Mev. They obtained a value of 
0.54+0.05 for the ratio of the number of forward- 
recoiling protons of 50-600 kev energy to the number 
of higher-energy recoils, as compared to a value of 0.50 
calculated from Watt’s formula and the neutron-proton 
scattering cross section. Maxwellian energy distribu- 
tions with average energies 1.935 and 2.0 Mev give 
values of 0.55 and 0.53 for this ratio. Recently Kovalev”! 
has done a similar experiment, comparing thermal 
neutron fission of U***, U**, and Pu’. His data yielded 
a value of 0.53+0.04 for the above ratio for U**, 
compared to his calculation of 0.52 from the Watt 
formula. No significant differences between the three 
spectra were observed; the values for U** and Pu** 
were 0.49+0.04 and 0.48+-0.04, respectively. 

It is apparent that for all measured fission neutron 
spectra the neutron intensity varies as E' at low energies 
and exponentially at high energies, a shape which is 
most simply represented by the Maxwellian distri- 
bution. The experimental fission spectra discussed here 
all have most probable energies E, in the range 0.6 to 
0.8 Mev, in good agreement with the value E/3 given 
by a Maxwellian distribution. It is also evident that 
the Watt distribution fits the data well for 0 S$ ; $0.6 


J. A. Grundl and J. R. Neuer, Bull. Am. Phys. Soc. Ser. IT, 
1, 95 (1956); Grundl, Neuer, and Usner (private communication). 

* Kovalev, Andreev, Nikolaev, and Guseinov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 1069 (1957) [translation: Soviet 
Phys. JETP 6, 825 (1958) ]. 

VY. P. Kovalev, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 501 
(1958) [translation: Soviet Phys. JETP 34(7), 345 (1958). 
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Mev (£;=0 corresponds to the Maxwellian distri- 
bution). If the parameters FE, and T are allowed to take 
on as few as two values each, the average of the four 
Watt spectra corresponding to the possible combina- 
tions of £y and T can be made to fit the data as well 
as could be desired’ using the actual experimental 
values of Ey, which average higher in energy than 0.6 
Mev (see Table I in the next section). However, a 
similar statement can be made about Feather’s dis- 
tribution, in which the temperature is based on 
Weisskopf’s evaporation model.‘ 

To avoid confusion, the temperature 7 will hence- 
forth, in this paper, be used only in Weisskopf’s sense ; 
the parameters used in the Watt and Maxwellian dis- 
tributions do not have the same meaning. 


IV. NUCLEAR TEMPERATURES 


Weisskopf’s concept of nuclear temperature is based 
on the statistical model‘ of the nucleus, which is prob- 
ably more justified in application to fission fragments 
than to most other nuclear reactions, which may involve 
direct interaction of incident particles. For the purpose 
of this paper an equation for the nuclear temperature 
which is slightly different from the usual formulation 
will be derived. 

The statistical model predicts a center-of-mass energy 
distribution for emitted neutrons given by 


$(Eem.)=const Eo.m.oc(Ee.m.)o(E:— Ex—Eecm.), (16) 


in which o, is the cross section for the inverse process 
(formation of a compound nucleus of excitation £; by 
a neutron of energy F..m.), w is the density of nuclear 
energy levels in the final nucleus, #; is the initial 
fragment excitation, and F; is the binding energy of a 
neutron. 

Weisskopf, considering the excited nucleus as a 
degenerate Fermi gas, obtained the approximate ther- 
modynamic relation between excitation energy E, and 
temperature T, 


E.=aT’, (17) 


in which a is a constant increasing slowly with atomic 
mass. Calculation of the entropy S= fdE,/T=Inw then 
leads to 

w(E.)=const exp[.2(aE,)? ]. (18) 
Hence 
w ( E;- Ey aka. ) 
=const exp{2[a(E;— Fy— Ee.m.) }}}, (18a) 


or : 
w(E;— Ex— Eom.) const exp[—Ee.m./(E,/a)*], (19) 


if 
(20) 


Bw. —Ecm.| <E,=E:—Es—Eem. 


2B. E. Watt, U. S. Atomic Energy Commission Document 
AECD-3073, 1951 (unpublished). 
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The quantity E, is the average residual excitation 
energy following emission of the neutron. 

If , is assumed to be nearly a constant,”> Eqs. (16) 
and (19) then yield the evaporation energy spectrum 
of Eq. (5), in which 


T= (E,/a)}. (21) 
This is a somewhat closer approximation than the 
usual one, in which the temperature is calculated from 
the maximum residual excitation (£;— F,). Because the 
average energy of an evaporation spectrum is 


Eem.=2T (22) 


if no upper limit is placed on the energy, the average 


residual energy FE, from which T is determined is given 


by 
(23) 


This, with Eq. (21), gives a quadratic relation between 
T and (£;—£)). 

In order to justify obtaining nuclear temperatures 
from the fission neutron energy spectrum, it must be 
demonstrated that the assumption of an evaporation 
energy spectrum [ Eq. (5) ] in the center-of-mass system 
is consistent with experimentally measured fission 
spectra. Feather’s spectrum [ Eq. (6) ] is not in accord 
with experiment for any single set of the parameters Fy 
and 7, and Watt has shown’ that the use of two values 
of E;, corresponding to light and heavy fragment 
velocities, does not much improve the fit. However, it 
will be shown in the next section that if the temperature 
is allowed to cover the expected range of values the 
agreement of Feather’s spectrum with experiment and 
with the one-parameter Maxwellian distribution is 
remarkably improved. Thus it seems justified to com- 
bine Eqs. (2) and (22), obtaining 

E=E,+27T (24) 
for the average energy of the fission neutron spectrum. 

The determination of average nuclear temperatures 
from Eq. (24) thus requires the evaluation of E;, the 
average fission fragment kinetic energy per nucleon. 
This quantity depends on both the average total 
kinetic energy Ex=Ey+E, of the fragments and the 
ratio of average masses, My,/M_. Both of these quan- 
tities have been measured for a wide variety of fissioning 
nuclides. The available experimental data“ are 

*8 There is justification in evaporation theory for the assumption 
of a Maxwellian distribution [Eq. (10)] in the center of mass for 
very low energies (Ee.m. <0.1 Mev) because of the approximately 
E~* dependence of o-(Ee.m.) at such energies. 

24 J. L. Fowler and L. Rosen, Phys. Rev. 72, 926 (1947). 

#6 S. Katcoff, Nucleonics 16, No. 4, 78 (1958), gives a summary 
of fission product data for U, Th, and Pu. 

26 Smith, Fields, Friedman, and Sjoblom, Phys. Rev. 111, 1633 
(1958). 

27 J. S. Wahl, Phys. Rev. 95, 126 (1954). 

28 W. J. Whitehouse and W. Galbraith, Phil. Mag. 41, 429 
(1950). 

*” B.S. Kovrigin, dissertation, 1954, quoted by K. A. Petrzhak 
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summarized in Table I. Because both energies and 
masses have been reported in a number of different 
ways, sometimes for fragments before and sometimes 
for those after neutron emission, and more usually as 
most probable values rather than as averages, an 
attempt has been made to place all the data on the 
uniform basis of average values before neutron emission, 
It is necessarily assumed here that the neutrons are 
emitted from the fragments, not in the act of fission. 
The relations used in constructing Table I are sum- 
marized in the Appendix; it will only be mentioned here 
that the ratio of average energies of light and heavy 
fragments is not precisely the same as the ratio of 
average masses, nor is the average of the fragment 
energy per nucleon equal to the average fragment 
energy divided by the average mass. 

The standard deviations estimated in Table I are 
based to some extent on the close agreement between 
the results of different types of experiments when the 
data are placed on the uniform basis used here. For 
nuclides investigated most often there are no appre- 
ciable discrepancies between different sets of data. 

The two final columns of Table I give values of F, 
averaged over all modes of fission on the differing 
assumptions that (1) light fragments and heavy 
fragments emit equal numbers of neutrons, or (2) light 
fragments emit 1.3 times as many neutrons as heavy 
fragments, as Fraser! has suggested. It is interesting to 
see that the values of Ey are essentially the same for 
many types and energies of fissioning nuclide. Since 
Fraser’s conclusion is very sensitive to assumptions as 
to anisotropy of neutron emission and as to emission 
spectrum [see Sec. V (e) ]a compromise value, B;=0.78 
+0.02 Mev, will be adopted here to cover all the well- 
determined values. 


in Physics of Nuclear Fission, Supplement 1 to Atomnaya Energiya 
(1957) [p. 143, Pergamon Press Edition (1958). 

% W. E. Stein, Phys. Rev. 108, 94 (1957). 

31 R. B. Leachman, Phys. Rev. 87, 444 (1952), gives data which 
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yield, for U%+-n, U*%+mn, and Pu*-+-n, respectively, Hx =165 
+2, 167+2, and 170+2 Mev, and My/M,=1.495, 1.478, and 
1.400. 

®R. B. Leachman and W. D. Schafer, Can. J. Phys. 33, 357 
(1955). 

3% Gunn, Hicks, Levy, and Stevenson, Phys. Rev. 107, 1642 
(1957). 

* D. C. Brunton and G. C. Hanna, Can. J. Research 28A, 190 
(1950). 

35 Smith, Fields, and Friedman, Phys. Rev. 106, 779 (1957). 

36 J). C. Brunton and W. B. Thompson, Can. J. Research 28A, 
498 (1950). 

37 Hanna, Harvey, Moss, and Tunnicliffe, Phys. Rev. 81, 466 
(1951). 

38 R. L. Shuey, University of California Radiation Laboratory 
Report UCRL-793, 1950 (unpublished). 

9% E. P. Steinberg and L. E. Glendenin, Phys. Rev. 95, 431 
(1954). 
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TaBLe I. Fission fragment kinetic energies and masses; Kx is the average total kinetic energy before neutron emission; My and Mz, 
are the average masses of heavy and light fragments before neutron emission; (Ez/Mz1)a and (Ex/My)w are the average kinetic 
energies of light and heavy fragments per nucleon, adjusted to the mass of a neutron. The last two columns are average fragment 
energies per nucleon, obtained by (1) giving the results for light and heavy fragments equal weight in the average, or (2) giving the 
light fragment energy per nucleon 1.3 times as much weight as the other. Estimated standard deviations are given for all experimental 


numbers. 


Z2/Aus 


Fissioning 
nuclide 











References 


Ex (Mev) 


Mu/M1 


(Et/M1)my 
(Mev/nucleon) 


(Exn/Mu)w 
(M 


ev/nucleon) 


[(Ext/M1)ay 


(1.3(EL/ML)ay 


+(En/Mu)w)/2 Teal M ww 1/2. 3 


(Mev/nucleon) 


(Mev/nucleon) 





1316.3 
1322.0 
1363.9 
1365.7 
1369.6 
1373.5 
1417.9 
1421.8 
1474.8 
1478.9 


Th™+-n 
Th+n 
U%8+ 
U8 
U%49 
U%+n 
Pu*!+n 
Pu®-+-n 
Cm™** 
Cm* 


24, 25 

26 

25,27 

28, 29 

25, 30-33 
25, 30, 31, 34 
35 


25, 27, 30, 31, 


35 
37-39 


36 


16143 
160+3 
16643 
163+3 
166+2 
16342 
174+3 
172+2 
185+5 
180+ 10 


1.52+0.02 
1.55+0.03 
1.42+0.02 
1.47+0.03 
1.47+0.01 
1.48+0.01 
1.43+0.03 
1.40+0.01 


(1.32+0.05)* 


1.34+0.02 


1.063+0.026 
1.093+0.032 
1.000+0.024 
1.019+0.030 
1.046+0.015 
1.044+0.015 
1.041+0.031 
1.016+0.014 
1.014+0.051 
1.009-+0.058 


0.463+0.011 
0.455+0.013 
0.497 +0.012 
0.474+0.014 
0.486+0.007 
0.478+0.007 
0.511+0.015 
0.520+0.007 
0.583+0.030 
0.564+0.032 
0.559+0.010 


0.763+0.015 
0.774+0.016 
0.748+0.014 
0.746+0.015 
0.7660.009 
0.761+0.009 
0.776+0.014 
0.7680.009 
0.798+0.023 
0.786+0.043 
0.765+.0.013 


0.802+0.017 
0.815+0.018 
0.781+0.015 
0.782+0.017 
0.802+0.010 
0.798+0.010 
0.810+0.017 
0.800+0.010 
0.827 +0.026 
0.815+0.045 
0.792+0.013 


1.32+0.01 
(1.36+0.05)* 


18343 
17646 


40-43 
35, 44 


1520.5 Cr 
1579.0 Fm** 
Average 


® Most probable values, not averages. 


This value is probably a reasonable estimate in cases 
where experimental data do not exist, because of the 
reasonably systematic variation of Ex with Z*/A}, as 
seen in Fig. 5. If fission fragments are assumed to have 
spherical shapes with radii given by r=r0A! at the 
time of effective separation, when nuclear forces become 
much weaker than Coulomb forces of repulsion between 
the two fragments, the final kinetic energy of the 
fragments should be proportional to Z*/r,A! for a given 
mass ratio, if charge divides in the same ratio as mass. 
More explicitly, Ex=ZZye/1(Ar}+An?}). 

The straight line shown in a 5, Ex=0.121 Z?/A}, 
is a least-squares fit to the data on these assumptions. 
Small deviations from this line would be expected for 
mass ratios much different from average values; it 
should be noted that a nuclear charge division corre- 
sponding to equal charge displacement*-** would change 
the average Coulomb energy only trivially (less than 
1 Mev). The calculated line leads to the value ro>= 1.82 
X10- cm for a typical mass ratio of 1.45; this value 
of ro is at least 25% larger than those derived from 
other experiments. Although some of this difference is 
doubtless due to fragment distortion (i.e., nonspherical 
shapes) and a tendency for protons in one fragment 
to be farther from the protons in the other fragment 
than are the neutrons, some of the increase in fo is 
probably due to expansion of the highly-excited fission 
fragments. 

The fact that £,=0.78+0.02 Mev remains essentially 
unchanged for a wide range of Z and A, although the 
total fragment energy divided by the total number of 


45 Glendenin, Coryell, and Edwards, Radiochemical Studies: the 
Fission Products, edited by C. D. Coryell and N. Sugarman 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 52, 
National Nuclear Energy Series, Plutonium Project Record, Vol. 
9, Div. IV. 

“A. C. Pappas, Proceedings of the International Conference on 
the Peaceful Uses of Alomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 7, p. 19. 


0.971+0.018 
0.954+0.051 
1.03 


0.764+0.029 
0.80 


0.736+0.027 
0.76 


0.517+0.028 





nucleons (Ex/A&0.121 Z?/A4) increases with Z, is 
connected with the compensating decrease of mass ratio 
with Z, as shown in Table I. These data on E; allow the 
rewriting of Eq. (24): 


E=E,+2T=0.78 Mev+27. (25) 


Thus the evaluation of the average energy E of the 
fission neutron spectrum yields directly the average 
temperature 7’ of the fission fragments, on Weisskopf’s 
evaporation model. The available sets of experimental 
data which are suitable for this purpose have been fitted 
to Maxwellian distributions by a least-squares method ; 
the results are given in Table II]. The U*® fission 
spectrum, which is the best determined, has an average 
energy of approximately 1.935+0.05 Mev; this is in 
agreement with the value recommended by Cranberg 
et al.” and by Leachman.” This uncertainty of the 
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Fic. 5. Dependence of average total kinetic energy Ex of fission 
fragments (before neutron emission) on Z?/A!. The straight line 
is a least-square fit to the data. 


7 R. B. . Leachman, Proceedings of the International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1955 (United 
Nations, New York, 1956), Vol. 2, p. 193. 
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TABLE II. Average energy of fission neutrons. 





Fissioning Energy range 
nuclide References (Mev) Method 


E(Mev)* 
Watt 
spectrum) 


E(Mev)> 


(Maxwellian) E(Mev)e T(Mev)4 








0.18-3 Time of flight 
Photoplate 
Photoplate 
Photoplate 


Prop. counter 


Cranberg and Nereson® 
Frye and Rosen® 
Mukhin eé¢ al.! 
Nereson® 

Watt® 


U+4n 


Grundl et al.' 
Henry and Haydon! Prop. counter 
Photoplate 
Kovalev ef al.* 
Mukhin et al.‘ Photoplate 
Grundl and Neuer’ 
Kovalev et al.* 
Mukhin et al.! 
Nereson! 


Photoplate 
Photoplate 


2-10 
1.4-7 
0.3-4 


Photoplate 
Photoplate 
Time of flight 


Hjalmar et al.™ 
Smith et al." 


Threshold det. 


Threshold det. 


Threshold det. 
Threshold det. 


1.916+0.04 1.935+0.05 0.58+0.03 
1.952+0.013 

1.91 +0.04 

2.0550.04 


1.854+0.01 


B(U*5)+0.02+0.01 
2.17-+0.10 
2.23+0.13 
E(U®5)+0.06-+0.02 
2.04-+.0.06 


B(U**)+0.07+0.02 
E(U*5)+0.08+-0.02 
1.8740.05 
2.275-+0.04 


1.9806 
1.9806 


2.00 


1.96+0.05 0.59+0.03 


2.00+0.05 0.61+0.03 


2.12+0.24 0.71+0.05 
2.35+0.08 


2.13+0.05 


2.35 
2.35 








® Average energy given by Watt spectrum parameters from references cited. 


b Average energy given by least-squares fit to Maxwellian spectrum; the uncertainties are based on the standard deviations of the data points and 


do not include possible systematic errrors in the energy scale. 


¢ Average energy (arbitrarily weighted); uncertainties are over-all standard deviations. 


4 Average temperature, evaluated by T =(&—Ey)/2~(E£ —0.78 Mev) /2. 
¢ See reference 12. ® See reference 8. . 
{ See reference 14. b See reference 7. 


average energy is primarily a matter of energy cali- 
bration. If a different formula had been used in fitting 
fission spectrum data, slightly different values of E 
would certainly have been obtained, but the difference 
could not be more than a few percent for any formula 
which fitted the data well. The use of a single type of 
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Fic. 6. Fission fragment excitation energy distributions, both 
initial and residual (sum of the distributions following the emission 
of each neutron) for U+n(v=2.46) and Cf?®(p=3.86). The 
upper part of the figure shows the temperature distributions given 
by evaporation theory for these distributions of residual energy. 
All distributions are normalized to unity. 


i See reference 19. 
i See reference 16. 


™ See reference 17. 
» See reference 18. 


k See reference 20. 
1 See reference 15. 


formula for all fission spectra is apparently quite justi- 
fied by the close similarity of measured distributions. 

The data in Table II lead to average nuclear tem- 
peratures of 0.6 to 0.7 Mev for fission fragments, figures 
which are appreciably lower than those usually assumed. 
The distribution of these nuclear temperatures for a 
given fissioning nuclide may be predicted on the basis 
of Weisskopf’s evaporation model. The initial distri- 
butions of fission fragment excitation energy may be 
estimated from data on fragment kinetic energies or 
from the distributions of the number of emitted neu- 
trons. From this information it may be inferred** that 
the initial excitations of single fragments, if independent 
of each other (uncorrelated), have an approximately 
Gaussian distribution with an average value of 
(o+1)E,/2 and an rms deviation of ¢Eo/V2, in which 
29=<6.7 Mev is the excitation energy change per 
emitted neutron, and also the average total gamma-ray 
energy. The neutron number distributions give 1.08 
for most cases, in particular for U**® (i= 2.46), with the 
slighly higher value of 1.21+0.01 applying to Cf” 
(p=3.86). These estimated distributions of excitation 
energy are shown in Fig. 6 for the two cases mentioned. 
Upon emission of a neutron these distributions are each 
shifted about 6.7 Mev lower in energy, with propor- 
tionate shifts for emission of second, third, and fourth 
neutrons per fragment. By a process of adding these 
shifted distributions the residual distributions also 
shown in Fig. 6 are determined. No account has been 
taken of small variations in o in these processes. The 
residual distributions are not the distributions of exci- 


48 J. Terrell, Phys. Rev. 108, 783 (1957). 
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Fic. 7. Experimental data for the average energies of fission- 
spectrum neutrons compared with the approximate curve pre- 
dicted from evaporation theory; the curve has been fitted to the 
U*5-+-m point. 


tation energy after the emission of all neutrons, but are 
the sum of the distributions following emission of each 
successive neutron. These energies are just the average 
residual energies appearing in the equation for nuclear 
temperature, Eq. (21). By the use of this equation, the 
distributions of residual fragment energies may be 
transformed to the distributions of nuclear temperature 
shown in the upper part of Fig. 6. The value of @ used 
was taken as 12 Mev™ in order to conform approxi- 
mately to experimental fission neutron spectrum ener- 
gies and the average temperatures deduced from them. 
This is close to the value predicted by Weisskopf,‘ a9 
for fission fragment atomic weights. 

Although the temperature distributions shown in Fig. 
6 are not of simple analytical form, an approximate 
expression for the average temperature 7’ may be found 
by considering the similar case of a distribution of tem- 
perature which is of the linear form P(T)=27/T,,? out 
to a maximum temperature 7,,. It may be seen by 
inspection that 7,, should be approximately the tem- 
perature [(#+1)E,)/2a]! corresponding to the initial 
average excitation. This approximation leads to an 


analytical form for 7’, given by 


T= (E,4/a)\y3[ (6+1)Eo/2a}}. (26) 


A numerical integration of the distributions shown does 
not change this result appreciably except to change the 
coefficient from 2 to 0.63. 

The average energy of the fission neutron spectrum 
is thus given by Eqs. (25) and (26) as 


EXE ,+- $[(6+1)E/2a]} 


0.78 Mev+0.621(+1)!. (27) 


This equation is plotted in Fig. 7, along with the 
average fission neutron spectrum energies given in 
Table II. The value of the coefficient of (+1)! has 
been adjusted to pass through the U** fission spectrum 
energy value of Cranberg ef al.” This essentially 
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amounts to choosing a212 Mev", for Eo=6.7 Mev 
(the value of a would be 13, except for the small effect 
of the cutoff discussed below). Although the available 
data are limited, the agreement seems reasonably good. 
A more refined approach would allow for variations of 
Eo and a with Z and A, but for a single fissioning 
nuclide at various excitations—as for instance spon- 
taneous fission of Pu™® and neutron-induced fission of 
Pu**—such complications are unnecessary. 

The dependence of 7 on excitation energy E, of the 
fissioning nuclide should be given by** 


di/dE,21/FyX0.15 Mev, (28) 


which, together with Eq. (27), gives 


dE /dE,0.046/(i+1)!0.025 (29) 


for #=2.5. Bat and Kudrin® obtain a numerical result 
very similar to (29) from the assumption a= 10 Mev—, 
T 0.8 Mev, neglecting the distribution of temperature. 
Leachman,” on the basis of calculations involving an 
evaporation energy spectrum in the center of mass, has 
also found a shift to higher energies of the neutron 
spectrum with increasing energy of the incident neutron. 
Since his calculations were based on a fixed temperature, 
T= 1.0, this is an effect of a maximum (cutoff) energy 
E,, on the average energy of an evaporation spectrum. 
This effect is strongly dependent on the ratio E,,/T, 
amounting to a 16.1% decrease in E..m. from the value 
2T for E,/T=4, but a 1.1% effect for E,,/T=8. For 
the temperature distributions used in this paper, 
shown in Fig. 6, the effect of cutoff on the average 
(center-of-mass) energy is 2 to 3% and may be 
neglected insofar as an energy shift of the fission spec- 
trum is concerned. 

The change of fission neutron spectrum with excita- 
tion energy has been investigated experimentally by 
Cranberg and Levin®™ for U*** and Pu; they found 
no appreciable differences for a 1-Mev change in 
excitation but the small difference expected would not 
have been detectable by their method. 


V. EVAPORATION THEORY CALCULATIONS 


(a) Effect of a Distribution of Temperature 
on the Fission Spectrum 


It is evident from Fig. 6 that the assumption of a 
single temperature for the fission spectrum does not 
fully represent the situation on the Weisskopf picture. 
A compromise solution, which has been used in cal- 
culations by Fraser! for U** and by Smith, Fields, and 
Roberts!® for Cf”, is to adopt a single residual exci- 
tation (corresponding to temperatures of 0.852 and 
1 Mev, respectively) for the emission of the first 


# G. A. Bat and L. P. Kudrin, Atomnaya Energ. 3, No. 7, 15 
(1957); I. I. Bondarenko et al., Geneva Conference Paper 2187 
(1958). 

5° L. Cranberg and J. Levin (private communication) ; reported 
by R. B. Leachman, Geneva Conference Paper 665 (1958). 
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neutron per fragment, and to use the resultant spread 
of lower excitations (and temperatures, up to 0.56 and 
0.74 Mev, respectively) to calculate the energy 
spectrum of second neutrons in a fraction of the cases. 
These calculations are based on equations given by 
Feld e¢ al.* for (n,2n) reactions. This procedure, which 
is nearly equivalent to combining a number of Feather 
distributions for different temperatures, leads to reason- 
able agreement with experiment except at high energies, 
where it necessarily fails because of the sharp cutoff 
imposed on the center-of-mass energy spectrum at 
Ee.m.= E;i— Ey. On the basis of the distributions in Fig. 
6, the high-energy parts of the neutron spectrum are 
contributed mainly by the highest temperatures, with 
cutoff energies of 20 or 25 Mev. Hence a simplified 
calculation with a few excitations (and temperatures) 
would be closer to the complete calculation if the cutoff 
were ignored; this is exactly equivalent to using 
Feather’s spectrum [Eq. (6)] for a distribution of 
temperatures. 

Figure 8 shows the effect of mixing of temperatures 
on Feather’s fission neutron spectrum. The spectrum 
for a single temperature 7=0.5775 Mev (corresponding 
to an average laboratory energy of 1.935 Mev, the case 
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Fic. 8. Normalized fission neutron spectra based on evaporation 
theory, compared with Maxwellian distributions for the same 
average energy. Two examples are_shown, chosen to represent 
U5+-n(H=1.935 Mev) and Cf?®(H=2.15 Mev). These spectra 
were produced by combining a number of Feather spectra to 
give the expected distribution of temperature and fragment 
velocity. Feather’s spectrum for a single temperature and fragment 
velocity is shown for comparison. 


5! Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, U. S. 
Atomic Energy Commission Report NYO-636, 1951 (unpub- 
lished). 
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of U*®+-n) is in marked disagreement with the Max- 
wellian distribution for the same energy. The evapo- 
ration theory spectra of Fig. 8 have been produced by 
weighting together fourteen Feather spectra for two 
different fragment velocities (Z;=0.47 and 1.05 Mev) 
and seven different temperatures, the weighting being 
done in agreement with the temperature distribution 
of Fig. 6. It is obvious that there is relatively close 
agreement between the result of this procedure and a 
Maxwellian distribution. The use of the wide distribu- 
tion of temperatures and two fragment velocities does 
not significantly change the spectrum from that 
obtained by merely adding two Feather distributions 
together so as to give the same average energy; with 
temperatures in the vicinity of 0.3 and 0.9 Mev the 
result is nearly identical with the Maxwellian distri- 
bution, and with experiment. The mixing of tem- 
perature cures the two basic faults of the Feather dis- 
tribution, in comparison with experiment—its tenden- 
cies to have too high a most probable energy (generally 
1 Mev or more) and to predict too low an intensity at 
energies greater than a few Mev. 

On the basis of the analysis above, the result of the 
assumption of evaporation energy spectra [ Eq. (5) ] for 
fission neutrons in the center-of-mass system is essen- 
tially a Maxwellian distribution [Eq. (10)] in the 
laboratory system. This is no doubt a fortuitous result, 
even considering the large number of energy spectra 
which are actually averaged together in the fission 
process. It is, however, a fortunate result because of 
the simple properties of this one-parameter distribu- 
tion” and the ease with which it may be fitted to 
experimental data. 


(b) Center-of-Mass Fission Neutron Spectrum 
and the Effect of Anisotropy 


In order to determine the effect of anisotropy of 
neutron emission, as well as to investigate the difference 
between the use of the “approximate” level density 
formula [ Eq. (19) ] and the “exact” formula [Eq. (18) ], 
machine calculations were performed, using an IBM-704 
electronic computer. It was assumed that the initial 
fragment excitation energy distributions were Gaussian 
(except for a cutoff at E,=0) and identical but inde- 
pendent (uncorrelated) in the two fission fragments. All 
neutron binding energies were taken to be the same 
(usually £,=5.4 Mev), for simplicity. It was assumed 
that neutrons would be emitted whenever energetically 
possible, with a spectrum given by Eqs. (16) and (18); 
the constant a was arbitrarily taken to be the same for 
both fragments, and o, was assumed to be constant. It 
was assumed that anisotropy of neutron emission, if 
present, would be symmetrical about 90° and could be 
described by the equation 


(Ee.m.9c.m.)=(Ee.m.)(1+8 cos’Oc.m.)/(1+0/3). (30) 


f= 26/3, 


8 For a Maxwellian distribution, E,=H/3, (E*)ay 


(E}) y= (8/33), and (E~*)sy= (6/rE)!, for example. 
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Thus, after determination of the center-of-mass 
spectrum ¢(E..m.), the laboratory spectrum N(E£) was 





(VE+y Es)* $(Eom.)dEe.m.[1 +b(E-— E..m.— E;)?/4Eo.m.Ez | 
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calculated from Eq. (3), modified to allow for possible 
anisotropy : 


(31) 





N(E)= 
(VE—WVE;)? 


These calculations were performed for two values of Ey, 
the fragment energy per nucleon, in each case; the 
results for light and heavy fragments were then given 
equal weight. 

Figure 9 shows typical center-of-mass neutron spectra 
for two cases, the initial distribution of excitation energy 
having been chosen to yield neutron numbers 7, total 
excitation energy widths** o£, with Eo= y+ Ee.m., and 
average center-of-mass energies EF... typical of thermal 
neutron fission of U*® and spontaneous fission of Cf*®. 
For comparison, the emission energy spectra calculated 
from the “approximate” level density formula [Eq. 
(19)] have been included in the figure [these were 
calculated by adding together the evaporation energy 
spectra of Eq. (5) for the distribution of temperatures 
shown in Fig. 6]. It is evident that the spectra yielded 
by these two different types of calculation differ only 
trivially, for a given average energy. All of the emission 
spectra are somewhat similar to Maxwellian distri- 
butions and are fitted quite accurately (to a few percent, 
for these cases), by the sum of two normalized Max- 
wellian distributions differing in average energy by 
0.6 Mev. The calculated curves have maxima in the 
vicinity of 0.3 Mev, somewhat lower than for true 
Maxwellian distributions. The emission energy spec- 
trum is the sum of spectra for neutrons emitted first, 
second, third, etc.; the average neutron energy was 
found to decrease about 0.3 Mev at each step in the 
machine calculations. 

The calculated emission spectra are not given in 
Fig. 9 below 0.1 Mev, because the assumption of nearly 
constant o¢(E-¢.m.) is not likely to be correct below this 
energy.” However, it is clear that if o-(Ee.m.) is nearly 
proportional to E~! for E..m.<0.1 Mev the prediction 
of evaporation theory for very low energies must be 
$(Ee.m.)=const(Ee.m.)'. This agrees with the approxi- 
mately Maxwellian shape calculated for the energy 
spectrum at energies just above this region. The effect 
of a more nearly uniform level density at low excita- 
tions, as recommended by Feld et al.,*' would be to 
decrease the proportion of very low energy (in the 
center of mass) neutrons and to increase the yield of 
the highest energies. This would also tend to make the 
“approximate” level density formula the more exact 
of the two. 

The result of transforming the calculated center-of- 
mass emission spectra to the laboratory system is shown 
in Fig. 10 for a typical case, with the anisotropy coef- 
ficient b given the values 0 and 0.4. Since the center-of- 
mass spectrum is rather accurately equal to the average 
of two Maxwellian distributions, the result shown here, 


4(E;Ee.m.)'(1+0/3) 





for isotropic emission (6=0), is accurately reproduced 
by the sum of four Watt distributions [Eq. (13) ] for 
two different values each of F..m, and Ey. However, the 
result bears a close resemblance to the simpler Max- 
wellian distribution, shown for comparison, which has 
the same average energy. For isotropic emission all 
distributions calculated had maxima between 0.7 and 
0.8 Mev, for a wide range of values of @ and 7 and 
average laboratory energies of 1.86 to 2.23 Mev. 
Anisotropy of emission, for preferential emission 
forward and backward as suggested by Hill and 
Wheeler? (6>0), has the general effect of increasing 
the yield of high and low energies (in the laboratory 
system) at the expense of average energies. The most 
marked effect of anisotropy is at low energies, as may 
be seen in Fig. 10, the general result being to increase 
the close resemblance between the energy distribution 
calculated from evaporation theory and the Maxwellian 
distribution, for }>0. However, because of many uncer- 
tainties and necessary approximations in evaporation 
theory, and because of many complicating factors 
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Fic. 9. Emission spectra (center of mass) for fission neutrons 
from evaporation theory, for “exact” and “approximate” level 
densities. The input parameters have been chosen to represent 
fission of U5+mn and Cf. The spectra shown are normalized 
to unity, and in most cases have been divided by ~/Ee.m. to 
indicate similarities to Maxwellian distributions. 
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which have not been considered (for example, the 
variations of # and E; with mass ratio), it is probably 
not possible to prove anything about anisotropy from 
the fission neutron spectrum alone. However, these 
calculations suggest the presence of anisotropy (6>0). 

The effect on the fission neutron spectrum of anisot- 
ropy of the type considered is shown in more detail in 
Fig. 11. The curves shown are the ratio between nor- 
malized fission spectra for various values of 6 and the 
calculated spectrum for b=0, shown for reference. It 
may be seen that the effect of anisotropy, for b>0, is 
to decrease the yield for neutron energies between 0.7 
and 3 Mev, approximately, and to increase it elsewhere, 
shifting the most probable energy slightly lower. The 
effects are not very large, for reasonable values of the 
anisotropy, except at low energies, where the ratios 
shown approach (1+6)/(1+/3) as E> 0. 

These machine calculations also allowed a check on 
the dependence of the average fission neutron energy 
on the parameters a, Ho and >. It was found that the 
center-of-mass energy, E..m., was approximately pro- 
portional to [(#+1)E»/2a]', as in Eq. (27), but that 
the coefficient of proportionality was closer to 1 than 
to 4. There was also some slight tendency for E..m, to 
increase with increasing o, but this is probably not a 
significant factor because of the close similarity*® of all 
measured values of o. The lower value of Een, given 
by the use of the “exact” level density formula [Eq. 
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Fic. 10. Typical normalized fission neutron spectra calculated 
from evaporation theory, with the “exact” level density formula 
and with the anisotropy coefficient b chosen as 0 or 0.4. A 
Maxwellian distribution of the same average energy is shown for 
comparison, 
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Fic, 11. Effect of anisotropy of neutron emission on the labora- 
tory spectrum of fission neutrons. The curves shown are the ratio 
of normalized fission spectra, for various values of the anisotropy 
coefficient 6, to the spectrum for b=0, which is shown for com- 
parison. 


(18) ] has the effect of lowering the value of a required 
to yield experimental energy values to 9 or 10 Mev“, 
compared to the 12 Mev™ given by the “approximate” 
formula (with a cutoff at E..m.=E:—£,). The “exact” 
formula yields a center-of-mass spectrum which has 
essentially the same shape as the evaporation spectrum 
[Eq. (5) ] for average energies, but which falls much 
more rapidly for high energies approaching E;— E,, the 
cutoff point. The effect is to reduce the average energy 
by 5% or more from that given by the evaporation 
spectrum ; the effect would be even larger if the evapo- 
ration spectrum temperature were taken to correspond 
to E;— Es, in the approximation often used, instead of 
to E;—E,—EBym. as in this paper. 

There is some reason to think that level densities 
are more nearly uniform® at low excitations than the 
“exact” formula would indicate, so that the “approxi- 
mate’’ formula is to be preferred. For this reason the 
best value of a yielded by fission neutron spectrum 
data is probably 12+2 Mev. 


(c) Fission Gamma-Ray Energy 


The gamma-ray energy EF, released promptly in 
fission is given by these calculations as the sum of the 
initial and residual excitations which are not large 
enough to permit neutron emission. Roughly, one would 
expect the average residual excitation in each nucleus 
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to be of the order of E,/2, for a total of E,F;. The 
present calculations gave FE, = (0.914.0.01 Ei, for every 
case calculated, for a wide range of a and ¢ values. For 
E,=5.4 Mev, used in most of these calculations, this 
gives E,4.9 Mev. This result is somewhat sensitive 
to the nuclear temperature value assumed, and the 
fact that Leachman® used higher temperatures (1.0 to 
1.4 Mev) accounts, at least in part, for the lower result 
he obtained (E,24.0 Mev). It was found that FE, varied 
only slightly with %, for constant a (an increase of 0.03 
Mev for an increase of 1 in 7). 

One factor not allowed for in these calculations is 
that the average binding energy which should govern 
the gamma-ray energy is that of the neutron following 
the last neutron to be emitted, which binding energy 
is somewhat higher than the average binding energy of 
the emitted neutrons. However, this consideration is 
probably not enough to bring the results of calculations 
based on eoaperetion theory into agreement with the 
observed**-** average total gamma-ray energy of 8+1 
Mev. These recently measured values are closer to the 


value assumed in a simplified | model** of the emission of 


fission neutrons, E,2F 6.7 Mev. 

These experimental results seem to lead to the con- 
clusion that gamma-ray emission competes more suc- 
cessfully with neutron emission than present theory 
would predict. It seems quite possible that the extremely 
high electromagnetic fields present during the accelera- 
tion of fission fragments to final velocity might induce 
gamma-ray emission at times of the order of 10-7 
second. High nuclear distortions might favor 
gamma emission, as suggested by Milton. In any case, 
it appears that some of the gamma-rays must be 
emitted at least as rapidly as the neutrons. 


also 


(d) Neutron Number Distributions 


An incidental product of the machine calculations 
described above is the neutron number distribution, the 
set of probabilities P, for the emission of exactly v 
neutrons in a single fission event. An earlier paper’ 
showed that the assumption of a Gaussian distribution 
of excitations should produce an approximately 
“Gaussian” distribution of emission probabilities, given 


by 
» P,= (2m) if 


—o 


Phys. Rev. 101, 1005 (1956); R. B. Leach- 
man and C. S. Kazek, Jr., Phys. Rev. 105, 1511 (1957). 

4 J. E. Francis and R. L. Gamble, in Oak Ridge National 
Laboratory Report ORNL-1879, 1955 (unpublished), p. 20. 

5° Maienschein, Cochran, Estabrook, Peele, Henry, and Love, 
in Oak Ridge National Laboratory Report ORNL-1879, 1955 
(unpublished), p. 51; Maienschein, Peele, Zobel, and Love, 
Geneva Conference Paper 670 (1958). 

56 Smith, Fields, and Friedman, Phys. Rev. 104, 699 (1956). 

57 Diven, Terrell, and Hemmendinger, Phys. Rev. 109, 144 
(1958). 

58H. R. Bowman and S. G. Thompson (private communica- 
tion); Geneva Conference Paper 652 (1958). 

5%J. C. D. Milton, Chalk River Report CRP-642-A, 1956 (un- 
published). 


(—#+H10’)/o 


exp(—/2)dt. (32) 
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In this equation = }° 0” vP, is the average number of 
neutrons emitted, o is the rms width of the initial total 
excitation energy distribution in units of Eo, and b’ is a 
small correction (of the order of 10~? or less). The more 
elaborate calculations described here verify this result, 
as seen in Fig. 12. If ‘‘Gaussian’”’ neutron number dis- 
tributions are assigned to each fragment, the resulting 
over-all neutron number distributions are in extremely 
close agreement with the results of the more elaborate 
evaporation theory calculations. These calculated dis- 
tributions are in excellent agreement with experimental 
results.** The value of o initially assumed for the 
excitation energy distribution and that determined 
from the second moment of the resultant neutron 
number distribution (as described in the earlier paper**®) 
are in agreement to within a few percent, with an 
uncertainty of the same order depending on such 
matters as the distribution of neutron binding energies. 


(e) Angular Correlation Experiments and the 
Center-of-Mass Energy Spectrum 
For neutrons emitted from moving fission fragments 
the yield Y of neutrons per unit solid angle in the 
laboratory system is related to the yield Y.m. in the 
center-of-mass system by 


Y(@)= ee (Pee Ee Bow. | COS (8¢.m.—9) (33) 


If this equation the symbols have the same meanings 
II; E and E..m. are related by Eq. 
CUMULATIVE EMISSION — 
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Fic. 12. Cumulative neutron emission probabilities Zo” Pn as 
calculated from evaporation theory and as given by “Gaussian” 
distributions. The widths o and average numbers of neutrons 7 
have been chosen to agree with experimental data. The coefficient 
b’ is not the anisotropy coefficient b used elsewhere in this paper. 
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(1), and @ and 6... are related by 


(E;)'+ (Ee.m.)' COSBc.m.= (E)! cos6. (34) 


For very low values of F..m, corresponding to laboratory 
angles less than about 30°, it is apparent that the 
laboratory yield is much more intense than the center- 
of-mass yield This effect is so strongly dependent on 
Eom, that most of the high correlation observed! 44:58,60-& 
between neutron and fragment directions is due to that 
portion of the center-of-mass, or emission, spectrum 
lying below 0.1 Mev (these neutrons as seen in the 
laboratory system are of average energies). 

The emission energy spectrum for U*® thermal 
neutron fission, as calculated in this paper, was used 
to calculate yields in the laboratory system at 0°, 90°, 
and 180° on the assumption of isotropy of emission, the 
fragment energies per nucleon being taken as 1.04 and 
0.48 Mev for light and heavy fragments, respectively. 
The results (Table III) yield Y(0°)/Y (180°) = 1.74 and 
Y (0°)/Y (90°)=10.7, for equal neutron yields from 
light and heavy fragments, the angle being given rela- 
tive to the direction of the light fragment. Ifitisassumed 
that the light fragment emits 20% more neutrons than the 
heavy fragment, the corresponding ratios are 2.08 and 
12.0. These numbers cannot be compared directly with 
experimental results, such as Fraser’s! (1.85 and 6.0 for 
U*, uncorrected for angular resolution), because they 
assume that the neutron counter is equally sensitive to 
all energies. Counters generally used in angular corre- 
lation experiments are most sensitive to neutrons of 
average energies, which should appear in the vicinity 
of 90°, not at 0° or 180°. The emission spectrum 
assumed here would lead to a ratio of 1.1 to 1.2 for 
Y',/Yun from Fraser’s experiment, using his efficiency 
data. This result is not very sensitive to the effects of 
equal anisotropy of emission from light and heavy 
fragments, particularly since anisotropy of the type 
assumed in Eq. (30) has nearly the same effect at a 
laboratory angle of 90° as at 0° and 180°. However, the 


TABLE III. Calculated yield of fission neutrons, relative to 
average yield, at various angles with respect to the direction of 
the light fragment, for thermal neutron fission of U2. Isotropy 
of emission is assumed; the emission energy speetrum used is that 
calculated in this paper. 


Emitting fragment Y (90°) Y Y (180°) /Y 


Y(0°)/Y 
0.035 
4.34+0.45* 
2.41 

2.19 


0.26 
0.52 
0.39 
0.38 


6.92+ 1.33" 
0.121 

4.19 

4.56 


Light 

Heavy 

Both (Y,/Yx=1.0) 
Both (Yz/Yx=1.2) 


® Yield of neutrons of low energy which appear in the laboratory system 
in a direction opposite to their direction of emission in the center-of-mass 
system. 


® R. R. Wilson, Phys. Rev. 72, 189 (1947). 

61 De Benedetti, Francis, Preston, and Bonner, Phys. Rev. 74, 
1645 (1948). 

®K. Skarsvag, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 185. 
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assumption of unequal anisotropy for light and heavy 
fragments, or of a somewhat different emission spectrum 
in the 0 to 0.1 Mev range, or of differences between light 
and heavy fragments for this portion of the emission 
spectrum, would have a marked effect on the laboratory 
yield of neutrons as a function of angle. Hence, conclu- 
sions drawn from such experiments!:**5.-® must be 
considered tentative in the absence of more detailed 
knowledge of the fission process. 


VI. CONCLUSIONS 


It is found that all experimental energy distributions 
for fission neutrons are indistinguishable from Max- 
wellian distributions; it has been shown that distri- 
butions of essentially this form are predicted by 
Weisskopf’s evaporation theory. The calculated dis- 
tributions are based on the assumption that anisotropy 
of emission, if present, is not large; the distribution of 
temperatures involved is based on experimental distri- 
butions of the numbers of fission neutrons. On the 
reasonable assumption that anisotropy of emission is 
symmetrical about 90°, average center-of-mass energies 
are determined from average laboratory energies of 
measured fission neutron spectra, giving average nuclear 
temperatures of 0.6 to 0.7 Mev, which are smaller than 
those usually assumed for fission fragments. These tem- 
peratures give the value of the nuclear temperature 
coefficient for fission fragments as a=12+2 Mev“, in 
reasonable agreement with Weisskopf’s estimate. The 
temperature concept leads to the prediction that the 
center-of-mass energy of fission neutrons should be 
nearly proportional to (#+1)', which is apparently in 
agreement with experiment. Calculation from evapora- 
tion theory gives the observed distribution of neutron 
numbers, but calculated total gamma-ray energies are too 
low, unless gamma rays are emitted much more rapidly 
than commonly assumed. The center-of-mass (emission) 
spectrum of fission neutrons has been calculated, as 
well as the effect of anisotropy of emission on the fission 
spectrum ; no experimental information is yet available 
on these two points. Although the fission neutron 
spectrum calculations must, of course, conform to 
experimental data, the only adjustable constant deter- 
mined from fission spectrum data is the nuclear tem- 
perature coefficient.T 


t Note added in proof—The value of a derived from fission 
spectrum data is essentially that predicted by statistical mechanics 
for a degenerate Fermi gas [J. C. Slater, Introduction to Chemical 
Physics (McGraw-Hill Book Company, Inc., New York, 1939), 
p. 81] and given by H. A. Bethe [Phys. Rev. 50, 332 (1936)]: 


a=E,/T?=2AMreh?(r/3)*3, in which A is the number of 
nucleons, each of mass M, contained in a spherical volume of 
radius roA!; it is assumed that neutrons and protons are present 
in equal numbers, divided equally between spin states. For 
ro=1.4X10-" cm and A = 120, this equation gives a=12.0 Mev". 
A similar value, a= A/10.5, has been determined empirically for 
evaporation processes by J. M. B. Lang and K. J. Le Couteur, 
Proc. Phys. Soc. (London) A67, 586 (1954). Although evaporation 
spectra lead to consistent values of a, excitation functions in general 
do not [G. Igo and H. E. Wenger, Phys. Rev. 102, 1364 (1956); 
B. B. Kinsey, in Handbuch der Physik (Springer-Verlag, Berlin, 
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APPENDIX. FISSION MASS RATIO AND ENERGY DATA 


Mass ratios from fission are usually quoted as the 
ratio of most probable heavy and light masses, or of 
most probable light fragment and heavy fragment 
energies. These two ratios differ, in general, and they 
are also inherently difficult to determine with precision. 


TERRELL 


curve is seriously affected by small uncertainties in the 
highest yield values, particularly when fine structure is 
present; furthermore, emission of neutrons from the 
primary fragments may shift the exact positions of the 
peaks in an unpredictable way. The most probable 
kinetic energies are similarly affected by small experi- 
mental errors and by poor resolution. Furthermore, 
there is no obvious relation between the mass ratios 
determined in these two ways. 

Average masses, however, may be treated in a simple 
and unambiguous way, with results subject to very 
small uncertainty. The basic mass ratio can be defined 
as the ratio of average heavy fragment mass, My, to 
average light fragment mass, M,, before neutron 
emission; it may be shown that the following exact 
relations exist between the averages My, M1, and 
other experimental averages: 


The location of the peak of a Tadioc hemical t mass ss yield 





(V/V) w=(E1/En)w=(M n/M 1) y= 


4 


(Ex(Mi— M1))n 


ExMu 


E.= 


_ Murkx 
E 
A 


= 


Mn 
Me, 
M, 


all 
+1 
A ExM, 

A(Ex(M1i—M)1))m 


E, 
Bn 


ExMnM, 


Mn 
my, 
M, 


(E K(M,- M1))w 


(Al) 


A{K My, >a Mi) | +] Mu 
MuM 2 


-+ >1.0049—, 
M 


L 


M aad K 


> 0.9990 — (A2) 


1isS—, (A3) 


f MiEx 
1.001 


(A4) 


Mu 
pa: 
M, 


1 1 





+((M_z' 2\—M 12){ — 


7 2ExMn 
n(—o 
AM, 


yf Ex? 


2ExM, 
A Mn 


(E x )w— Ex? 
SE x? 


re (ae 


+ ((M12)y—M 2 »/ 


A(Ex(M1—M1))m 


7 me ws) 
8M? 4MyM, 8M? 
A(Ex(M1—M1))w 2Ex«Mn 
- - }1.0005(— 
3 1 1 


4ExM nM, AM, 
Sif? eT, 


A(Ex(M,i—M1))m 2ExM1\3 
 f=1.0010(—— ): (A6) 
AMn 





). 











V, Mui 
i Mee E 


Van M1 


((M 1 ‘)w— M:’) 1 
Vu 2 M?? M7 


4ExMyM, 
(A7) 


Mn 
; 20.9905". 
M, 


2ExM uM, 





1957), Vol. 40, pp. 296-302] and are not very well predicted by 
evaporation theory [J. Terrell and D. M. Holm, Phys. Rev. 109, 
2031 (1958)]. The discrepancies may lie in assumptions as to 
penetrabilities of Coulomb barriers and probabilities of direct 
interaction). 

Since submission of this paper, J. S. Fraser [Chalk River Report 
PR-P-38: 2.4 (1958) ] has recalculated his neutron angular correla- 
tion results [reference 1; discussed in Sec. V(e) of this paper ] with 
a different emission spectrum, finding that Yz,/Yx=1.0. This 
emphasizes the strong dependence of such interpretations on 
emission spectrum. R. Ramanna and P. N. Rama Rao [Geneva 
Conference Paper 1633 (1958)] have recently reported similar 


angular correlation data. Their conclusion that anisotropy of 
emission is required seems to be due to their use of an improper 
emission spectrum, consisting of a single neutron energy, 1.75 
Mev; this has been pointed out by R. Sher (to be published). 
Recent data of S. L. Whetstone [Phys. Rev. (to be reNe 
for Cf? fission, as well as older data of J. S. Fraser and J. C. D. 
Milton [Phys. Rev. 93, 818 (1954)] on neutron fission of Us, 
indicate correlation between neutron numbers and fragment mass. 
This requires excitation energy distributions of fragments to be 
a few percent wider than assumed in Sec. IV, but does not change 
any of the conclusions. This correlation would also affect the 
weighted average Ey, but by less than 1% 
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In the equations above, all quantities refer to primary 
fragments and energies, before emission of neutrons (it 
is assumed that all neutrons are emitted from fragments 
moving with their maximum velocity, which corre- 
sponds to the time range 10~” to 10-“ second). All 
averages are taken over all modes of fission; correlation 
between mass ratio and total kinetic energy Ex is 
obviously allowed for; the mass of the fissioning nuclide 
A=M,+M,; the total fragment energy Ex= Ex,+ Ex. 
The approximate experimental values given above are 
based on data for U**+-n, but Cf?” data yield almost 
precisely the same numbers, and other types of spon- 
taneous and neutron-induced fission are sufficiently 
similar to either U*°+mn or Cf*® fission that the cor- 
rections for such cases should not be significantly dif- 
ferent. Because of the small size of the corrections, 
higher-order terms have been omitted from the for- 
mulas. The expansions used converge if Mz <2M1, 
My<2Mu, E K<2Ex, and if correction terms are 
small; all of these conditions are readily met by the 
known types of fission. 
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Equations (A1) through (A9) allow the basic mass 
ratio My/M,, to be determined from data on either 
fragment energies or velocities so long as heavy fragment 
and light fragment data can be clearly separated. The 
accuracy of the result is limited essentially only by the 
accuracy with which the averages HK, and Hy or Vz, 
and Vy can be determined. Such averages may be 
determined quite accurately from single or double 
velocity experiments, somewhat less precisely from 
double ionization chamber data, and rather inaccu- 
rately from single ionization chamber data. Ionization 
chamber data must be corrected for ionization loss, 
and necessarily yield energies which are lower than 
the energy before neutron emission by #£;, about 2 Mev 
(3.0 Mev for Cf”, because of its high # value). Radio- 
chemical mass data yield average masses which must 
be corrected for neutron emission, but fortunately the 
uncertainty as to the proportion of neutrons emitted 
from light and heavy fragments does not usually affect 
the mass ratio significantly. 
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Nuclear Reactions Induced by the Nitrogen Bombardment of Sulfur* 
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Thick targets of ZnS, containing natural sulfur, were bombarded with 28-Mev nitrogen ions in the ORNL 
63-in. cyclotron. The compound nucleus resulting from bombardment of sulfur-32 with 28-Mev nitrogen 


ions is V“*, with an excitation energy of 33.3 Mev. 
S#(N",p)Ti*; (2) S*(N"4,2)Sc#; (3) S$#(N%4,2p)Sc#™; 


The following nuclear reactions were studied: (1) 


(4) S(N"4\2pn)Sc#; (5) S(N4,2a)K%"; and 


(6) S*®(N"™,N™)S*%_ The yields as a function of incident energy for these reactions were differentiated to 
obtain excitation functions. The cross sections for (1), (2 and 3), and (5) are compared with calculations 
based on the statistical theory of compound nucleus decay. Two values of the level density parameter, a, 
were employed, first considering and then ignoring de-excitation of a nucleus by gamma-ray emission. The 
value a= A/10.5 fits the p and 2 emission cross sections when gamma emission is considered. The excitation 
function for reaction (6) agrees well with the systematics of previously studied nitrogen-induced transfer 


reactions 


INTRODUCTION 


ITROGEN-INDUCED nuclear reactions may 

proceed in a variety of ways. One of the possible 
mechanisms is that of the formation of a compound 
state and its subsequent de-excitation by the evapo- 
ration of light particles. This mechanism is favored 
over, say, a direct-interaction type process because of 
the low velocity of the incident particle as compared 
with lighter bombarding particles of the same energy, 
and because of the distribution of kinetic energy among 
fourteen nucleons. In addition, approximately half the 
total excitation energy of the compound nucleus comes 
from the nuclear binding energy of the nitrogen ion. 
Other mechanisms are, of course, possible. One for 
example was suggested by Chackett et al.! as a “‘buck- 
shot” process which supposes that only part of the 
nitrogen ion fuses with the target while the remaining 
fragments pass by. In one reaction studied here, 
N*(S*,.N)S*, the mechanism seems to involve the 
transfer of a nucleon from one nucleus to the other. 

A systematic survey of nuclear reactions initiated 
by the nitrogen bombardment of elements ranging in 
mass from lithium to potassium is in progress at this 
laboratory.” The present paper describes the measure- 
ment of excitation functions for several reactions pro- 
duced by nitrogen on sulfur-32. Radiochemical pro- 
cedures are used in this work and only those reactions 
which lead to radioactive residual nuclei are studied. 


* Part of a dissertation presented by one of us (DEF) to the 
University of Florida in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy. 

t Oak Ridge Institute of Nuclear Studies Fellow from the 
University of Florida. Present address: Brookhaven National 
Laboratory, Upton, New York. 

t Operated for the U. S. Atomic Energy Commission by Union 
Carbide Corporation. 

‘ Chackett, Fremlin, and Walker, Phil. Mag. 45, 173 (1954). 

2H. L. Reynolds and A. Zucker, Phys. Rev. 96, 1615 (1954); 
Reynolds, Scott, and Zucker, Phys. Rev. 102, 237 (1956); Webb, 
Reynoids, and Zucker, Phys. Rev. 102, 749 (1956); Halbert, 
Handley, and Zucker, Phys. Rev. 104, 115 (1956); J. J. Pinajian 
and M. L. Halbert, this issue [Phys. Rev. 113, 589 (1959). 


Nuclear reaction yields were measured for the fol- 
lowing reactions: 
S?(N14,p)Ti®, 


S*?( N¥,2p)Sc*, 

S*(N*,29)Sc™, 

S®(N"4,2pn)Sc*, 

S*2 N*4,2a) K38m_ 

S?(N* N*®)S*. (6) 


Other reactions are either energetically unfavored, 
or lead to residual nuclei which are stable or have half- 
lives shorter than one second or longer than 20 years. 

Ratios of the measured cross sections for reactions 
(1), (2 and 3), and (5), at an incident energy of 27 Mev, 
are compared to predictions based on the statistical 
theory of compound nucleus decay. 


EXPERIMENTAL METHOD 


The excitation functions were measured in a manner 
reported previously.? Zinc sulfide was chosen for the 
target material because it is a stable compound unlikely 
to dissociate at bombardment temperatures and because 
it allows simpler chemical procedures than are possible 
with an elemental sulfur target. Nuclear reactions on 
zinc are forbidden by the Coulomb barrier. Zinc sulfide 
powder was dried and pressed into {-in. brass molds 
under a pressure of 5 tons/in.?. The targets were about 
0.1 in. thick, thicker than the range of nitrogen ions in 
ZnS, and had a hard smooth surface. The targets were 
bombarded in the external beam of the ORNL 63-in. 
cyclotron for periods varying from ten minutes for the 
7.7-min potassium to three hours for 2.4-day scandium. 
The incident beam energy was varied from 28 to 20 
Mev by placing nickel foils ranging in thickness from 
0.549 mg/cm? to 2.206 mg/cm? between the beam and 
the target. From known range-energy relations of 
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nitrogen in nickel,’ the energy of the beam hitting the 
target was calculated. The initial energy of the beam 
was measured by observing the energy of recoil protons 
in a nuclear emulsion.’ The beam current was measured 
and integrated with a vibrating reed electrometer; a 
typical bombardment current was 0.3 microampere. 
After each bombardment the target was chemically 
processed and one or more of the radioactive product 
nuclei was isolated and counted with calibrated Geiger 
tubes in lead shields. Details of the chemical separation 
are given in the appendix. 


RESULTS AND CALCULATIONS 


The activities were followed for several half-lives 
and plotted to insure that no contaminants were 
present. Where two activities were present they were 
resolved by standard graphical methods. The observed 
counting rates were corrected for backscatter by using 
a factor 1.6 as obtained in this laboratory for positrons 
in the shallow steel cups used here.‘ The Geiger counter 
efficiency was ascertained by counting a Ra-DEF 
standard obtained from the National Bureau of 
Standards. The factor 0.94 was used in correcting for 
the isotopic abundance of S® in the natural sulfur in 
the target. Scattering by the sides of the lead shield, 
self-absorption, and window-absorption were not con- 
sidered. The counting rate was converted to a thick- 


YIELD (reactions /inc. particle) 








20 2% ; 26 
LABORATORY NITR N ENERGY (Mev) 

Fic. 1. Yield per incident particle as a function of nitrogen 
laboratory energy for the reactions S®(N",p)Ti*, S®(N'"4,2a)K%™, 
S®(N4,2p)Sc#™ and the sum of the two reactions S*(N",2p)Sc# 
and S®(N'4,2pn)Sc*. 

3 Reynolds, Scott, and Zucker, Phys. Rev. 95, 671 (1954). 

4M. L. Halbert (private communication). 
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Fic. 2. Yield per incident particle as a function of nitrogen 
laboratory energy for the S®(N',N)S* reaction. 


target nuclear reaction yield by considering the chemical 
yield, bombardment time, half-life of residual nuclide, 
and integrated beam current. The standard error in 
the absolute values of the yields is 15-20%, due mainly 
to the difficulties inherent in absolute beta-counting. 
At low counting statistical errors become 
important. 

The thick target yields for reactions (1), (2), (3), 
and (5) are shown in Fig. 1. The measured Ti* nuclear 
reaction yield should be the sum of the Ti*® and V® 
yields, since V*® decays by positron emission into Ti* 
with a one-second half-life. However, calculations 
indicated that the V* contribution would amount to 
only about 2% of the total Ti*® yield, and it was there- 
fore ignored. This low value of the V“ is due to the 
Q values involved both in its formation and in the 
probability that it will decay by further particle 
emission. Two scandium activities, with half-lives equal 
to 2.44 days and 3.9 hours, were counted and nuclear 
reaction yields as a function of energy were plotted for 
each. The 2.44-day activity was due to the Sc 
nuclide, while the 3.9-hour activity was the sum of 
the activities due to the Sc“ ground state and to Sc*. 
The relative yield of each isotope contributing to the 
3.9-hour activity was determined at 26 and 28 Mev by 
counting the characteristic 1.16-Mev gamma ray due 
to Sc#. It was found, in this energy region, that 84% 
of the total 3.9-hour activity is due to Sc“. The yield 


rates 


curve for reaction (6) is shown in Fig. 2. 
Smooth lines drawn to fit the experimental yield 


points were differentiated to obtain cross sections as a 
function of energy, shown in Figs. 3 and 4. The cross 
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Fic. 3. Absolute cross sections as a function of nitrogen labora- 
tory energy for the reactions S®(N,p)Ti**, and S®(N",2a)K35™ 
and S®(N"\2p)Sc#™, and the sum of the two reactions 
S*®(N™42p)Sc# and S®(N",2pn)Sc*. 


sections are tabulated in Table I. Here the cross section 
for formation of Sc* is given as a sum of Sc#™ and Sc*. 
The latter is corrected for the presence of 16% Sc*. For 
the differentiation it was necessary to know the stopping 
power of ZnS for energetic nitrogen ions. This was 
calculated from the known stopping power of nickel for 
nitrogen ions, and of zinc and sulfur for protons at the 
same velocity. The proton stopping powers were inter- 
polated from the data of Allison and Warshaw.*® This 
method has been checked experimentally for aluminum.” 


DISCUSSION 


It has frequently been the custom to analyze the 
results of a measurement of cross section such as this 
one in the light of the statistical decay of a compound 
nucleus.® In what follows we also fit our results to the 
predictions of the statistical theory. We want to make 
it clear, however, that no claim is made that the 
statistical decay of a compound nucleus is in fact what 
happens in nitrogen-induced reactions in sulfur. Many 
parameters in the statistical theory are uncertain and 
may be varied; some combination is almost sure to 
provide a reasonable fit to the data. These parameters 
include the nuclear radius, the capture cross sections 
for the inverse reactions (hereafter called o,), the level 
densities, and their dependence on the excitation 
energy and on the detailed properties of the nucleus. 


5S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 

* Jj. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics, 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 
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An attempt is also made to assess the importance 
of the competing y-ray de-excitation. Clearly it is 
beyond the scope of this paper to vary all these pa- 
rameters, and indeed a fit obtained in this manner 
may not mean a great deal after all. It is our purpose 
in what follows to show that varying just the y-ray 
competition and the value of a in the level density 
formula w=C exp[.2(aE*)*] leads to results in agree- 
ment with some of the cross sections for widely different 
input values of a and o,(y). 

The choice of parameters was made as follows. Two 
values of a were used; one, a= A/10.5, appears to fit 
most of the energy spectra of light particles from heavy 
ion reactions,’ as well as some (p,p’) and (p,m) re- 
actions.* This value is recommended by Lang and 
LeCouteur,’ and has the property of being A dependent 
as one would expect it to be. The other value chosen 
was a@=2, which is in agreement with many measure- 
ments of excitation functions with a-particles and with 
high-energy neutrons. Igo and Wegner® have collected 
many measurements of a, and reference should be made 
to their paper for details. 

The competition of y-ray de-excitation can not be so 
simply treated. We have chosen to consider two possi- 
bilities ; one is to ignore y-ray competition entirely, and 
the other is to include the total magnetic dipole and 
electric quadrupole contributions taken from reference 
6” 


o-(y)=4.8hwX 10-** cm?, (7) 
o-(y) = 1.2(hw)*(R/6X 10-8 cm)*X 10-” cm’, (8) 


with Aw in Mev. The giant resonance is not included 
but its effect was shown to be negligible. The o.(y) 
relations given in the foregoing may well exaggerate 
the importance of the o,(y) contributions. The main 
reason for using them here is to show that some value 
of o.(y) should be included in calculations of this sort 
and that one may not a priori exclude such transitions 
as unimportant. This is especially true when the 
competition is between a y-ray and a charged particle, 
as happens to be the case in all the evaporations 
considered here. 


TABLE I. Measured cross sections. 





Cross section in millibarns 
22 Mev 24 Mev 26 Mev 


y bag 0.108 0.59 1.84 

Sc# 0.245 2.64 18.5 68.5 

Sg 0.46 1.83 
1.19 


no 0.09 0.375 


27 Mev 


2.49 
101. 

2.22 

1.89 


Nuclide 


20 Mev 





7A. Zucker, Nuclear Phys. 6, 420 (1958); C. D. Goodman and 
J. L. Need, Phys. Rev. 110, 676 (1958). 

8 G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1956). 

9 J. Lang and K. LeCouteur, Proc. Phys. Soc. (London) A67, 
586 (1954). 

0 Reference 6, p. 654. 
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The calculations were made in a manner previously 
described.2 The compound nucleus V“* is assumed to 
be formed with all particles in thermal equilibrium, 
and to de-excite by emission of particle 6 according to 
the relation 


Ni(e)de= constyeo,(€)w(E*)de. (9a) 


Here «¢ is the channel energy and £* is the excitation 
energy of the residual nucleus corresponding to the 
channel energy e. The expression for the level density 
w is given above. o, is the capture cross section of the 
evaporated particle on the residual nucleus. For charged 
particles and neutrons the values of o, are taken from 
Blatt and Weisskopf. For y-ray transitions, one has 


N(e)de=const,eo,(€)w(E*)de. (9b) 


In calculating the relative number of different kinds of 
particles the reduced mass of the particle and a factor 
(2s+1) for its spin degeneracy were included. In all 
cases 79=1.5X10~*% cm was used to calculate nuclear 
radii from R=1r9A!. The dependence of the level density 
on odd-even effects was included on the basis of the 
work of Brown and Muirhead," 


Woo/12~ Woe/5~Wee/ 1. 


Shell structure effects as given by Newton” were taken 
into account only in the constant C of the level density 
formula. 

The competition between various modes of de- 
excitation was calculated by constructing ‘‘F functions” 
defined by F= f'™"N(e)de. Each particle can be 
emitted with a spectrum of energy values as given by 
Eqs. (9), each different energy of emission leaving the 
residual nucleus in a different excited state. Those states 
which lie below the energetic barrier for further particle 
emission will remain as that particular nuclide; all 
states lying above the barrier can decay by further 
particle emission. The possibility that these excited 
states can de-excite by gamma emission was considered 
in one set of calculations. The spectrum of excited 
states of Ti*® was divided into energy bands 4-Mev 
wide and each band was treated separately as a com- 
pound nucleus, beginning with the most excited, and 
working downward. All competing processes were 


TABLE IT. Comparison of calculated and experimental 
cross sections at 27 Mev. 


eS 


Experi- 
mental 
values 


Ratio of 
cross sections 


Calculated values 
Gamma emission 
excluded 


Gamma emission 
included 


@=A/105 a@=2 a=A/10.5 a=2 


Tit®,p}/{Sc4,2p} 0.0047 0.032 


Tit8,p}/{ K%8™, 2a} 


0.025 0.16 
4.7 3.0 0.50 0.47 


11 G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 
2 T, D. Newton, Can. J. Phys. 34, 804 (1956). 
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Fic. 4. Absolute cross sections as a function of nitrogen 
laboratory energy for the S®(N™,N!5)S* reaction. 


considered for the de-excitation of each band. All 
particles falling into a band were considered lumped in 
one level at the arithmetic mean of the limits of the 
energy band. The spectrum for Sc“ was determined 
from proton emission from Ti**; it was divided into 
energy bands 2 Mev wide and treated analogously. The 
emission of two alphas from the compound nucleus, 
proceeding through Sc* to K** was treated in a similar 
manner. 

In comparing experimental results with theoretical 
predictions, only the ratios of cross sections are used 
because the absolute values of the cross sections depend 
sensitively on the cross section for the formation of a 
compound nucleus, which is difficult to estimate with 
any certainty. 

Table II gives the experimental ratios and four 
values of each calculated ratio; one set with y-ray 
de-excitation included and the other without it. In the 
first instance a value of a= A/10.5 gives good agree- 
ment for the p/2f ratio but is four times too large for 
the ~/2a ratio. Here a=2 is much too small to give 
agreement with the data. In the second case, where no 
competition by y-de-excitation is allowed, a=2 gives 
reasonable agreement with the p/2p ratio, and is a 
factor of two off the p/2a ratio. Here a= A/10.5 gives 
poor agreement with p/2p, but is about the same as 
a= 2 for the p/2a. It should also be borne in mind that 
the experimental cross section for K** does not include 
the ground state nuclide, and that the experimental 
ratio p/2a should be smaller. It is possible that a- 
particles are emitted preferentially by some other 
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Fic. 5. Total neutron transfer cross section for eleven light elements plotted as a function of E*= E..m.—Es+4Q, where Ee.m 
is the incident kinetic energy in the center-of-mass system and Ez is the Coulomb barrier energy. 


mechanism than the compound nucleus process,'* and 
that one should not expect good agreement for the 
p/2a ratio in any event. The table indicates that calcu- 
lations of this sort are very sensitive to the details 
which are considered, and may be altogether misleading 
when not carried out carefully. Also, it is obvious that 
it is difficult to obtain values for nuclear reaction 
parameters from studies such as these. 

The N*(S*,N)S* reaction was compared to pre- 
viously studied nucleon transfer reactions“ by plotting 
the cross sections against an energy defined by 

E*= E..m.— Ep+}3Q (10) 
according to a suggestion by Breit.’* Here E..m. is the 
incident center-of-mass energy, Eg is the Coulomb 

13 Cohen, Reynolds, and Zucker, Phys. Rev. 96, 1617 (1954). 

14 Halbert, Handley, Pinajian, Webb, and Zucker, Phys. Rev. 
106, 257 (1957). 


16 G. Breit (private communication). 


barrier, and Q is calculated from the masses involved. 
All the transfer cross sections so far measured are 
plotted in this manner in Fig. 5. It can be seen that the 
transfer reaction from sulfur fits the general trends and 
falls into one of the bands. 
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APPENDIX 


Titanium and scandium.—Titanium-45 has a 3.1-hr 
half-life. Scandium-44 has a metastable state with a 
2.4-day half-life, and a ground state with a 3.9-hour 
half-life. Scandium-43 has a half-life of 3.9 hours. The 
target was dissolved in concentrated HC! and heated 
to drive off all H.S. Carriers were then added. Scandium 
was precipitated with saturated oxalic acid. The re- 
maining solution was scavenged five times; then 
Ti(OH), was precipitated with KBrO,. This was dis- 
solved in HCI and reprecipitated with concentrated 
ammonia. It was ignited, cooled, and weighed after 
transfer to a tared counting cup. Separation time: 2 hr. 
Chemical yield : 40-60%. The scandium precipitate was 
dissoved in concentrated nitric acid and Sc(OH)3 was 
precipitated with concentrated ammonia. This was ig- 
nited in a platinum crucible, cooled, and weighed after 
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transfer to a tared counting cup. Separation time: 3 hr. 
Chemical yield : 30-80%. 

Potassium.—The half-life of K**" is 7.7 min. The 
target was dissolved in a solution of concentrated HCl 
containing carriers. The solution was buffered to pH 
3 and potassium was precipitated with sodium tetra- 
phenylboron. The precipitate was transferred to a tared 
counting cup after drying. Separation time: 15 min. 
Chemical yield: 45-80%. 

Nitrogen.—The half-life of N® is 10.1 min. The target 
was dissolved in a solution of concentrated HCl con- 
taining carriers. Sodium hydroxide was added and the 
solution was boiled, NH; being distilled into a cooled 
sodium tetraphenylboron solution. Ammonium tetra- 
phenylboron precipitated and was dried, transferred, 
and counted. Separation time: 20 min. Chemical yield: 
30-60%. 
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Effective Charge of Neutrons in Nuclei 
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The polarization of closed proton shells by neutrons can be considered as inducing an effective charge 
on the neutron for some multipoles but not for others. The rough constancy of the effective neutron charge 
as observed in £2 transitions and quadrupole moments in nondeformed odd N-even Z nuclei is discussed, 
and arguments are presented to explain this phenomenon along the lines of the shell model. 


INTRODUCTION 


HE coupling scheme of the nuclear shell model is 
such that an even number of protons or neutrons 
couples to a zero total angular momentum, both in the 
ground states of even-even nuclei as well as in the 
ground states and low excited states of odd-A nuclei. 
Since a system with zero total angular momentum has 
vanishing average multipole moments, it follows, as is 
well known, that in the shell model the average mo- 
ments of odd-even nuclei are determined, in zeroth 
order, only by the odd group of nucleons. Furthermore, 
on that model, transitions between low-lying levels of 
odd-even nuclei are also determined by the odd group 
of nucleons, since the even group is assumed to remain 
unchanged for low excitations as well. 

This simple model, despite its many successes, is not 
adequate to describe some of the electromagnetic 
properties of nuclei. As is well known, static quadrupole 
moments, as well as electric quadrupole transitions, in 
odd-A nuclei do not exhibit any noticeable dependence 
on whether they occur in edd-Z or odd-N nuclei. The 
experimental data require that, within the framework 
of the shell model, the neutron in the nucleus should be 


* On leave of absence from the Weizmann Institute of Science, 
Rehovoth, Israel. 


assumed to carry an “effective charge” roughly equal 
to that of the proton. 

It should be pointed out that such conclusions can be 
derived from the analysis of the electric properties of 
nuclei; an analysis of their magnetic properties does 
not necessarily lead to the same conclusion, and may 
even lead to an opposite one. Thus the “‘slope”’ of the 
magnetic moments of nuclei as a function of their spin 
is about 1 nm/# for odd-Z nuclei and vanishes for 
odd-N nuclei. Since this slope is roughly proportional 
to the orbital g factor of the nucleons in the odd group, 
the data on the magnetic moments seem to indicate 
that the proton and the neutron retain their free 
electric properties also when bound in nuclei. Thus it 
seems that the “effective charge” of a neutron in the 
nucleus cannot be visualized as its sharing charge with 
the proton due to some exchange forces. Rather it is a 
concept which is closely connected with the special 
nuclear feature which is being studied, and a theory 
which explains this phenomenon should explain, besides 
the actual value of the effective charge, also its depend- 
ence on the multipole in which it manifests itself, and 
its apparent independence of the nuclear state. 

This group of problems drew the attention of many 
investigators who were able to give them a successful 
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and convincing treatment. For nondeformed nuclei 
there are primarily two approaches. One, initiated by 
Blin-Stoyle! and further elaborated for various cases by 
Arima, Horie, and others,?~* improves the shell-model 
predictions by including, perturbation-wise, first-order 
corrections. The other approach, suggested first by 
Foldy and Milford,’ and carried to its full development 
in the classical work of Bohr and Mottelson” and other 
subsequent investigations,''—* assumes the existence of 
a collective motion weakly coupled to the nucleon 
motion, and ascribes to this collective motion the 
observed electric properties, or at least a major part of 
them, in both odd-Z and odd-N nuclei. 

Although the great similarity between the electric 
properties of odd-N and odd-Z nuclei strongly supports 
the hypothesis of a collective motion being responsible 
for the major part of these effects, it is still an unsolved 
problem how the parameters of this motion are related 
to the forces between nucleons. Furthermore, the 
surface tension, which appears essentially as an adjust- 
able parameter in these treatments, shows regular 
variations which can be correlated with a stiffening of 
the nucleus near closed shells. It is thus conceivable 
that a future clarification of the collective motion in 
the weak-coupling limit may explain it in terms of 
concepts of the shell model, and it therefore seems to 
us that the attempts to explain the effective charge of 
the neutron in a nucleus by means of configuration 
mixing is in a way more “fundamental.” 

This note is an attempt to reformulate slightly the 
approach of configuration mixing, so as to leave in the 
formalism only the essential points required for the 
study of the specific question of the effective charge of 
the neutron in a nucleus. In essence what is done is 
just the evaluation of the polarization of an even 
number of protons by an odd number of neutrons, and 
in particular the evaluation of the extent to which this 
polarization affects various moments, and in what sense 
can it be replaced by an “effective charge” sitting on 
the neutrons. 


1R. J. Blin-Stoyle, Proc. Phys. Soc. (London) A66, 1158 (1953). 
( ? A. Arima and H. Horie, Progr. Theoret. Phys. Japan 12, 623 

1954). 

3H. Horie and A. Arima, Phys. Rev. 99, 778 (1955). 

4A. de-Shalit, Bull. Research Council Israel 5A, 212 (1956) 
and Proceedings of the Rehovoth Conference on Nuclear Structure 
(North Holland Publishing Company, Amsterdam, 1958), p. 202. 

5 Arima, Horie, and Sano, Progr. Theoret. Phys. Japan 17, 
567 (1957). 

6M. Sano, Progr. Theoret. Phys. Japan 18, 223 (1957). 

7R. D. Amado and R. J. Blin-Stoyle, Proc. Phys. Soc. (London) 
A70, 532 (1957). 

®R. D. Amado, Phys. Rev. 108, 1462 (1957). 

*L. L. Foldy and J. F. Milford, Phys. Rev. 80, 751 (1950). 

10 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, 16 (1953). 

4 A. Kerman, Phys. Rev. 92, 1176 (1953). 

#2 K. W. Ford and C. A. Levinson, Phys. Rev. 100, 1 (1955). 

4 C, F, Barker, Phil. Mag. 1, 329 (1956). 

14 W. W. True, Phys. Rev. 101, 1342 (1956). 

18 W. W. True and K. W. Ford, Phys. Rev. 109, 1675 (1958). 
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THEORY 


We shall use as our starting point the “odd-group” 
model which asserts that in zeroth order the total 
angular momentum of the protons (J,) and that of the 
neutrons (J,,) are well defined, in addition, of course, 
to the total angular momentum of the nucleus J=J, 
+J,,.'® Recently, a very valid criticism of this model has 
been put forward by Pandya!’ who made a thorough 
study of its consequences in odd-odd nuclei. Although 
his analysis implies pure configurations for both the 
proton system and the neutron system, an assumption 
which we shall not have to make here, it is not 
improbable that his criticism will be valid even under 
more general conditions. It may, in fact, be due to the 
relative ease with which configurations of anodd number 
of protons or neutrons can be excited. If, however, one 
of the groups has an even number of nucleons it is 
generally considerably more rigid, and the constancy 
of J, and J, may have a better validity. This is par- 
ticularly true if the even group is magic, as in the lead 
or the oxygen isotopes. 

Let us assume, then, that a nuclear state y is given by 


y= lapd panJ nj; aJM)+ by, (1) 


where J,, J,, and J stand for the total angular momenta 
of the protons, the neutrons, and the whole nucleus, 
respectively, and the a are further quantum numbers 
which may be required for the complete specification 
of the proton, the neutron, and the nuclear states. We 
do not assume anything about the structure of either 
the proton states or the neutron states and we may 
take them, if we wish, as the exact eigenstates of the 
Hamiltonians built, respectively, from the protons 
alone (including their mutual interaction) and the 
neutrons alone. The modifications in |apJp,anJn;aJM) 
due to the proton-neutron interactions are assumed to 
be small and are included in 6y. Any effective charge 
which the neutrons may possess due to their interaction 
with the protons will, of course, be described by dy, 
and in order to have an estimate of this effective charge 
we have to evaluate the contribution of dy to an 
operator through which the effective charge will show 
itself. The “cleanest” possible situation is that in which 
all the effect is due to 6y; an example will be an electric 
quadrupole transition between two states 7 and f in an 
odd N-even Z nucleus for which J,=J,=0, a,“ 
=a,“. More generally, we shall consider a tensor 
operator, e,2,, of rank />0 which operates on the 
proton coordinates only, and we shall calculate the 
transition amplitude for this operator between the 


16 This model is slightly more general than the shell model in 
that it does not assume a pure shell structure for either the 
protons or the neutrons; it requires only the weakness of the 
interaction between the protons and the neutrons but not of the 
interactions of the protons or neutrons among themselves. 


17S. P. Pandya, Phys. Rev. 108, 1312 (1957). 
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states y, and y,. Clearly, 


[oreo 
=(J92,InD 5 TpM |e, Qp|Jp, Jn; IM 
+S 99 Jn; J¢Mz| €,Q, | bp;) 
+ (6p; | 0, | Ip Jn ; JM +0 (5p). (2) 


In (2) we have omitted the a’s, and we shall write 
them explicitly only when it will be actually required. 
We further assume that our states y; and yy; are such 
that J,°=J,° =0=J,. The first matrix element on 
the right-hand side of (2) vanishes, since we assumed 
l>0, and neglecting terms of order (6)? we are left with 


(file Q||i)=(J, Jn 5 J ,|1e,0,||dp,) 
+ (by ;||e,0, ||J, Ja; Ji), (3) 


where we have rewritten (2) for the reduced matrix 


c= 


(1p Tp orn TD ; IM | Vpn lap I 9 tn In ; JM) 
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elements, the M dependence of the matrix elements 
being trivially given by a proper Clebsch-Gordan 
coefficient.!* 

The functions dy; and dy, can be expanded in a 
complete set of states of the proton and neutron 
systems. It is convenient to choose this complete set 
so that the states apOJ,, anJ,™, and an 2J,% are 
among its basic vectors. Thus we can write 


i= De ce lapT»™ rn I WD; IM +++, 
(4) 
iyr=>-> Ce [ap Tp arn ST 9 ; J;M;)+: oy 


where we have written down explicitly only terms which 
can contribute to (3); since 2, operates on the proton 
coordinates only, there will be no contributions to (3) 
from those components of 6y; which include other 
neutron states than a,J,, and similarly for dy,. 
The coefficients c,.“ and c,.“/ are determined by the 
proton-neutron interaction V,,, and to first order in 
perturbation theory they are given by 


, 


AE, —AE, 


o.=— Pasi 


AE, = E(ap J) — E(ap® J»), 
(6) 
AE n= E(an Ia) — Ean Sa). 


We shall assume that the proton-neutron interaction is 
a sum of two-body interactions V p»= oi, ; Vpinj, where 
p; runs over all protons and n; over all neutrons in the 
nucleus. Furthermore we decompose the two-body 
interaction V;; into a sum of scalar products of irre- 
ducible double tensor operators of rank’ m (their 
separate space and spin tensorial characters are not 


(pT 9 orn n 5 TyM | Vpn lap Ip nT nD ; SM 1) 


AE,®+AEn 


important at this stage). 
Vii=Lm fa(|ri ate 1 ti (2) T™ (4). (7) 


We now note that, since we assumed that J, =0, 
the only contributions to (3) can come from excited 
proton configurations in which J,“’=/ since J, / 
and J,” have to satisfy the triangular condition. 
Using this remark we conclude immediately that in (7) 
only the term with m=/ can contribute anything to 
(5), since again J,, T° (p), and J, should satisfy 
the triangular condition. Thus we find 


(ap I 9 an Ig? : JiM;| = fulrsrn;) TO (pi) TU (n;) lap Tp nS 9' i). J M;) 
i,j 


() — 


Ck 


n> 7 ’ 


AE, —AE, 


(ap®T nT ns JPME filrvirn)T® (p)T® (nj) |apT p in I nD 5 JM) 
t.) 


cS?) =—— 


AE, +AE, 


We can now define an average value f; for fi(r,,7,), and noting that 


E 1 (pT (n)=LE T(PILE T(n)J=7T(P)T(n), 


18 See, for instance, M. E. Rose, Elementary Theory of Angular Momentum (John Wiley and Sons, Inc., New York, 1957), p. 85. 
19 G. Racah, Phys. Rev. 62, 438 (1942). 
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where >; T(p,)=T (p), etc., we get, using the well-known formulas developed by Racah,!® 
(an? Fu PIT (Mla In) (ap? IpIT (P) lay I) 





cy’ = (—1) 441 f, —— 


ce) = (—1)?4 Ff, 


((20+1)(2J;+1) }! 
(an FJ, ||T@ (2) lan In”) (ap Jp ||T@ (p) |lap J») 


[(21+1)(2J,+1)} 





’ 


AE,®—AEn 


AE,®+AE, 


From (9), (4), and (3) we finally get for the first-order contribution to the matrix elements of 2, 


(fllepQp ||1)= (Jn || T© (2) || Jn or= (ap 9 en PI n 5 J y||T (0) [lap 9 2n In 5 Jidoor, (10) 


where 


fi (ap J 9 ||T (p) ap J a, Jo |1e,0, |lap J) 


@] 


41 AE,®+AEy 


(ap J llepQ, llayT Ka, J, \T (p) lap J) 


Strictly speaking, the w,’s in Eqs. (10) and (11) depend 
on the particular initial and final neutron states. This 
dependence enters both through the energy denomi- 
nators AE,“’+AE,, as well as through the average 
radial-integral factor f;. However, since we have 
assumed that in zeroth order the low excitations are 
due to neutrons only, we have to require, for con- 
sistency, that 


(12) 


and we can thus neglect AZ, in (11). The dependence 
of f; on the particular neutron states involved is harder 
to analyze. However, so long as we are dealing with 
transitions between low-lying states it can be argued 
that such states are mostly concentrated on the same 
spherical shell. (They differ, of course, considerably in 
their angular distribution on this shell.) Therefore we 
can expect that f; will depend only slightly on the 
particular neutron states involved. Consequently w, 
can be considered, with the above limitations, to be 
independent of the neutron states, and to represent the 
first-order contribution to 2,“ from all possible proton 
excitations. 


|AE,|<«|AE,|, 


DISCUSSION 


Equation (10) gives the first-order contributions to 
the matrix elements of an operator which operates on 
protons only. In zeroth order these elements vanish, 
since we limited ourselves to “neutron transitions” in 
which the protons’ state remains inert. To the extent 
that w; can be considered as independent of the initial 
and final neutron states, Eq. (10) tells us that the first- 
order effects of the “proton operator” e,2,“ could be 
simulated by zeroth order effects of a “neutron opera- 
tor” wT (n). If Q® is a single-particle operator 
2,%=)>,2(p,) and if further 7 (x)= gQ (x), then 
we can introduce the concept of an “effective neutron 
charge” é,= gw, and calculate matrix elements, in zeroth 
order, of the new operator 2 = ¢,0,+e,2,. These 





AE, —AE, 


(11) 


matrix elements will include the first-order polarization 
effects and no further correction due to such effects 
should be applied to them. We see therefore that the 
possibility of introducing the concept of effective charge 
depends on the operator we are considering and on the 
character of the interaction between protons and 
neutrons. Thus, for the electric multipoles 2, is, apart 
from factors, a sum of spherical harmonics of order /: 
2,%=c d Vi(pi). T(n) will also be a sum of spherical 
harmonics of order / if, for instance, the interaction 
V5;= Dom fm ™ (p;)T™ (n;) [see Eq. (7)] is of the 
Wigner type. Thus we conclude that Wigner forces 
between protons and neutrons lead to a meaningful 
effective charge for the neutron so long as electric 
multipoles are considered. For magnetic multipoles, 
however, the first-order corrections due to Wigner forces 
do not take the form of an effective charge ; to induce an 
effective charge in these cases one needs forces which 
are either spin dependent and/or velocity dependent. 
These forces are probably present in nuclear forces to a 
lesser degree than Wigner forces and one may thus have 
a qualitative explanation of the absence of “effective 
charge” in the strict sense in magnetic multipoles. 
This does not mean, of course, that configuration inter- 
action does not contribute to magnetic multipoles; 
indeed one knows now that these contributions are 
quite significant. We have shown only that for magnetic 
multipoles these corrections cannot be represented by 
an effective charge, in agreement with experimental 
observation. 

It is interesting to estimate the value of the effective 
charge of the neutron, assuming Wigner forces, and 
considering electric transitions. In this case we can take 


= [4er/ (2141) }Y®, (13) 


in which case f7(11,r2) will be given by 


+1 f' | 
fururd=— f V (| t1— r2| )Pi(coswi2)d(cosw2). (14) 
a 





EFFECTIVE CHARGE) OF 
Since numerical factors multiplying 2 do not change 
the value of the effective charge [see Eqs. (10) and 
(11) ] and since we are considering electric transitions, 
we can also take 

Qo= ro. 


thus getting for the ratio of the effective charge e, to 
the proton charge e, the expression 
le» OF (0)|| IT ( (P) lan Fre o)/? 
———___——— —, (15) 
AE,“ 


We can estimate f; by assuming that those nucleons 
which contribute to it are all concentrated in a spherical 
shell Rig<r< Re and that their distribution there is 
uniform. We further assume V (r;;) to be a square well 
of depth Vo and range po, Re—Ri<po<R, where R is 
the nuclear radius. The expression for f; then becomes 


J iz filni,re)ridr; redre 
f=— 
Re 
g f rydr; redro 
2/+1 
or ef, ‘¥ f Pi(x)dx redr, redre 
Re R2 ‘ 
i f redr; redrs 
Ri Ri 


B= ( r\" me > — po*)/ 2rire. 


, (16) 


where 

(27) 
This integral can be evaluated, and for (Ro—R1)/R<1 
one gets, to lowest order in (p0/R)’, for /= 2, 


fo=2V 0(p0/R)?, (18) 
and similar expressions for other values of /. Introducing 
further an average excitation energy (AF)« by 


l@p OJ, (0) | |T(p) lay (k) J o)/? 


- (19 
AE, 


NEUTRONS IN NUCLEI 
we get, for /=2, 
4 V ope" 


(20) 
5 (AE) wR? 


ep 
or taking V opo?= 1 10-*4 Mev cm? and R= 1.2 107*A! 
cm, 
en 60 


(E in Mev). 
~ (AB) WA? 


(20a) 


Cn 


The estimates of (AE), are naturally not very 
reliable ; however, it can be expected that as a function 
of A it will be proportional to A~!. Equation (20) or 
(20a) then shows that the effective charge of the 
neutron is roughly the same for light and heavy nuclei 
(provided our approximations are valid ; this is certainly 
not so for highly deformed nuclei). For the lead isotope 
a reasonable value for (AZ),, is anything between 4 and 
8 Mev. Taking (AE)yw=6 Mev, we find e,/e,~0.3. 
This value agrees reasonably well with the experimental 
values found in this region. Thus for the 516-kev E3 
transition in Pb*’*, Alburger and Pryce” fnd exactly 
this value for the effective charge of the neutron. 

This extremely good agreement with experiment 
should not be taken too seriously in view of the very 
rough approximations which we have employed. 
better estimate of the effective charge should ody on 
its detailed evaluation from Eq. (15). Such programs 
were carried out in great detail by various authors!~* 
(see in particular the work of Amado,’ where further 
references are also mentioned). Our aim was just to 
show the possible usefulness of the concept of neutron 
effective charge in some cases and its poor validity in 
others, as well as to try to understand why, when this 
concept is valid, the effective charge of the neutron is 
of the same order of magnitude for diagonal elements 
as for nondiagonal elements in different states in the 
same nucleus, as well as for different nuclei. 
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Experimental data on the inelastic scattering of 23-Mev protons reported by Cohen, Mosko, and Rubin 
are analyzed by using the theory of direct interaction together with the plane wave approximation. The 
most detailed analysis is done for lead isotopes and, at least at 90°, it is found that fairly good agreement 
with experiment is obtained for the relative magnitudes of the excitation of different excited states. The 
same idea is also applied to other cases and in particular several arguments are given which will support 
the view of Lane and Pendlebury for associating the anomalous peaks observed at ~2.5 Mev for nuclei 
with Z=30-53 with the octupole surface vibrations. Finally discussions are given of the validity of the 
approximations used in the present analysis and also of the circumstances which still need more refined 


calculations. 


1. INTRODUCTION 


N a series of three papers! Cohen and his co-workers 
have reported measurements of the energy dis- 
tribution of protons resulting from the inelastic scat- 
tering of 23-Mev protons by various medium-weight and 
heavy nuclei. For the results quoted in C1 and C2 no 
special attempt was made towards obtaining very high 
resolution of the emitted protons so that the broad 
structure of the excitation curves could be more easily 
recognized initially. It was found that there exist 
strong peaks at about 2.5 Mev of the excitation curve, 
which appear quite regularly in neighboring elements of 
the periodic table, both in even-even and even-odd 
nuclei and also across closed shells; this effect has been 
referred to as anomalous inelastic scattering. In par- 
ticular, the extreme similarity between excitation 
curves for different lead isotopes (for which the known 
level schemes are quite different from each other) was 
stressed. 

In C3 similar experiments were reported with much 
higher energy resolution. Now a number of fine struc- 
tures were observed and different excitation curves 
were obtained for the neighboring even-even and even- 
odd nuclei, although similar gross structure to that 
observed in C1 and C2 was reproduced if the neigh- 
boring peaks were smeared. Further, in C3 similar 
excitation curves were investigated by changing the 
energy of the incident protons from 23 Mev to 12.5 Mev. 
In particular, it was found that the anomalous peaks 
for nuclei with Z= 30-53 appear at the same value of 
the excitation energy independent of the energy of the 
incident protons, and Lane and Pendlebury’ have 
suggested that this phenomenon might be due to the 
excitation of octupole surface vibrations. 

In the present note we report the results of a very 
simplified theoretical analysis which is intended to 
= Supported by the Office of Ordnance Research. 

+ On leave of absence from the Tokyo University of Education, 
Tokyo, Japan. 

1B. L. Cohen, Phys. Rev. 105, 1549 (1957); B. L. Cohen and 
S. W. Mosko, Phys. Rev. 106, 995 (1957); B. L. Cohen and A. G. 
Rubin, Phys. Rev. 111, 1568 (1958). These papers will be referred 
to as Cl, C2, and C3, respectively, in the following. 

2A. M. Lane and E. P. Pendlebury, referred to in C3. 


explain some of the main features of these experiments. 
Our basic idea is to consider the inelastic scatterings as 
being well described by the theory of direct interactions 
proposed by Austern ef al.,>4 and then to apply this 
idea to nuclei for which the structure of the lower lying 
levels is fairly well known. This is done in some detail 
in Sec. 2 for the lead isotopes. Since our simple way of 
calculation seems to explain the experimental results 
for the lead isotopes fairly well, the same method is 
extended to some other cases in Sec. 3. Also in that 
section we give a semiquantitative discussion of the 
anomalous peaks in nuclei with Z= 30-53. 

Finally in Sec. 4 a discussion of our present calcu- 
lations is given, particularly in relation to the use of the 
plane wave approximation; additional circumstances 
which should be considered using a more refined method 
are also considered. 


2. LEAD ISOTOPES 


(i) We begin with the case of Pb’. The lower lying 
excited states of this nucleus have been obtained 
sometime ago by Harvey’® and by Alburger and Sunyar® 
and are reproduced in our Table I. Among the levels 
shown in the table the lowest five (up to 2.35 Mev) 
are all single-hole configurations, while the higher levels 
are single-particle configurations. Thus, the excitations 
caused by the bombarding protons are grouped into 
three categories, viz: (i) hole-to-hole transitions [e.g., 
(piy2)1 — (fs/2)*]; (ii) transitions of the p1/2 neutron 
to a single-particle level [e.g., p1/2— go/2; note that a 
(p12) state is equivalent to a p1/2 state]; and (iii) 
excitation of a neutron from a closed shell to a single- 
particle level [e.g., (fs/2)®p1/2 > (fs/2)°p1/289/2 ]- 

Based on the well-known idea of the direct inter- 
action®* and further assuming the validity of the 
plane-wave approximation for the incident and scat- 


’ Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953): 
See also S. Hayakawa and S. Yoshida, Progr. Theoret. Phys. 
Japan 14, 1 (1955); D. Brink, Proc. Phys. Soc. (London) A68, 
994 (1955), for the excitation of the collective motions. 

4S. T. Butler, Phys. Rev. 106, 272 (1957). 

5 J. A. Harvey, Can. J. Phys. 31, 278 (1953). 

° PD. E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955). 
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tered protons, the cross section o for the processes (i) 
and (ii), ie., (p1/2)*! > (17)*4, is given by 


o=c(k’/k)Z?(1317; $L)| frul?, (1) 
where 
c=43(g'/2m)?(m/h?)?. 


The derivation of this formula is given, e.g., in an 
article of Lamarsh and Feshbach’ and the particular 
form of (1) is obtained by putting 7.=0 in Eq. (36) 
of their paper. In (1), Z is the coefficient defined by 
Biedenharn e¢ al.,® the selection rules for its arguments 
fixing the possible values of L, while k and k’ are the 
wave numbers of the incident and the inelastically 
scattered protons. The interaction between the incident 
proton and neutrons in the target nucleus is assumed 
to be given by a contact force and the coupling constant 
g’ may be defined in the same way as has been done in 
reference 7. fz, is the overlap integral of the radial 
part and, in general, is explicitly given by 


fu f ji(Ky)Rin)Rv(r)rdr, with K=|k—k'l, 
Ro 


where jz is the spherical Bessel function’ of order LZ and 
R; and Ry, are the radial parts of the single-particle 
wave functions for the (/); and (/’); neutrons. The 
lower limit Ro of the integral is the nuclear radius, the 
inside of which is assumed to give no contribution to 
the direct processes. In cases where 7; can be con- 
sidered to vary slowly compared to R:Ry, fri may be 
approximated by jz(KRo) Sk, RiRvr’dr. In this case, 
(1) reduces to 


o=c(k'/k)Z*(1 


oa 2 


W;4L)j2 (KR,) RiReoter| (2) 


RO 


If the energy loss is small compared to the incident 
energy, then k’/k~1. Further, if Ro is taken large 


TABLE I. Experimental energies in Pb®’. These are taken from 
Harvey* and Alburger and Sunyar,® and the work of McEllistrem 
et al. referred to in True and Ford.° 


Energy (Mev) 


0 1/2- 
0.570 5/2- 
0.90 3/2 
1.634 13/2+ 
2.35 7/2 
2.71 (9/2*?) 
3.61 (11/2*?) 
4.37 

4.62 


Spin and parity 


¢ See reference 5. 
» See reference 6. 
© See reference 14. 


~ 7J. R. Lamarsh and H. Feshbach, Phys. Rev. 104, 1633 (1956). 
See also Kajikawa, Sasakawa, and Watari, Progr. Theoret. Phys. 
Japan 16, 152 (1956); H. Ui, Progr. Theoret, Phys. Japan 18, 163 
(1957). 

8 Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 
(1952). 

9L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), Chap. IV. 
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enough so that the contributions to the direct process 
come solely from the fall-off region of the nuclear 
density, the integral Sr, R:Ryr’dr is approximately 
independent of / and /’. We further note that Z? in (2) 
is equal to (2j+1). Thus it may be possible to rewrite 
(2) as 

=c¢'(2j+1)71?(KRo), (3) 


the new constant c’ being defined appropriately. 

For the above-mentioned case (iii), the expression 
corresponding to (1) is slightly more complicated and 
is given by 


nied, frw|' 2 (Lil j ’: 4) IL Zz (27”+1) 


4 
XL(2je+1) (2je’ +1) }¥(—) + ¥'W (95,99 5 Gee) 4) 


XW (937'7"; j°L)], 


where the transition is considered to take place from a 
closed shell (/); to a single particle lev el (1’);. W is the 
Racah coefficient and j., j-, and j” are angular mo- 
menta allowed by the selection rules required by the 
arguments of this coefficient in (4). Possible values of 
L are determined by parity conservation and the selec- 
tion rules required for the arguments of the Z coefficient 
in (4). 

The factor in (4) in the large square bracket looks 
somewhat complicated. Its numerical value, however, 
varies around unity with fluctuations of about 30% 
and for the rough calculation employed in this paper it 
is sufficient to equate it to unity. Then, again using the 
same approximations which lead from (1) to (3), we 
can replace (4) by 


o= 2c! D1, Z2(b jl j'; 4L) j2(KRo). (5) 


To get an idea of the order of magnitude of (5) com- 
pared with that of (3), it is worthwhile to mention 
that there exists the relation 


C1 Z(ljl' j’; AL) =4(2j+1) (2j’+1). 


If x; is defined by the relation (x ;h)?/2m=e, € being 
the binding energy of the nucleon in the shell /;, the 
radial part of the wave function of this nucleon will 
have the form exp(—x«,7)/x,7, at r> Ro. If the condition 
K<x;+k; is not satisfied, the function j7;(Kr) in the 
integrand of fri above is no longer a slowly varying 
function compared to R:(r) Ry (r) and the approximation 
which was used derive to (2) from (1) may not be justified. 
In such a case we may use the approximation due to 
Butler* and replace 7, in (3) and (5), except for a 
constant factor, by 


we= jr(dh,/dr)—h,(dj1/dr), (6) 


where A, (i(x+kx’)r) is the spherical Hankel function.’ 
Thus in this case (3) and (5) are replaced, respectively, 


by 
=¢"(2j+1)w7?, (3’) 
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Fic. 1. Excitation curves at 90° for Pb®’ by 23-Mev protons: 
(a) theoretical, (b) experimental. The abscissa is the excitation 
energy in Mev, while the ordinate is the differential cross section 
in arbitrary units. As is seen in Fig. 2(b), there exists a background 
in the energy region 0.5-2 Mev, which might be due to the con- 
tamination of the lower energy protons in the incident beam. 
This background is taken into account in drawing the theoretical 
curve. In the theoretical curve possible broadening of the peak 
due to the inexact energy resolution is also taken into account. 
These remarks apply also to Figs. 2 and 3, and partly to Figs. 4 
and 5. The dashed line in Fig. 1 is obtained if a proton transition 
in the target is assumed. 


and 
exc" dt 2 (1 jl’ 7’; $L)wz?, (5’) 


with a new constant c’”’. 


From (3) and (5) [or (3’) and (5’) ] we see that the 
main feature of the cross section is described by a 
simple geometric factor together with the factor jz” 
(or wz”). It is known that the angular distribution of 
the inelastically scattered protons is fitted at least 
qualitatively with experiments** simply by the latter 
factor, although the fit with experiments in (p,p’) 
reactions is in general poorer than in (,d), (p,a), or 
other reactions where some composite particles are 
involved. It would be interesting to investigate whether 
these simple formulas can also describe the relative 
magnitude of the excitation of many different states in 
each particular nucleus. Thus the theoretical curve of 
excitation given in Fig. 1(a) is obtained by using (3’) 
and (5’), and it is seen that the agreement with the 
experimental curve reproduced in Fig. 1(b) is fairly 
good considering the many drastic approximations used 
in the calculation.” 

In drawing the theoretical curve shown in Fig. 1(a), 
the radius Ro is taken to be equal to 7.50f (f=fermi 
=10~-" cm), a value which gives the best fit with the 


¢ 10 In our case where the energy of the incident and the outgoing 
protons are around 20 Mev and the inelastic scattering is observed 
at 90°, K is approximately equal to x;+«;- if €;~e€;,~8 Mev. In 
this case it is not a poor Wand this c to take (6) to be propor- 


tional to [j.+dj./d(Kr)] and this expression is used for the 
actual numerical calculations. 


C. CHOUDHURY 


experiment. This value corresponds to the radius at 
which the strength of the optical potential"! falls off 
to about 70% of its maximum value, and this choice 
might not be so unreasonable if one assumes that the 
direct interaction occurs predominantly outside of the 
main body of the matter distribution. On this point, 
however, more discussion will be given in Sec. 4. 

The peaks at excitations of 0.57, 0.90, and 1.63 Mev 
correspond to the transitions (p1/2)-!— (f5/2)7, 
(pi ay t= (p32), and (pij2) 3 (2413/2), respec- 
tively. A peak which is expected to appear at 2.35 Mev 
corresponding to the transition (p1/2)~!—> (fz2)~! does 
not appear in Fig. 1(a), because w,? is quite small at 
this value of the argument. The peak at 2.75 Mev 
which corresponds to the transition p1/2— go/2 is high 
because ws” is quite large here. The next peak corre- 
sponding to the transition (f5/2)®— (f5/2)5go/2 is ex- 
pected to appear at 3.28 Mev, if the spacings (f5/2)~! 
<= (pio) and (1/2)! go/2 in Table I are simply 
added. Each level spacing appearing in Table I is not, 
however, the spacing between two single-particle (or 
single-hole) orbitals, but a sum of this sort of spacing 
and the difference of the pairing energies €, which are 
switched on or off in each particular configuration. A 
simple consideration shows that we must add the 
pairing energy for two f1,/2 neutrons to the above- 
mentioned sum, i.e., to the spacings (f5/2)~'<> (p1/2)~ 
plus (1/2)~! — gy/2, in order to obtain the correct transi- 
tion energy. Assuming the formula e,= (22.5+-5.5) 
x (2j7+1)/A Mev, obtained by Nomoto” for nuclei 
with A <120, can be extended to A= 207 the pairing 
energy concerned is estimated to be about 0.2 Mev. 
The transition 1/2 — 1211/2 also occurs at 3.61 Mev as 
is seen from Table I and we expect a high peak at this 
energy due to the superposition of these two transitions. 
In Cohen’s experiment (C3) a peak appears at ~3.4 
Mev. In this experiment, however, it is stated that 
errors exist in the excitation energies of the order of 
0.15 Mev and it would not be unreasonable to consider 
that these theoretical and experimental peaks are asso- 
ciated with each other. Thus the part of the experi- 
mental curve higher than ~3 Mev is shifted to the 
higher energy side by 0.1 Mev and is reproduced in 
our Fig. 1(b) in this way. 

Although the over-all agreement of the theoretical 
and the experimental curves in Fig. 1 is fair, there are 
several difficulties. The relative magnitude of the peak 
at 2.7 Mev compared with those at lower energies is a 
little too low compared with experiment. The peak at 
3.50 Mev is too high compared with that at 2.7 Mev. 

These difficulties might to some extent be solved in 
the following way. So far we have considered all the 
excited states in Pb”? to be due to transitions of neutrons 
from one orbital to another. As will be discussed in the 
following, several levels are observed in Pb”** and Pb*®* 

4 Melkanoff, Nodvik, Saxon, and Wood, Phys. Rev. 106, 793 


(1957). 
2M. Nomoto, Progr. Theoret. Phys. Japan 18, 483 (1957). 
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which can be reasonably interpreted as due to the 
transitions of protons. Although such states have not 
yet been observed experimentally in Pb*’, it would 
not be unreasonable to suppose that such transitions 
could also occur in this case too. In particular, a state 
is expected to occur at 2.5—2.7 Mev due to the transition 
(d3/2)4—> (d3/2)°Ag/2, and if the cross section corre- 
sponding to this transition is superposed on the peak 
at 2.7 Mev calculated before, we get the curve drawn 
in Fig. 1(a) as a dashed line and the agreement with 
experiment is in fact improved. 

In this case, however, there might also appear other 
states at 3.3~3.4 Mev due to the proton transitions. 
If these are superposed on the peak at 3.5 Mev, then 
this peak will again become higher than that at 2.7 Mev. 
It might, however, be possible that the neutron levels, 
as well as the proton levels, considered here are no 
longer pure single-particle states at such high energies 
of excitation, and in such a case the theoretical peak is 
expected to be lowered. Anyhow, our knowledge of the 
nature of the levels seems to be still too scant to give 
a more definite argument for the curves at energies 
higher than 3 Mev. 

(ii) The energy levels of Pb”* which have been 
obtained by Elliott ef al. are given in Table II. The 
lowest two excited states 3~ and 5~ are usually inter- 
preted to arise primarily from proton excitation to the 
configuration (d3/2)~'/49/2 which can also produce 4~ and 
6~ states. Among these two states, the 3~ state may 
have a rather pure configuration. On the other hand, 
as is discussed by True and Ford,'* one expects the 
existence of two other 4~ and 5~ states which are 
produced from the neutron configuration (p1/2)~!g9/2 
and the proton configuration (s;/2)~'%9/2. Therefore the 
4~ states and the two 5~ states in Table II may be 
mixtures of these three configurations. 

The fact that the spin of the ground state is 0* very 
much simplifies the calculation of the cross section for 
the inelastic scattering. Firstly the order L of the 
functions j, (or w,) which appears in the cross-section 
formula should be equal to the spin value of the excited 
state. Further the excitation of the even (odd) spin 
and odd (even) parity states is completely forbidden in 
the lowest order Born approximation. Thus in par- 
ticular the 4~ state at 3.475 Mev cannot be excited. 

TABLE IT. Experimental energies in Pb”, 
taken from Elliott e¢ al.* 


Energy (Mev) Spin and parity 


® See reference 13. 

13 Elliott, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 
(1954). 

144W. W. True and K. W. Ford, Phys. Rev. 109, 1675 (1958). 
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Fic. 2. Excitation curves at 90° for Pb™®, 


The formula for the cross section can be shown to be 
exactly the same as (5) [or (5’) ] if the configuration 
of the excited state is supposed to be pure and if the 
arguments of the Z function are appropriately taken. 
The curve in Fig. 2(a) is obtained by assuming that the 
3- state and the lowest 5~ state both have the pure 
configuration (d3)2)~'hg/2, and it is seen that the general 
trend of the experimental curve given in Fig. 2(b) is 
fairly well reproduced, although the height of the 3.2- 
Mev peak relative to that of the 2.6-Mev peak is too 
big by about a factor of two compared with experiment. 

Experimentally there appears no peak between 3.2 
and 4.1 Mev. In explaining this fact, the 4~ level gives 
no difficulty because this level is not excited as men- 
tioned above. On the other hand, if the 5~ state at 
3.70 Mev has the pure configuration of either (p1/2)~!g9/2 
or (Si/2)~'hg/2, a peak is expected to appear at this 
energy which is as high as the peak at 2.6 Mev. How- 
ever, if in this state these two configurations are mixed 
with a relative phase so as to interfere destructively 
for the excitation due to the incident proton, then no 
peak appears and agreement with experiment will 
follow. A shell model calculation on this problem would 
prove to be of great interest. 

As for peaks at higher energies, we have at present 
no knowledge of the nature of the excited states and 
no reliable discussions can be given here. 

(iii) The experimentally known excited states of Pb” 
are shown in Table III, which is the summary due to 
True and Ford" of the data given by Harvey,’ Alburger 
and Pryce,! and Day, Johnsrud, and Lind.'® The three 


167), E. Alburger and M. H. L. 
(1954). 

16 Day, Johnsrud, and Lind, Bull. Am. Phys. Soc. Ser. II, 1, 
56 (1956). 


Pryce, Phys. Rev. 95, 1482 
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TABLE IIT. Experimental energies in Pb®*. The original data 
are taken from Harvey,* Alburger and Pryce, and Day et al.,° 
but the entries of this table follow the summary of True and Ford.4¢ 





Energy (Mev) Spin and parity 


0.000 
0.803 
1.341 
1.45 


Energy (Mev) 


2.200 7- 
2.385 6 
2.526° 3 “(ds 2) (hg 2) 
2.783 a 

5~ (67) 


3.017 
(3*,4*) 
6* 


Spin and parity 





3.03 
3.125 
3.2808 
3.404 


5~(ds/2)*(hg/2) 
5~ (51/2)? (Ag/2) 


4 
1+(2*,3*,0*) 


* See reference 5. 

» See reference 15. 

© See reference 16. 

4 See reference 14. 

© These states are considered to be mainly due to proton excitations and 
the supposed main configurations are also shown. 


states marked by superfix e are considered to be 
due primarily to the excitation of protons and possible 
configurations for these states are also shown in this 
table. 

As for the states due to the neutron excitations, very 
fruitful calculations have been performed recently by 
Kearsley’? and independently by True and Ford." 
Taking the experimental data of Pb*’ to show the 
energy levels of the sing!e-hole configurations and taking 
into account the interparticle interactions, the energies 
and the wave functions of all the possible lower lying 
states which can appear from all the possible two- 
neutron-hole configurations have been calculated. These 
calculations agree very well with experiment, and thus 
it would be quite interesting to investigate whether the 
results are also useful in calculating the cross sections 
of the inelastic scattering. 

If the wave function yo and y,; of the 0* ground state 
and the excited state with spin J are written, with 
obvious notation, as 


vo= D5 a;(j)o? and yi= D7 bh (yg) (7’) = 1, 
the the cross section corresponding to (3’) is given by 


F041 >= i @ jb; 51! 


7,7’ 


(—)HYZ (LV; 21) |*wr. (7) 


As the coefficients a; and b;; have already been cal- 
culated'*!7 the numerical calculation of (7) is straight- 
forward, although it is a little more complicated than 
the preceding cases. 

In comparing the excitation curve with experiment, 
we first note that the 0* spin of the ground state 
simplifies the calculation very much, just as it did for 
Pb**. Thus all the states in Table III with spin and 
parity 1+, 3+, and 6 can never be excited in our ap- 
proximation, and for the other states which are not 
excluded by this selection rule the order LZ of the 
function w, is just equal to 7. We further note that 


17M. J. Kearsley, Phys. Rev. 106, 389 (1957); Nuclear Phys. 
4, 157 (1957). 
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for all the 4* states in Table III and the 7~ state at 
2.2 Mev the values of w,? and w;* are both quite small 
and the cross sections of the excitation of these states 
are negligible. Thus the states which need to be con- 
sidered are three 2+ states at 0.803, 1.45, and 1.83 Mev 
and other states higher than 2.53 Mev, excepting a 
state at 3.03 Mev. 

It is worthwhile to note in (7), contrary to the case 
in (3’) and (5’), that the interference between the con- 
tributions from different configurations is very im- 
portant. Thus, for example, the magnitudes of the 
factor w,? (=w,") in (7) are essentially the same for all 
the above-mentioned spin 2+ states, while its coefficient 
is largest for the 0.83-Mev state, about a quarter of 
this for the 1.45-Mev state, and in between these two 
for the 1.83-Mev state. In the region with the excitation 
energy 0-2 Mev there are excited no other states, and the 
theoretical curve should be obtained by considering 
solely these 2*+ states. The theoretical curve given in 
Fig. 3(a) agrees, in its general trend, with the experi- 
mental curve in Fig. 3(b) in this energy region, except 
for the fact that the peak at 1.83 Mev is a little too 
high. It should be noted, however, that the assignment 
of spin 2+ to this state is not yet conclusive as the 
parenthesis attached to this figure in Table III indi- 
cates, and further that the wave functions obtained by 
Kearsley and by True and Ford seem to be less reliable 
than their energy eigenvalues. Anyhow, there are 
eleven excited states in the energy region between 
0.803 and 2.385 Mev, and even if the above discrepancy 
is real it is the only one among these eleven cases. 

As for the two 5~ excited states which appear at 2.78 
and 3.02 Mev, the interference is constructive for the 
former while it is destructive for the latter. As the peak 
due to the excitation of the 3~ state at 2.53 Mev is 
quite high, just as it was in Pb, the 2.78-Mev 5~ peak 
will be masked by it. If we consider that the peak 
observed at 2.6 Mev corresponds to the superposition 
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Fic. 3. Excitation curves at 90° for Pb™*. 
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of these two theoretical peaks, we get agreement with 
experiment at this energy. On the other hand, there is 
no observed peak at 3.02 Mev which might correspond 
to the second 5~ peak and the smallness of the theo- 
retical curve is in agreement with experiment. Originally 
this level was assigned spin 6~ by Alburger and Pryce,” 
and True and Ford" have given some argument for 
changing the assignment to 5~. If this spin is actually 
6-, this state is not excited at all owing to the above- 
mentioned selection rule and therefore gives agreement 
with experiment. Anyhow, our assignment is not in 
contradiction with the argument of True and Ford. 

For the 6+ state at 3.12 Mev, the (1,/2)~? configura- 
tion which has the biggest amplitude among those in 
the ground-state wave function can give no contribu- 
tion, and the cross section for the excitation of this 
state is rather small. Then we are left only with two 5~ 
states around this energy region, which are both con- 
sidered to be mainly due to the proton excitations. If 
we consider, just as in the Pb’ case, that the (d3/2)~"ho/2 
configuration is pure in the 3.28-Mev 5~ state, and so 
has a big cross section of excitation, whereas the 
3.41-Mev 5~ state has a small cross section by the 
same argument as given in (ii), we get a peak at about 
3.3 Mev as shown in Fig. 3(a), showing a trend similar 
to the experimental trend. 

Summarizing these arguments, it is rather astonishing 
that, in spite of the known existence of a number of 
excited states in Pb*’® which are due to neutron exci- 
tations, the main features of the high peaks can be 
described by considering only proton excitations. This 
result may provide a plausible answer to the question! 
of why the excitation curves are so much the same for 
all the lead isotopes, in spite of the quite different 
nature of the known level schemes for these nuclei. In 
this connection it might be worthwhile to mention 
once again that the agreement with experiment has 
been improved by considering the proton excitation in 
Pb”? too, although agreement was already fairly satis- 
factory. 

(iv) Finally, in this section we discuss briefly the 
(p,d) reaction which was reported in C2, where the 
appearance of gross structures of a sort similar to those 
observed in the (p,p’) reactions was stressed. In C3 
Cohen and Rubin compared these results with new data 
on the (p,p’) reaction and emphasized the anticorre- 
lation between these two sorts of reactions. This led 
Cohen and Rubin to conclude that some of the (p,’) 
reactions might be associated with the excitation of 
some sort of collective motion because the (p,d) reaction 
could be explained by assuming the single-particle 
model for the target nuclei. 

The cross sections for these two reactions look very 
much the same, under the assumption of the direct 
interaction theory with plane waves, in the sense that 
they both can be written as products of the geometric 
factors and the square of the Bessel function jz (or 
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sums of such products). The selection rules which deter- 
mine the possible values of L, however, are quite dif- 
ferent in these two reactions. In the (p,p’) reaction L 
is fixed by the triangular condition required by the 
spins (and the orbital angular momenta) of the initial 
and the final states of the target nucleus together with 
parity conservation, while in the (,d) reaction L should 
coincide with the orbital angular momentum of the 
picked-up neutron which the latter had before the 
reaction. As has been illustrated above, the difference 
of the magnitudes of 7? (or of wz?) for different values 
of L and for (essentially) the same values of their 
arguments is the most decisive factor in determining 
the magnitudes of the cross sections. Therefore it is 
not surprising to get quite different excitation curves 
for these two sorts of reactions, even if we assume the 
same model for the structure of the target nuclei in 
analyzing these two sorts of reactions. 

In (i)—(iii) of this section we have seen that, at least 
where the lead isotopes are concerned, the individual- 
particle shell model describes fairly well the experi- 
mental results on the (p,p’) reactions. (See, however, 
the discussions given in Sec. 4 below.) Therefore it 
would be interesting to investigate whether the excita- 
tion curves of the (p,d) reactions can also be well 
described by the same model. In this subsection we shall 
present briefly the result of our calculation on the Pb™’- 
(p,d)Pb*” reactions. 

The cross section for the pickup of a neutron from a 
closed shell /; is easily shown to be given by 


o=d(2j+1) fz’, (8) 
where 


d= (3/m)g’?(m/h?)?(k'/k)X<?(0). 


Xa(0) is the amplitude of the radial part of the deuteron 
wave function measured at its center, while the function 
fx is now defined by 


fum { ji(Kr)Ri(kr)rdrir, 1, (9) 
RO 


which corresponds to the function fz: which appeared 
in (1). : 

The energy spectrum of the deuterons is measured in 
C2 at 60°, and the value of K is smaller than its corre- 
sponding value at 90°. However, due to the bigger mass 
of the deuteron compared with that of the proton, the 
K appearing here has magnitudes of the same order as 
those which appeared in the (p,p’) reaction at 90°. By 
using the same argument as used in deriving (3’) from 
(1), Eq. (8) may be replaced (defining a new constant 
d' appropriately) by 


o=d'(2j-+1)wz?. (10) 


The pickup reaction of the p1,2-neutron begins to 
occur at —Q= E,— Eg=5.2 Mev, which is the difference 
between the binding energy of the 1/2 neutron in Pb’ 
and the binding energy of the deuteron, while the —Q 
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Fic. 4. Energy distribution of the deuterons from the Pb**(p,d) 
Pb”? reaction observed at 60°; (a) theoretical, (b) experimental. 


values corresponding to the pickup from other closed 
shells can be calculated by adding the energy of the 
corresponding hole configuration given in Table I to 
5.2 Mev. The theoretical curve given in Fig. 4(a) is 
obtained in this way, and comparing with the experi- 
mental curve given in Fig. 4(b) it is seen that, except 
for the fact that the peak at 6 Mev is too high by a 
factor of about three, the over-all agreement is fairly 
good in this case too. 

In obtaining the theoretical curve in Fig. 4(a) the 
radius Ro is taken to be equal to 10.8 f. This is much 
larger than the value 7.5 f used for the explanation of 
the (p,p’) reactions. It is well known,‘ however, that 
the radius Ro required to explain the (p,d), (p,a), and 
other reactions in which composite particles are involved 
is much bigger than that required for (p,p’) reactions; 
in fact 10.8f is of the order of the magnitude of the 
half-falloff radius of the Saxon potential" for Pb*”’ plus 
the radius of the deuteron and might not be an un- 
reasonable value. 


3. OTHER CASES 


(i) Since it has been shown in the preceding section 
that the very simple Born approximation calculation 
explains several excitation curves rather well, it might 
be valuable to give further consideration to other 
possible cases. 

In this section we first consider Cu® which constitutes 
about 69% of the natural copper. In this nucleus there 
exist about thirty excited states'® below 3 Mev and 
thus it is quite difficult to perform calculations in the 
same way as was done for the lead isotopes. Neverthe- 


18 Mazari, Buechner, and Figueiredo, Phys. Rev. 108, 373 
(1957). 
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less, it is possible to give some discussion of the lower 
energy part of the excitation function and this will be 
discussed briefly below. 

It is possible to consider that to a good approximation 
Cu® consists of a core which is just Ni® and a p3/2 
proton loosely bound to the former. Then several sets 
of four states in Cu® can be found, the center of gravity 
of which (in the sense of Lawson and Uretsky™) have 
spacings with the ground state which are equal to the 
spacing of the corresponding excited state and the 
ground state of Ni®. In fact Lawson and Uretsky 
applied their theory of the center of gravity and suc- 
ceeded in assigning the spins to the four lowest excited 
states of Cu® with the following results: 0.669 (1/2), 
0.961 (5/2), 1.325 (7/2) and 1.411 (3/2), where the 
excitation energies are given in Mev and the assigned 
spins are shown in parentheses. 

In calculating the cross section of the excitation of 
these states it may be possible to separate the interac- 
tion of the incident proton with Cu® into two parts, 
one consisting of interaction with the Ni® core while 
the other involves interaction with the p32 proton, and 
it is easy to see that only the former contributes to the 
excitations of the above-mentioned four states, by 
exciting the first excited 2+ state in Ni®. If we further 
assume that this part of interaction can be described 
by the Bohr Hamiltonian” which described the inter- 
action of the incident proton and the surface motion of 
the core (in the weak-coupling approximation), it is 
easy to see that the complicated dynamical factors 
occuring in the cross section are common to all these 
four states, the only difference appearing through the 
geometrical factor. It further turns out that this geo- 
metrical factor is just (27+1), where j is the spin of 
the excited state of Cu®, and therefore the relative 
magnitude of the excitation of these four states is 
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Fic. 5. Excitation curves at 90° for Cu®, 


19 R, D. Lawson and J. L. Uretsky, Phys. Rev. 108, 1300 (1957). 
2” A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 
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simply 2:6:8:4. The lower energy part of the theoretical 
curve given in Fig. 4(a) is drawn in this way and the 
agreement with experiment is surprisingly good. 

It is worth noting that the factor (2j+1) present in 
the cross section is just the weight factor which appeared 
in the theory of Lawson and Uretsky.!® This means that 
if an experiment with poorer energy resolution is per- 
formed, then the above four peaks are smeared and the 
position of the resulting single peak will coincide with 
the position of the center of gravity of these four states, 
i.e., the position of the first excited states of Ni®, and this 
means that we expect a coincidence of the positions of 
the two peaks in Cu® and Ni®. Thus, in addition to an 
example in the lead isotopes where we saw a coincidence 
of the positions of the peaks in neighboring nuclei, we 
get another example which shows a coincidence of the 
positions of peaks in neighboring even-even and even- 
odd nuclei.”! 

It is very difficult to give precise discussions for the 
higher energy part of the excitation curve but the 
following argument might be illustrative of one of the 
possible ways. Firstly, we suppose that several lower 
excited states in Ni® (excepting the first) are not 
strongly excited by the inelastic scattering, considering 
them to be described by the multiphonon excited states.” 
In this case the states in Cu® which are constructed by 
vectorially coupling the 3/2 proton to these excited states 
of Ni® are not excited strongly too. If this interpre- 
tation is correct, then the states which can be excited 
rather strongly are those which are due to the transition 
of the p3/2 proton to higher orbitals. Unfortunately the 
spacings of these orbitals are not known precisely, but 
their order of appearance may be fs,2, pij2, and go/2.™ 
If we thus tentatively assign the peaks in Fig. 5(b) at 
1.9 and 2.5 Mev to the orbitals fs/2 and 1,2, the cross 
sections for the excitation of these states are given 
except for a common constant factor, respectively, by 
(12/7)w2+ (72/7)we and 4we’. For Ro=5.0 f and at 
90°, the value of w,? is negligibly small compared with 
that of w.? and the relative height of these two peaks is 
1:2.33 (=1:28/12) theoretically. On the other hand, 
the experimental ratio is about 1:3.5 and at least 
qualitatively the agreement is good. (If instead we 
assign 1/2 and go/2 orbitals to these two states, assuming 
that the excitation of the f5,2 state is too small to be 
detected, the ratio becomes 1:5.2 which is also quali- 
tatively of the correct order of magnitude.) 

The above theoretical ratio has been calculated 
assuming that each excited state has a pure single- 
particle configuration. It is more natural, however, to 
consider that the amplitude of the pure single-particle 

21 The coincidence of the position of peaks in copper and nickel 
observed in C1 is not exact. This is not, however, in contradiction 
with this statement as in these experiments natural elements are 
used and Ni® is not the main isotope in natural nickel. 

2G. Scharffi-Goldhaber and J. Weneser, Phys. Rev. 98, 212 


(1955). 
3 See, e.g., P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 


(1952). 
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Fic. 6. Energy dependence of the height of the anomalous 
peak in cadmium. The abscissa is the energy of the incident proton, 
while the ordinate is the differential cross sections observed at 
90° in arbitrary units: (a) experimental, (b) theoretical. 


configuration is shared among many neighboring states 
which are distributed within an energy range of the 
order of the width of the giant resonance,”4 and the 
position of the maximum of the strength function may 
coincide with the position of the orbital in the pure 
single-particle shell model.”° (In this case the relative 
area under the peaks of the gross structure, instead of 
the relative height of the peaks, should be compared 
with the theoretical ratio of the peak heights.) In fact, 
recently, Schiffer et al.* confirmed this sort of distri- 
bution of the single-particle amplitude in the (d,p) 
reaction experiments performed with a deliberately 
poor energy resolution, and emphasized the possible 
correlation with the experiments of Cohen ef al. The 
combined analysis of these two kinds of experiments 
will be quite useful in determining the positions of the 
orbitals in the shell model. 

(ii) Finally we consider the “anomalous” peaks 
observed at about 2.5 Mev of excitation for nuclei with 
Z= 30-53. Lane and Pendlebury’ have suggested that 
these peaks might be associated with the excitation of 
an octupole vibration of the collective surface motions. 
Our following arguments on this point are not meant 
to be conclusive, but to give information which seems 
to tend to support this interpretation. 

(A) In several even-even nuclei which belong to the 
so-called vibrational region” in the periodic table, there 
are observed 3~ states at about 2 Mev, which might be 
ascribed to the excitation of octupole vibrations.”” 

(B) For nuclei which belong to this group the change 
of the magnitude of the height of the anomalous peaks 
is measured as a function of the change of the energy 
of the incident proton and is reported in C3, and an 


example corresponding to cadmium is reproduced in our 


*%4 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955); see 
also C. Bloch, Nuclear Phys. 4, 503 (1957). 

25 R. D. Lawson, Phys. Rev. 101, 311 (1956). 

26 Schiffer, Lee, Yntema, and Zeidman (to be published). 

27On this point one of the authors (T. T.) is indebted to Dr. 
C. J. Gallagher, Jr. for a suggestion. See also R. K. Sheline, 
Proceedings of the University of Pittsburgh Conference, 479 
(1957). 
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Fic. 7. Angular distribution of 23-Mev protons after excitation 
of the anomalous peak in tin: (a) experimental, (b) theoretical. 


Fig. 6 as curve (a). If the interaction has zero range and 
occurs at the surface,” this curve should be explained 
simply by j;* (instead of w;*). The curve (6) in Fig. 6 
is the relative magnitude of j;7(KRo) at 90° with 
Ro=1.35A!f, and it shows a general agreement with 
the curve (a) except for the part of the lower incident 
energy. As in the lower energy part, the background 
due to the tail of the elastic scattering may have to be 
added to the theoretical value and the discrepancy may 
in consequence be removed. 

(C) The angular distribution of the protons inelas- 
tically scattered after exciting these states is measured 
in C1 and the result for tin is reproduced in Fig. 7(a). 
The theoretical curve which is again the relative mag- 
nitude of 7;?(K Ro) is given as curve (b) and the agree- 
ment at least of the positions and the relative height of 
the peaks is good. (To get this agreement, however, we 
had to take Ro=1.38A! f which seems to be a little 
too big.) 

(D) The value of 7;°(KRo) for Ro=1.35A! f, at 90° 
and for an incident energy of 23 Mev, has a maximum 
value for nuclei belonging to the group with Z= 30-53 
and tends to decrease on both sides of this region. This 
might be one of the reasons for the disappearance of the 
anomalous peaks in these regions. 

In spite of these arguments there still remains the 
possibility that these peaks are associated with the 
coherent excitation of single-particle transitions for 
which the j;? plays the most important role. If, how- 
ever, the amplitude of the single-particle configuration 
is distributed within some energy range as has been 


D. C. CHOUDHURY 


discussed in the preceding subsection (i.e., if there exist 
many states which are distributed practically con- 
tinuously within a finite energy interval and are 
excited with a practically constant probability by the 
same mechanism), then a slight shift of the position of 
the peak may coincide with the change of the energy 
of the incident proton, because the maximum of j;? 
appears for different energy of excitation for different 
bombarding energy. In C3 it is noted that practically 
no such a shift is observed in silver, cadmium, and 
other neighboring nuclei which might invoke the neces- 
sity of the excitation of a very sharp level, i.e., the 
collective surface motion. 


4. DISCUSSIONS 


In spite of the very simplified nature of the model 
and the method used in the calculations, the agreement 
between the theoretical results and experimental data 
would seem to be satisfactory, at least for the examples 
treated in this paper. If it should further be confirmed 
that the method also explains other cases, it would be 
very useful in clarifying the nature of the excited states 
of many nuclei, particularly because the labor involved 
in the numerical calculations is relatively small. 

The most crucial point of the method used here is 
concerned with the validity of the use of the plane 
wave approximation for the (p,p’) reactions and the 
use of the cutoff at Ro of the overlap integral for the 
radial part of the matrix element. As has been explained 
in Sec. 2, this cutoff means that if the incident proton 
goes deep into the target nucleus inside a sphere with 
radius Ro, it may, with high probability, collide with 
many nucleons in the target and so will not contribute 
to the direct interaction. However, it is captured so 
that it does contribute to compound nucleus formation. 
Therefore, to agree with experiment, the choice of the 
value of the Ry should be larger (smaller) for a shorter 
(longer) mean free path (mfp) for the above capture 
process. The mfp will be shorter for composite particles 
like deuterons and a-particles than that for nucleons, 
and so we will need smaller Ro for (p,p’) reaction than 
for reactions in which composite particles are involved. 
This point has been noticed by Butler‘ and is illustrated 
in our analysis of the (p,p’) and (p,d) reactions on lead 
isotopes. 

Now if the mfp is really short (and Ro is long) and 
thus the main body of the direct interaction actually 
occurs only at the surface region of the target nucleus, 
then we may argue classically that the incident and the 
outgoing particles will be affected by the distorting 
(single-particle) potential due to the target nucleus, 
rather weakly. In such a case the use of the plane wave 
approximation is likely to be relatively reliable. On the 
other hand, the analysis of the elastic scattering"”* of 
nucleons by nuclei shows that the mfp for nucleons is 


7A. E. Glassgold and P. J. Kellogg, Phys. Rev. 109, 1291 
(1958); F. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 
(1958). 
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not necessarily small, although it becomes smaller with 
the increasing incident energy. In fact, in analyzing 
Peelle’s work” on the (p,p’) reaction on carbon, 
Levinson and Banerjee® showed that the plane wave 
approximation gives at most qualitative agreement with 
experiment. 

In carbon, however, as has been pointed out by 
Levinson and Banerjee, the surface thickness of the 
optical potential is of the same order of magnitude as 
the half-falloff radius." In lead isotopes, for which the 
most detailed analysis has been conducted in the present 
article, the surface thickness is much smaller than the 
half-falloff radius. In this case the separation of the 
target nucleus into the interior and the surface regions 
is well defined. Therefore, if the argument is correct 
that the contribution to the direct interaction comes 
mainly from the surface region where the matter density 
is relatively small, Ro may be taken to be of the order 
of the magnitude of the half-falloff radius, as has been 
done in Sec. 2. Consequently, belief in the validity of 
the plane approximation is increased. 

Another factor which determines the validity of this 
approximation is the effect of the Coulomb interaction 
and the situation is less favorable in lead than in 
carbon. Levinson and Banerjee compared their results 
of the calculation using the distorted wave approxima- 
tion with those using the plane wave approximation 
and concluded that the latter approximation might 
become reliable at energies higher than about 20 Mev. 
The 23 Mev used in our case might not be high enough 
for the lead isotopes. On the other hand, the validity 
of the plane wave approximation is more clear at larger 
angles of scattering than at smaller angles, because, 
arguing classically, the main part of the incident and/or 
scattered particles which contribute to the forward 
scattering must travel a longer way inside the nucleus. 
In our analysis, which has been restricted to the data 
taken at 90°, the approximation is likely to be valid. 
It should be noted in fact, that, the theoretical excita- 
tion curve calculated at 45° shows poorer agreement 
with experiment than that at 90°. All these considera- 
tions, however, can be resolved definitely only after 
more refined calculations have been performed, and 
such calculations are in progress. 

The most characteristic feature of the result of the 
plane wave approximation is the appearance of the 
zeros corresponding to the zeros of the functions 7,” or 
wz? in the angular distribution of the particles scattered 
after exciting a particular state. However, in several 
cases in which the plane wave approximation explains 
fairly well the over-all features of the experimental 
angular distribution (in the sense that the theoretical 
and the experimental positions and the relative mag- 
nitudes of the maxima coincide), the experimental 
minima have finite values. Corresponding zeros or very 

” R. W. Peelle, Phys. Rev. 105, 1311 (1957). 

% C,. A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471, 499 
(1957); 3, 67 (1958). 
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small values of 71? or w,? appear also in the excitation 
curve, and these small values have been utilized in 
explaining the small cross sections of the excitations of 
the states other than those at ~2.6 Mev in Figs. 1-3. 
If the above discrepancy in the angular distribution is 
actually observed in the lead isotopes, it will very 
probably be removed by performing, e.g., the calcu- 
lation with the distorted wave approximations. If this 
actually happens, however, it means that the analysis 
given in Sec. 2, which uses the small values of w ,”, may 
become somewhat doubtful; to maintain the high peak 
at ~2.6 Mev it might become necessary to invoke the 
effect of collective motions as has been emphasized by 
Cohen and Rubin in C3. 

At present we do not have reliable experimental data 
for the complete angular distribution performed with 
high resolution, and so the question is still open. An 
experimental datum which may be used in testing the 
validity of this view will be the half-life of the first 
excited 3~ state in the Pb*’*. It has been measured by 
Elliott ef al."* and reported to be <1X10~-" sec. On the 
other hand, the theoretical value of this half-life cal- 
culated using the Weisskopf single-particle formula®! 
is 5X10~ sec, if 1.18A! f is used for the radius of the 
charge distribution. This result means that the en- 
hancement of the £3 transition probability over the 
single-particle value is larger than five, and this fact 
may support the view that the octupole surface vibra- 
tion is p aying some important role here. 

In this connection it would be of some value to give 
a brief discussion on the absolute magnitude of the 
cross section. From the data given in C2 the differential 
cross section for the excitation of the 2.6-Mev peak, 
where the protons are scattered through 90°, is esti- 
mated to be about 0.65 mb/sterad. On the other hand, 
if the interaction constant g’ in (1) is chosen so that 
(g’m/2mrh?)?= 100 mb as has been obtained by Lamarsh 
and Feshbach’ from the analysis of C"(p,p’)C* reactions, 
and if the factor multiplying the Wronskian w_, arising 
from the radial integral, is calculated in the same way 
as performed by Butler,‘ then the corresponding quan- 
tity is found to be 0.17 mb/sterad. This quantity is 
obtained by again assuming the pure d3/2—> /g/2 transi- 
tion and is about a quarter of the experimental value; 
unfortunately the calculation is quite crude, and this 
ratio should not be taken seriously. Nevertheless the 
latter is of the same order of magnitude as the ratio of 
the £3 transition probabilities discussed above and 
may support the above view. 

If these arguments are correct, then there may occur 
the question as to why the quadrupole surface vibra- 
tion, which plays so important a role in enhancing the 
low-energy £2 transition probabilities in many other 
even-even nuclei, does not contribute in giving similarly 
high cross sections for the excitation of the 2+ states in 


31 For this formula see S. A. Moszkowski, in Beta- and Gamma- 
Ray Spectroscopy, edited by K. Siegbahn (North-Holland Pub 


lishing Company, Amsterdam, 1955), p. 373. 
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Pb” and p3,2 and fs/2 states in Pb*’. For here the 
selection rule allows for the contribution of the col- 
lective vibration. This might be answered qualitatively 
in the following way. In the language of the shell model, 
a collective excitation is a coherent superposition of 
many single-particle transitions. In nuclei away from 
closed shells the number of neighboring filled and 
unfilled orbitals between which transitions can occur, 
according to the selection rules AJ=2 and no parity 
change, is greater than that of the orbitals which satisfy 
the selection rules AJ= 3 and parity change. This means 
that in these nuclei 2+ vibrational states can appear at 
lower energies than 3~ vibrational states. On the other 
hand, in nuclei like lead isotopes which lie near the 
doubly closed shells, the main part of the neighboring 
filled and unfilled orbitals have opposite parities and 
this may result in letting 3~ vibrational state appear 
quite near or even lower than the 2* vibrational state. 
In fact the analysis of the £2 transition probabilities 


in Pb*** by True and Ford‘ shows that the enhancement 
of this transition due to the collective motion is only 
of the order of a single-proton transition. 

In conclusion we hope that our present analysis may 
serve at least as a guide for more refined calculations, 
in spite of the crudeness of the model used and some 


doubt in the interpretation of the high peaks in lead 
isotopes. Concerning the latter point, it would be very 
interesting if the angular distribution were observed 
with high-energy resolution for the excitation of the 
high peak at ~ 2.6 Mev and the peak, e.g., at 1.63 Mev 
in Pb*? (for which the effect of the collective motion 
seems to be quite small owing to the big difference 
between the spins of this state and the ground state). 
Analysis with a more refined calculation would then 
provide more quantitative knowledge of the contribu- 
tion of the octupole vibration and consequently also 
more quantitative knowledge of the lifetime of the 3 
state in Pb**, 

Finally, it should be noted that our analysis has been 
limited to the lower energy part of the excitation curves. 
As has been noted by Cohen ef al., however, the gross 
structures are observed also at higher energies and it 
would be necessary to extend our analysis to these cases. 
One way of treating these problems will be to extend 
the idea of the single-particle transitions in the manner 
illustrated in Sec. 3 in relation to the higher energy 
peaks in Cu®. It is interesting to notice that, if it turns 
our in the course of this analysis that the superposition 
of such single-particle transitions also plays an im- 


portant role,* then our theory tends to have some 


®In this connection see R. D. Amado, Phys. Rev. 108, 1462 
(1957). 
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similarity with Wilkinson’s theory® which explained 
the giant resonance in the photonuclear reactions in 
terms of the superposition of the single-particle transi- 
tions. For the same purpose the method of Tomasini** 
which is based on the Fermi gas model may also be 
useful, because the Fermi gas model may become a 
better approximation at higher than at lower energies. 
Also, at higher energies it may represent accurately 
some averaged features of a more realistic single-particle 
shell model. Due to the simplicity of the Fermi gas 
model, it may in this way become easier to get an idea 
of the over-all behavior of the excitation curves for a 
wider range of energy. In its present form, however, 
Tomasini’s model, and in particular the assumption on 
the form of the internucleonic interaction, cannot give 
a proper interpretation of the experiments, as has been 
pointed out by Cohen and Rubin in C3. However, the 
model may perhaps be used with some appropriate 
modifications, such as with the inclusion in the inter- 
nucleonic interaction of the scalar products of the 
higher multipole moments* operating on the interacting 
nucleons. 

In this paper no consideration has been given to the 
Coulomb excitation. If it is assumed that the formula 
for this process,*® which has been shown to work well 
for the lower energy protons, can be used also for the 
higher energy protons, the corresponding cross section 
is estimated to be about one order of magnitude smaller 
than that due to direct interaction. This statement 
holds irrespective of the nature of the excited states 
(i.e. single-particle or collective excitations), and thus 
it can be concluded that the contribution from the 
Coulomb excitation does not play an important part. 
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Be" has been made in the reaction B"(n,p)Be"™ and its radiations have been studied with plastic and 
Nal (TI) scintillation spectrometers both singly and in coincidence. The half-life as determined from measure- 
ments on both beta rays and gamma rays is 13.57+0.15 sec. Decay takes place by beta-ray emission to the 
ground state of B" (61%, log/t=6.77, Bmax=11.48 Mev), to the 2.14-Mev first excited state (29%, 
log ft= 6.63), to the 6.76-0.81-Mev doublet (6.5%, log ft=5.93) and to the 7.99-Mev level (4.1%, log /t=5.53). 


oO, 


Limits are set on the decay to several other levels, particularly those at 4.46 and 5.03 Mev (<0.2%). Gamma 
rays of 2.121, 4.64, 5.86, 6.76, and 7.97 Mev are observed both singly and in coincidence with beta-ray 
branches. An energy separation Be!!— B"=11.48+0.15 Mev is derived from the various beta and gamma-ray 
energy measurements. It is concluded that the assignment J = }— for Be", as expected from the shell model, 
is possible but cannot be established firmly on the basis of the present evidence. 


INTRODUCTION 


HE nuclei of the 1p shell are of considerable 

interest because they represent relatively simple 
systems whose properties we might hope to calculate 
with some degree of completeness using the individual- 
particle model in intermediate coupling.! Rather few 
of those whose ground states might be stable against 
heavy-particle emission remain to be examined in detail. 
One of these is Be" and we have carried out an investi- 
gation of its beta decay to B" in the hope of learning 
more about both these nuclei. 

Ajzenberg and Lauritsen indicated? that the energy 
difference between the ground states of Be! and B" 
should be about 11.5 Mev. Their suggestion was based 
on the systematics of the rather scanty evidence avail- 
able on the T= 3 to T=$ splittings in light nuclei. Such 
an estimate might well be in error by several hundred 
kev but as it stands it implies that Be" might be stable 
by about 0.5 Mev against breakup into Be” plus a 
neutron. This made worthwhile a search for this body 
made by B"(,p)Be" whose threshold would be at 
about 12 Mev if the mass defect suggested by Ajzenberg 
and Lauritsen is correct. 

That Be" exists was proposed by Nurmia and Fink* 
who irradiated natural boron with the fast neutrons from 
the bombardment of tritium with deuterons and found 
an activity of half-life 14.1--0.3 seconds which appeared 
to decay chiefly by the emission of energetic beta 
particles. 


* Permanent address: Clarendon Laboratory, Oxford, England. 
This work was performed while this author was Visiting Physicist 
at Brookhaven National Laboratory during the summer of 1958. 


¢ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1D. Kurath, Phys. Rev. 101, 216 (1956); 106, 975 (1957); 
Proceedings of the Rehovoth Conference on Nuclear Structure, 1957, 
edited by H. J. Lipkin (North-Holland Publishing Company, 
Amsterdam, 1958), p. 46. 

2F. Ajzenberg and T. Lauritsen. Revs. Modern Phys. 27, 77 
(1955) and forthcoming review of this series. 

3M. J. Nurmia and R. W. Fink, Phys. Rev. Letters 1, 23 
(1958). 


APPARATUS 


In the present work we used as a neutron source a 
zirconium-tritium target of thickness 2.06 mg/cm? and 
of atomic composition ratio T/Zr=1.9. It was usually 
bombarded by about 18 uwA of deuterons of 600 kev 
from the Van de Graaff accelerator and the boron 
samples were placed about 5 mm from the tritium 
target at 0° to the deuteron beam. 

We used natural crystalline boron of high purity‘ 
(99.15%). For measurements involving the detection 
of beta particles we used samples of diameter 1 in. and 
superficial density about 150 mg/cm? cemented into 
thin polystyrene holders. For measurements on gamma 
rays alone we used 6.6 g of loose crystals in a poly- 
ethylene bottle. Both the polystyrene and the poly- 
ethylene were tested with negative results for induced 
activity under our normal conditions of irradiation. 

The beta particles were detected by a cylinder of 
Pilot-B plastic phosphor of diameter 3 in. and thickness 
2 in. coupled to a photomultiplier of type DuMont 6363. 
The phosphor was separated from the source by an 
aluminum foil of thickness 2 mils and by one or two 
millimeters of air. The gamma rays were detected by 
cylindrical NaI(Tl) crystals. We used a 3-in. right 
cylinder and a cylinder of diameter 1} in. and length 
2 in. mounted on photomultipliers of type DuMont 
6363 and DuMont 6292 respectively at different times. 
To exclude the beta particles from the gamma-ray 
detector we usually used 5 mm of copper backed by 
5 mm of aluminum in addition to the thin aluminum 
canning of the crystal itself. For certain investigations 
where the bremsstrahlung from the beta particles had 


4 We tried a number of samples of boron, of boron nitride, and 
of boron carbide from several suppliers. Many of these samples 
were certified to be of 99.5 to 99.7% purity but none in fact 
contained less than several percent of oxygen which produced N’é 
by the reaction O'8(n,p)N'®. This 7.4-second activity, with beta 
particles of 10.4 Mev and gamma rays of 6.1 and 7.1 Mev, 
interfered seriously with the study of Be" which has rather similar 
properties. The crystalline samples which we finally used con- 
tained no oxygen detectable by our measurements. We wish to 
thank the U. S. Borax and Chemical Corporation for supplying 
this material. 
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to be held to a minimum we used as absorber 1 in. of 
beryllium. 

The samples were usually irradiated for about 30 sec 
after which they were transferred in about 6 sec to the 
counting system. This delay sufficed for the 0.84-sec 
Li® activity produced in the reaction B"(n,a)Li* to 
decay to negligible proportions. 


EXPERIMENTS 


A major problem was to determine whether in fact the 
induced activity belongs to Be". A chemical identifica- 
tion was out of the question but a physical method is 
open if gamma rays accompany the beta decay. The 
energy levels of B' are well known.? We may therefore 
hope to make accurate identification of gamma rays 
following Be" decay with transitions in B". If this can 
be done and if it can be shown that the gamma rays are 
in coincidence with beta particles of appropriate energy 
and the lifetime of the Be"! decay measured by detecting 
the beta particles themselves is accurately the same as 
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Fic. 1, Simple gamma-ray spectrum from Be" decay observed 
with an NaI(TI) crystal 1} in. in diameter and 2 in. long. Call the 
peak representing the full energy of the gamma ray the full peak, 
and call the peaks representing the escape of one and two annihila- 
tion quanta from the crystal the one-escape and two-escape peaks, 
respectively. The peak at channel 24 is the full peak from the 
2.1-Mev gamma ray. Peak A is the two-escape peak of the 4.6-Mev 
line; peak B is the one-escape peak of the 4.6-Mev line; peak C is 
the superposition of the full peak of the 4.6-Mev line and the two- 
escape peak of the 5.9-Mev gamma ray; peak D is the one-escape 
peak of the 5.9-Mev line; peak £ is the superposition of the full 
peak of the 5.9-Mev line and the two-escape peak of the 6.8-Mev 
gamma ray; peak F is the one-escape peak of the 6.8-Mev line; 
peak G is the superposition of the full peak of the 6.8-Mev line 
and the two-escape peak of the 8.0-Mev line; peak H is the one- 
escape peak of the 8.0-Mev line; peak J is the full peak of the 
8.0-Mev line. This labeling of the peaks is adhered to in Figs. 3, 
9 and 10. 
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Fic. 2. The 2.12-Mev gamma ray seen in higher dispersion under 
the same conditions as in Fig. 1. The arrow indicates the expected 
position of the photopeak of a 2.30-Mev gamma ray. 


that measured by detecting the various identified 
gamma rays, then the demonstration is complete. 


A. Gamma-Ray Spectra 


Figure 1 shows a pulse spectrum from the smaller 
of the two NalI(TI) crystals (roughly 2-in. cylinder). 
No beta-particle coincidence is involved. An intense 
photopeak at about channel 24 is seen. Figure 2 shows 
this peak in higher dispersion. The energy of the 
corresponding gamma ray was determined by several 
intercomparisons with accurately known standard 
gamma rays from Bi®’, Na”, and Co® (including the 
2.505-Mev “addition line” of the 1.1728- and 1.3325- 
Mev lines from this source). Our final value is 
Fy,=2.121+0.010 Mev. This corresponds with the 
first excited state of B' whose energy is given as 
2.138+0.009 Mev by the reaction B'’(d,p)B".® We note 
in passing that accurate gamma-ray measurements® 
following inelastic proton scattering in boron have 
given a gamma-ray energy of 2.134+0.005 Mev. This, 
however, as the authors noted, must be corrected for 
the Doppler shift (the measurement was made at 0°) 
since the level is short-lived.’? When this is done, a level 
position of 2.122+0.005 Mev results which is more 
closely in accord with our present measurements than 
with the heavy-particle work although the differences 
cannot be said to be serious. 

Returning to Fig. 1, we see many peaks at higher 
channel numbers. These we have identified in the 
figure caption. The correctness of these identifications 
is demonstrated in two ways. Firstly, the composite 

owen Patter, Buechner, and Sperduto, Phys. Rev. 82, 248 

51). 

Teas Bonner, and Ranken, Phys. Rev. 108, 392 (1957). 


7D. H. Wilkinson, Phys. Rev. 105, 666 (1957); Metzger, Swann, 
and Rasmussen, Phys. Rev. 110, 906 (1958). 
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spectrum of Fig. 1 may be decomposed very satis- 
factorily into its underlying pure spectra by using the 
known response of the crystal to various standard 
gamma rays of high energy—for example, the 6.14-Mev 
line from the second excited state of O'* and the 
4.43-Mev line from the first excited state of C”. 
Secondly, the similar measurements made with the 
larger NaI(TI) crystal (3-in. cylinder) showed the same 
nine peaks but with changed relative intensity because 
of the changed probability for the escape of the annihi- 
lation quanta. Figure 3 shows the spectrum seen with 
the bigger crystal; for example the full peak J of the 
8.0-Mev line is now more important relative to the 
one-escape peak H and peak A has decreased in relative 
intensity. 

We see that peaks A, B, D, F, H, and I each belong 
to a single gamma ray while peaks C, EF, and G each 
belong to two. The latter group was therefore discarded 
for the purpose of energy determination. This deter- 
mination was accomplished with the aid of several 
standard gamma rays including the two mentioned 
above; that from C” was given by a Pu-Be source 
through the reaction Be*(a,z)C”; that from O'* followed 
the beta decay of N'* made by the reaction O'*(n,p)N?°. 
Both crystals were used in the energy determinations 
and at least 6 separate sets of measurements were made 
on each gamma ray under a variety of conditions. The 
energies resulting from this work are: Ey2=4.64+0.02 


Mev; Ey3=5.86+0.04 Mev; Eys=6.76+0.03 Mev; 
Eys=7.97+0.03 Mev. These gamma rays we identify as 
being respectively: from the 6.758-6.808-Mev doublet 
to the first excited state; from the 7.987-Mev state to 
the first excited state; from the 6.758-6.808 doublet to 
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Fic. 3. Same as Fig. 1 but using a 3-in. right cylinder of NaI(TI)- 
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Fic. 4. The simple beta-particle spectra from the decay of Be" 
and N!¢ (end point 10.39 Mev) observed with a plastic phosphor 
3 in. in diameter and 2 in. thick. The Be" points are plotted 
correctly; the N!® points have been displaced downwards slightly 
to avoid confusion of the figure. 


the ground state; from the 7.987-Mev state to the 
ground state (see Fig. 13 for the B! states and for our 
final decay scheme). Our measurements are probably 
not accurate enough to discriminate with certainty to 
which member of the 6.758-6.808-Mev doublet the decay 
leads or if it goes to both. However, both the measure- 
ment of the ground state transition and of the cascade 
energy suggest that the lower member of the doublet 
is the one more probably involved. 


B. Beta-Particle Measurements 


We must now determine the decay energy of Be" 
and confirm and extend these conclusions about the 
decay scheme by examining the beta particles. The 
pulse-height distribution of the beta rays detected by 
the Pilot-B crystal is shown in Fig. 4 where we also show 
the spectrum of beta particles from N'*. This latter 
body was made by the reaction O'*(n,p)N'® using as 
source LiOH of the same dimensions and superficial 
density as the boron similarly bonded with polystyrene 
into identical polystyrene holders. From the known 
mass defect of N'®, the end point of its beta-particle 
spectrum is at 10.39+0.02 Mev.’ The clear low-energy 
branch which has an end point at around channel 22 is 
of 4.25 Mev and leads to the second excited state at 
6.14 Mev (the weaker branch to the 7.12-Mev state 
does not show up here). 

It is evident from Fig. 4 that the energy released in 
the Be" decay is somewhat greater than that from N’®. 
A crude estimate of the beta-ray end point. above 
11 Mev, shows that the highest energy component 





D. H. WILKINSON 








10 20 3%” 
CHANNEL NUMBER 
Fic. 5. Beta particles from Be" seen in coincidence with gamma 
rays falling in a channel around 2.1 Mev. The dashed com 
parison spectrum is from N!® (end point 10.39 Mev). Beta- 
energy = 9.32+0.15 Mev 


cannot lead to the first excited state of B", because that 
would give a mass defect, M—A, for Be" of above 
25 Mev, whereas the system Be"’+n has M— A= 23.94 
Mev. It will further be seen from the coincidence 
measurements to be reported later that the highest 
energy beta-ray group does in fact go to the ground 
state of B" and that this transition is roughly twice as 
strong as that to the first excited state. We may take 
this branching ratio as our guide and subtract from the 
composite Be"! spectrum of Fig. 4 the spectrum ap- 
propriate to this branch to the excited state, leaving a 
spectrum that more nearly represents the transition to 
the ground state alone. This we now compare with the 
N'® spectrum. This was done by matching the spectra in 
intensity at their maxima and taking the ratios of 
channel numbers at various ordinates. Over a range of 
channel number corresponding to about 3 Mev of 
electron energy this ratio did not change significantly 
and was therefore taken as a measure of the ratio of the 
beta-particle energies (the possible importance of the 
unique forbidden shape of the N'® spectrum cannot be 
great here and was ignored). This analysis was carried 
out for 5 separate sets of measurements with concordant 
results and we quote the end point /s,=11.48+0.15 
Mev. We may remark that if the analysis is done with- 
out the subtraction of the partial spectrum for transi- 
tions to the first excited state of B", then the Be!!-N'® 
channel number ratio is not so constant and the 
apparent decay energy is lower by 0.21 Mev. 

If we are correct in supposing that a beta branch takes 
place from Be" to the first excited state of B", we should 
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be able to put it in evidence by displaying only those 
pulses in the beta counter that are in coincidence with 
gamma rays of 2.1 Mev. A gamma-ray channel was 
accordingly set about the 2.1-Mev photopeak and the 
associated coincident beta spectrum is seen in Fig. 5. 
The dashed line shows the N!* comparison spectrum, 
and the same type of analysis as before yields Eg2= 9.32 
+0.15 Mev which is in excellent agreement with our 
expectation of 9.36+0.15 Mev. The next partial spec- 
trum is revealed by biasing the gamma-ray detector 
above 2.12 Mev so as to exclude the branch just investi- 
gated. The range of energy dissipation accepted in the 
gamma counter was 3.0 to 8.0 Mev and the associated 
coincident beta spectrum is shown in Fig. 6. The dashed 
line now indicates the spectrum from Rh" of end point 
3.55+0.02 Mev which was used for comparison. After a 
small correction for the higher beta branch about to be 
investigated, we find Es;=4.65+0.2 Mev as against the 
expected 4.67+0.15 Mev. Finally we raise the bias on 
the gamma-ray counter above the 6.8 Mev to which 
belongs the previous branch to measure the partial 
spectrum of lowest energy. The gamma-ray acceptance 
range was from 7.0 to 9.0 Mev. The coincident beta 
spectrum is shown in Fig. 7, again with the Rh’ 
spectrum for comparison. We find Es,= 3.6+0.2 Mev as 
against the expected 3.49+0.15 Mev. 

These beta-particle energy measurements confirm the 
general decay scheme and together suggest the value 
Be!—B"=11.48+0.15 Mev as given by the highest 


energy transition. This corresponds to M—A=23.39 
+0.15 Mev for Be! and shows the excellent success of 
Ajzenberg and Lauritsen’s estimate. 
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Fic. 6. Beta particles from Be" seen in coincidence with gamma 


rays of from 3.0 to 8.0 Mev. The dashed comparison spectrum is 
from Rh" (end point 3.55 Mev). Beta energy =3.65+0.15 Mev. 
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C. Half-Life Measurements 


It is clear from the foregoing results that B" is the 
final nucleus of the induced activity. The identification 
is confirmed by the lifetime measurements. These were 
made (i) on all beta particles dissipating more than 
3.0 Mev in the plastic beta-particle phosphor, (ii) on a 
narrow channel of width 10% set around the photopeak 
of the 2.12-Mev line as shown in Fig. 2 such that about 
93% of the pulses in the channel are due to that line, 
and (iii) on all gamma rays dissipating more than 3.0 
Mev in the Nal(TI) crystal. In each case, counting 
periods of 5 seconds were used and the decay was 
followed over many half-lives. Typical results are shown 
in Fig. 8. The background counting rates were, in all 
cases, very small and corrections have been applied in 
Fig. 8. In terms of the initial counting rates they were 
0.07%, 0.8%, and 1.2% for the beta particles, the 
2.12-Mev gamma rays, and the high energy gamma 
rays, respectively. The half-lives resulting from these 
measurements were 13.68+-0.15 seconds, 13.47+0.20 
seconds, and 13.48+0.20 seconds for the beta particles, 
the 2.12-Mev gamma rays, and the high-energy gamma 
rays, respectively.® It is clear that these several periods 
refer to the same process, and that the proceeds is the 
decay of Be" to B"; we quote for the half-life 
13.57+0.15 seconds 


D. Relative Intensity Measurements 


We may now estimate the relative intensities of the 
various beta branches. Call these Js, etc., and normalize 
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Fic. 7. Beta particles from Be" seen in coincidence with gamma 
rays of from 7.0 to 9.0 Mev. The dashed comparison spectrum is 
from Rh?6 (end point 3.55 Mev). Beta energy =3.6+0.2 Mev. 


8 We may note here that the absolute efficiency of the beta 
counter for the gamma ray is only about 4% for the geometry used. 
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Fic. 8. Decay curves for Be" observed with the different 
radiations shown. The curve for the high-energy gamma rays is in 
its correct position with its correct errors (the background has 
been subtracted). The curve for the lower energy gamma rays has 
been displaced downwards to avoid confusion of the figure; the 
initial number of counts per interval was in fact identical with that 
for the high-energy gamma rays and the errors are similar at 
similar times. The initial number of counts per interval for the 
beta-particle curve was about 6X10‘ so the errors are much 
smaller. 


to )> Js=1. From the gamma-ray spectra such as those 
of Figs. 1 and 3 we can estimate the relative intensities 
of the various gamma rays seen in the decay. Call these 
Ty, etc., without any normalization. We find, combining 
information from both crystals, 

24:44:11 


Ty: Tyo: 143: 1D v4: 1 75> < 


this corresponds to 


Za 2.4 
(dst I83+ In); 
6.5 4.1 


We must now make a comparison of beta-particle and 
gamma-ray intensities. This was done by measuring 
the probability that a gamma ray of 2.1 Mev is in 
coincidence with any beta particle. The beta counter 
was biased at an energy dissipation of 1.0 Mev and the 
coincident gamma rays were displayed. At so low a bias 
in the beta counter, all the beta branches are detected 
with almost the same efficiency and the remaining 
small correction is easily applied. From the gamma-ray 
spectrum the number of coincident 2.1-Mev gamma 
rays was found for the known number of beta counts. 
The absolute gamma-ray detection efficiency was cal- 
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culated from the known geometry, the absorption in the 
aluminum and copper screens, and the intrinsic crystal 
efficiency taken from the standard tables.’ The larger 
Nal(TI) crystal was used here. This measurement was 
done twice with care in rather different conditions. The 
results were identical and we find the probability P that 
a beta particle is accompanied by a gamma ray: 


2.1 2.4 
P=Ip.+—Ip;+—I,=0.33+0.03. 
6.5 4.1 


This gives 


Is,=0.61; Ip.=0.29; I3=0.065; Je,=0.041. 


There are other less accurate ways of measuring P 
and these were done as a check. Firstly we displayed 
the beta particles in coincidence with gamma rays of 
2.1 Mev and compared the coincidence ratio with the 
beta counting rate without the coincidence condition. 
This gave P=0.45+0.15. Secondly we simply com- 
pared, without any coincidence condition, the beta and 
gamma counting rates. This gave P=0.32+0.07. These 
checks were considered satisfactory and were not used 
further. 

It seems, from the work reported so far, that beta 
branches take place to the ground state and to the 
levels at 2.138, 6.758-6.808, and 7.987 Mev. There has 
been no sign of transitions to the states at 4.459 and 
5.034 Mev and it is already clear from the simple gamma 
spectra that such transitions have an intensity of 
T 84.45, 185.03 <0.007. (We use the work of Ferguson 
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Fic. 9. Gamma-ray spectrum from Be" seen in coincidence with 
beta particles of energy greater than 1.5 Mev. The 3-in. crystal 
was used. See Fig. 1 for the labeling. 

® Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished). 
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et al.” from which we learn that these two levels decay 
chiefly to the ground state.) These branches are of 
some importance and we investigated the matter 
further by examining the gamma rays in coincidence 
with the beta particles as a function of bias on the beta 
counter. Figure 9 shows the result with the beta counter 
biased at 1.5 Mev. This spectrum, as it should be, is 
similar to Fig. 3 (the larger crystal was used for the 
gamma rays) with some attenuation of the higher 
energy gamma rays owing to the relatively inefficient 
detection of their beta branch. (The same notation for 
labeling the high-energy peaks has been adopted as in 
Figs. 1 and 3.) When the bias on the beta counter is 
raised to 3.5 Mev we find the spectrum of Fig. 10. We 
are now excluding the lowest energy beta branch, and 
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. 10. Same as Fig. 9 but requiring a beta particle 
of greater than 3.5 Mev. 


peaks H and J whose expected positions are shown have 
accordingly disappeared (also peak D which belongs 
solely to the 5.86-Mev cascade radiation from the 
7.99-Mev state). In Fig. 11 the bias in the beta counter 
is raised to 4.7 Mev which excludes the branch to the 
6.758-6.808-Mev doublet but would still admit beta 
particles leading to the levels at 4.46 and 5.03 Mev. As 
expected, all the identified high-energy peaks have 
disappeared. There are, however, some counts signifi- 
cantly in excess of background (which has been sub- 
tracted in all these figures) in the channels above the 
photopeak of the 2.1-Mev line. We show the expected 
positions of the usual three peaks for gamma rays of 
4.46 and 5.03 Mev and it seems that the excess counts 
are consistent with the presence of such lines in the 


10 Ferguson, Gove, Litherland, Almqvist, and Bromley, Bull. 
Am. Phys. Soc. Ser. II, 2, 51 (1957), and private communication. 
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coincidence spectrum. A similar suggestion is in fact 
contained in Fig. 10 whose analysis into lines of 4.64 and 
6.76 Mev seems to give a bigger intensity ratio of low- 
to high-energy components than that derived from the 
simple spectra of Figs. 1 and 3. This would be expected 
if in fact there were gamma rays of 4.46 or 5.03 Mev in 
coincidence with beta particles leading directly to those 
states. These particles would be accepted more effi- 
ciently by the beta counter than those leading to the 
6.758-6.808-Mev doublet on account of their greater 
energy. However these indications are not conclusive. 
We must consider ways in which a similar effect could 
be generated without the participation of a beta 
transition to the 4.46- or 5.03-Mev levels. One surely is 
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Fic. 11. Same as Fig. 9 but requiring a beta particle of greater 
than 4.7 Mev. The two tridents indicate the expected positions of 


the two-escape, one-escape, and full peaks for gamma rays of 
energy 4.46 and 5.03 Mev. 


by the simultaneous detection of a beta particle and of 
a gamma ray in the beta counter. Suppose that, with 
the beta counter biased at 4.7 Mev as in Fig. 11 a beta 
particle leading to the 6.758-6.808-Mev doublet enters 
the beta counter. It cannot of itself activate the beta-ray 
side of the coincidence circuit; but if the B"™ level then 
branches via the 2.138-Mev state and the lower energy 
gamma ray is absorbed in the beta counter the bias level 
can be passed, and if the 4.64-Mev gamma ray is 
absorbed in the gamma-ray counter the effect produced 
in Fig. 11 is seen. It is difficult to estimate the chance of 
this complicated chain of events but the detectors are 
close together and the geometrical efficiencies are high. 
It seems quite likely, however, that this effect could 
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Fic. 12. Same as Fig. 9 but requiring a beta particle 
of greater than 5.6 Mev. 


explain much of the apparent beta-gamma coincidence 
rate. We accordingly can interpret the data only as 
representing an upper limit on the beta branching to the 
4.46- and 5.03-Mev states. We find that [44 and 
Tg5.03 are each <0.002. These limits are sharper than 
those already reported from an examination of the 
simple gamma-ray spectra and are sharper than the 
limits that can be derived from results such as those of 
Fig. 6 where beta particles in coincidence with gamma 
rays are displayed. 

A further increase of bias on the beta counter to 
5.7 Mev, which should still admit the beta branch to the 
4.46- and 5.03-Mev states, results in the coincident 
gamma-ray spectrum shown in Fig. 12 which represents 
an effectively pure 2.1-Mev line. Owing to the very low 
efficiency with which the sought beta branches would 
now be detected, we cannot safely use these results to 
sharpen the limit but they certainly confirm it. 

Limits on the possible branches to other states of B™ 
may be derived from the simple gamma-ray spectra of 
Figs. 1 and 3. The states at 7.298 and 8.568 Mev decay 
chiefly to the ground state of B"; that at 8.927 Mev does 
also but is unstable by 0.26 Mev against alpha-particle 
emission which competes more-or-less equally with the 
gamma rays. Higher states do not yield appreciable 
numbers of gamma rays owing to the alpha-particle 
competition.” From the absence of these higher energy 
gamma rays we find J¢7.30<0.015, I¢s.57 <0.003, and 
T6s.93 0.0015. 

This leaves a residual problem in that we do not know 
to which member of the 6.758-6.808-Mev doublet the 
beta decay leads. The indication of the energy measure- 
ment is the lower member but it is not clear-cut. We find 
the ratio of ground-state transitions to cascade transi- 
tions via the 2.138-Mev state to be about 2.1 to 1. For 
the 6.808-Mev state, this ratio is given” as 3.8 to 1; 
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TABLE I. Summary of the properties of Be" found in the present investigation. 


B" state (Mev) logft 


0 11.48+0.15 6.77 
2.138 9.32+0.15 6.63 
4.459 ee <0. > 8.2 
5.034 ves <0. > 8.2 
oa} 4.6540.2 5.93 
7.298 > 6.4 
7.987 5.53 


Eg (Mev) % betas 
61 (8) 


3.6 +0.2 


8.568 
8.927 


it might, however, be somewhat modified on account 
of differing angular distributions of the two components, 
an uncertainty to which our measurements are not 
subject. For the 6.758-Mev state, however, there is 
only a suspicion of a cascade transition via the 
2.138-Mev level,!” which would appear to conflict with 
our data. A branch from the 6.758-Mev state via the 
4.46-Mev state whose intensity is about 20% of the 
ground state transition is reported.’” On the basis of 
this number we should expect to find, in our experiment, 
a gamma ray of energy 2.30 Mev of intensity about 
2.7% of that of the 2.1-Mev line. We accordingly made 
a careful search on the upper side of the strong 2.1-Mev 
line. For example, on Fig. 2 we show the expected 
position of the photopeak of this possible 2.30-Mev line. 
It seems barely likely that such a 2.30-Mev line is 
present in the required intensity and so this cannot 
confirm the involvement of the 6.758-Mev level in the 
beta transition. Evidence is therefore conflicting and 
we must leave it as an open question for the moment. 


SUMMARY OF RESULTS 


For convenience we gather together in Table I the 
results of this investigation. The energies of the B! 
states are those given by the reaction B'(d,p)B" 
already cited. The entry “% gammas” gives the 
percentage of all Be" disintegrations that result in the 
gamma ray in question. The three half-lives quoted are 
those measured on the beta particles, on the 2.12-Mev 
gamma ray, and on the high-energy gamma rays. 

We quote the following values: 


Half-life of Be": 
Bel'— BU: 
M-—AA for Be!!: 


13.57+0.15 seconds. 
11.48+0.15 Mev. 
23.39+0.15 Mev. 


The situation is summarized in Fig. 13. 


DISCUSSION 


From its place in the 1p shell we should expect Be" 
to have the property J=}—. The fact that the log ft 
values for the transitions to the ground (J=3—) and 
2.138-Mev (J=3—) states of B" are approximately 
the same while that for the transition to the 4.46-Mev 


Half-life (sec) 


13.68+0.15 
13.47+0.20 


Ey (Mev) % gammas 


32 (11) 


2.121+0.010 


(i) 6.76+0.03 
(ii) 4.64+0.02 

cee 13.48+0.20 
(i) 7.97+0.03 
(ii) 5.86+0.04 


(J= 3—) state is considerably greater agrees with this 
assignment. On the other hand, these first two log ft 
values of about 6.8 and 6.6, respectively, are rather 
large and would be consistent with first forbidden 
transitions and thus with J/=3+, 3+, or $+ for Be". 
Such even parity would be very unexpected. In this 
case the transition to the 4.46-Mev, J= 3— state would 
also be first forbidden but it is in fact much slower than 
those to the ground and first excited states. This argues 
against even parity for Be". A tendency has been 
noticed" for the log ft values of first forbidden transitions 
to be greater for AJ=2 than for AJ=0, +1. This might 
seem to suggest that if Be!' has even parity its spin is 
more likely to be } and also that we cannot use the 
present argument against even parity for Be’. However, 
this tendency is probably due to dominance of the 
Coulomb energy term in the majority of first forbidden 
transitions with AJ=0, +1 and its absence from the 
AJ=2 transitions. But there is no such dominance 
here because the nucleus is light and the transition 
energy is high. 

The transitions to the 6.758-6.808-Mev doublet and 
to the 7.987-Mev level appear to be allowed (log ft= 5.93 
and 5.53, respectively). Neither the parity of the 
7.987-Mev level nor of the higher of the doublet states is 
known. The parity of the 6.758-Mev state is odd,” and if 
our energy measurement alone were adequate to fix this as 
the state involved in the beta decay, the parity of Be"! 
would also be fixed as odd and so most likely J=}— 
because of the relative log ft values for the transition to 
the three lowest states of B". However, the evidence as 
to which doublet member is involved in the beta decay is 
conflicting and we cannot safely make this deduction. 
Furthermore, from a study of the B'(d,py)B" angular 
correlation, J=%— is not indicated for the 6.758-Mev 
level and 3— or 3— are preferred.” However, these spin 
preferences are perhaps not firm, since the spin assign- 
ment for the 6.758-Mev level is based on the use of 
simple stripping theory to analyze the p-y angular corre- 
lation and this must be rather unsure at the low deuteron 
energy used. An argument in favor of the beta-ray tran- 

11 See, e.g., M. G. Mayer in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 


Amsterdam, 1955), Chap. 16, p. 433. 
2S. A. Cox and R. M. Williamson, Phys. Rev. 105, 1799 (1957). 
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sition to the 6.758-Mev state and hence of odd parity for 
Be" is that the lower member of the doublet is strongly 
excited in the stripping reactions while the upper one is 
not. Furthermore, the upper member gives no clear 
stripping pattern at all so its parity is unknown. This 
shows that the lower member of the doublet is closely 
related to B” while the upper member is not. Since B" 
and Be" should also be closely related, we might 
expect a typical allowed log ft value to the lower member 
of the doublet if Be" is of odd parity and the spins are 
suitable but not to the upper member (if it is of odd 
parity). Similarly, if both Be! and the upper member 
of the doublet are of even parity, a typical allowed 
log ft value is a little surprising since the ground state 
of Be", if of even parity, would probably be a rather 
complicated state. 

A further slight argument for odd parity for Be" is the 
limit on the transition to the 8.927-Mev level which is 
$+ or 3+ and which is closely related to B"™ as is 
evidenced by the large associated stripping cross 
section.® This limit is not, of course, strong enough to 
indicate a forbidden transition but its indication is in 
that direction. 

Possible alternative approaches to the parity of Be! 
are (i) a measurement of the parity of the 7.987-Mev 
state to which an allowed transition is also seen, 
presumably best done by B""(d,p)B"; (ii) a relative- 
polarization measurement on the gamma rays in the 
cascade from the doublet state through that at 2.138 
Mev; and (iii) a direct approach through the angular 
distribution of the reaction B"(n,p) Be" itself. 

At present it seems at least possible that Be’! may 
be J=4— as expected by the shell model and also by 
the full individual-particle model in intermediate 
coupling! which further predicts Be'— B!'~11-12 Mev 
in accord with our observation. In this case the transi- 
tions to the two lowest states of B" are allowed but 
strongly discouraged and it would be most interesting 
to know the prediction of the individual-particle model 
on this point.' 

We may note another difficulty. The 5.034-Mev level 
is of odd parity? and in its gamma decay, which is 

13Q, M. Bilaniuk and J. C. Hensel, Bull. Am. Phys. Soc. Ser. IT, 
3, 188 (1958). 
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Fic. 13. Decay scheme of Be". The energies are in Mev. The B¥ 
level energies are taken from the B!°(d,p)B"™ measurements cited in 
the text. That for Be" is the result of the present measurements. 
The percentages for the gamma rays represent their abundance 
per Be!! decay. The assignments for the B" levels are as cited in 
the text. All B" levels not shown are unstable against alpha- 
particle emission. 


chiefly to the ground state, shows a 12% branch via the 
first excited state.” This strongly suggests J=$— for 
the 5.034-Mev level. If this is so and if Be! is J=}—-—, 
then we have an allowed transition with log ft2> 8.2, 
which is an unhappy situation. Were the spin assign- 
ment of this state sure, it would of course be a strong 
argument for even parity for Be". But it is not. 

We have considered the possibility that the 13.5- 
second period does not belong with the beta-decay of 
Be! but to an isomer of that nucleus. We therefore 
examined with care the gamma-ray spectrum from a 
few kev to 2 Mev but found no evidence for such a 
transition. 
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Decay of the Radioisotopes Ge** and Ga**} 
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The decays of Ge®* (275 day) and Ga® (68 minute) have been reinvestigated with single and coincidence 
scintillation spectrometers. Comparison of the gamma-ray singles spectra of the two radioisotopes indicates 
that Ge® decays only to the ground state of Ga® by electron capture. In addition to the known annihilation 
quanta and a gamma ray of 1.07 Mev in the decay of Ga®, gamma rays of 0.81+0.02, 1.24+0.02, and 
1.88+0.02 Mev are observed. A level scheme of Zn® with levels at 1.07, 1.88, and 2.31 Mev is proposed 


and is compared with level schemes of neighboring even-even nuclei. 


I. INTRODUCTION 


HE half-life and the positron spectrum of the 
radioactive isotope Ge®* (275 day) have recently 
been remeasured by Crasemann ef al.! Using a scintil- 
lation spectrometer and a single-channel analyzer, they 
also investigated the gamma-ray spectrum up to an 
energy of 1.2 Mev and found only a 1.07-Mev gamma 
ray in addition to the annihilation radiation. This 
gamma ray was assumed to arise from the decay of the 
first excited state of Zn®*, as surmised by Mukerji and 
Preiswerk? who had measured the beta spectrum of Ga® 
(68 minute). These authors? had found two positron 
groups with end-point energies of 1.88+0.02 and 0.77 
+0.02 Mev, and a gamma ray of 1.10-Mev with a 
magnetic lens spectrometer. 

More recently, Sinclair? has observed a 0.82-Mev 
gamma ray in the inelastic neutron scattering on Zn®, 
which he attributed to the decay of a 1.91-Mev level 
in this isotope, as predicted by Way ef al.* on the 
basis of the capture gamma-ray work of Kinsey 
and Bartholomew.’ From the Zn*"(d,p)Zn® reaction, 
Elwyn has observed levels in Zn®* at 1.11, 1.88, and 
3.49 Mev.® 

Since the even-even nuclei in this region of mass 
number seem to be little understood on a detailed 
theoretical basis at present, it was considered desirable 
to investigate more thoroughly a number of radio- 
isotopes which decay to even-even nuclei in the neutron 
shell 28<.N<50. The present work represents part of 
such a program. 

t Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

'Crasemann, Rehfuss, and Easterday, Phys. Rev. 102, 1344 
(1956). [The gamma-ray energy was originally measured as 1.02 
Mev, but recently remeasured as 1.07 Mev (private communica- 
tion from B. Crasemann). ] 

2 A. Mukerji and P. Preiswerk, Helv. Phys. Acta 25, 387 (1952). 

§ Rolf M. Sinclair, Phys. Rev. 107, 1306 (1957). 

*Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes, A=40—A=92, U. S. Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 

5 B. Kinsey and G. Bartholomew, Phys. Rev. 89, 375 (1953). 

6 A. J. Elwyn, Ph.D. dissertation, Washington University, 1956 
(unpublished). 


II. SOURCE PREPARATION 


The preliminary work was performed with the Ge® 
source used by Crasemann et al.':? Three subsequent 
sources were made by bomardment of zinc with 43-Mev 
alpha particles in the 60-in. cyclotron of the Crocker 
Radiation Laboratory of the University of California, 
utilizing the reaction Zn®*(a,2n)Ge®. For the first 
source, zinc dust was bombarded for 25 microampere- 
hours, and for the other two sources, zinc-plated copper 
probes were irradiated for 200 and 580 microampere- 
hours, respectively. The chemical separation was similar 
to that used by Crasemann ef al.' with the following 
addition: After distillation, the distillate was made 5M 
with HCl, passed through an ion exchange column of 
Dowex-1 (200 mesh), eluted with 4M HCl, precipitated 
as GeS» with H.S, washed and dried. This additional 
procedure removed any Ga which might have come 
over in the distillation. No measurement was made with 
a new Ge® source for at least one month after bombard- 
ment in order to allow for the decay of 40-hour Ge®. 

A Ga*® source was made by the (y,) reaction on 
natural gallium in the form of Ga2O3, using the Stanford 
Mark II electron linear accelerator at about 26 Mev. 
The Ga,O; was irradiated for approximately two hours, 
and measurements begun seventy-five minutes later. 

Deuterons of approximately 2.8 Mev from the 
Stanford cyclotron were used to make a number of 
auxiliary O! sources by the reaction N'4(d,n)O". The 
nitrogen was in the form of CrN. 


III. APPARATUS 


The detectors consisted of 1}-in. diameterX1}-in. 


long NaI(T]) cylindrical crystals mounted on DuMont 
6292 photomultipliers. The electronic equipment was 
composed of a conventional fast-slow coincidence circuit 
with a resolving time of about 0.2-usec, used in con- 
junction with a 256-channel pulse-height analyzer. 


IV. GAMMA-RAY MEASUREMENTS 


A. Comparison of Ge** and Ga** Singles 
Gamma-ray Spectra 
Ga® and Ge® sources were successively sandwiched 
between 3-in. Lucite absorbers to ensure complete 


7 The author would like to thank Dr. Crasemann for kindly 
making this source available to him. 
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annihilation of the positrons and mounted 1} in. above 
a 1}-in. diameterX14-in. long NaI crystal. As Ga® 
decays with a 68-minute half-life,‘ a number of short 
runs (about ten minutes) representing various integral 
counting rates were taken with this source. The run 
whose average integral counting rate was nearest that 
of the Ge® source, taken under identical conditions for 
the same time, was used in a comparison of the two 
decays. This precaution was taken to compensate for 
possible chance addition of the annihilation quanta. 
The two spectra were normalized by the integral 
counts above 0.8 Mev since the decay of Ge® is not 
expected! to contain gamma rays above this energy. It 
was found that the two spectra overlapped each other 
(within statistics) up to 1.2 Mev, as shown in Fig. 1. 
The points represent the Ge® spectrum and the full 
line represents the Ga® spectrum. 

From the data of Fig. 1, it is possible to place a con- 
servative upper limit of 0.01 for the ratio of the number 
of positrons emitted in the decay of Ge® to the number 
emitted in the decay of Ga®*. Since the total positron 
branching in Ga® was found to be 89% (see Sec. V, B), 
this leads to an upper limit of 0.9% for the decay of 
Ge® by positron emission. It was further established 
that no gamma ray between 0.60 and 1.10 Mev could 
be present in the Ge®* decay to more than 0.1% and 
between 0.10 and 0.50 Mev to more than 1% of the 
intensity of the total positrons emitted in the Ga® 
decay. 


B. Ga** Gamma-Ray Singles Spectrum and Analysis 


Having shown the absence of gamma rays in the 
decay of Ge**, sources of the latter in secular equi- 
librium with Ga® were used for the study of the decay 
of Ga®. The singles spectrum was measured using dif- 
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Fic. 1. Ge® (points) and Ga® (solid curve) normalized singles 
gamma-ray spectra taken under identical conditions. 
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Fic. 2. Ge®® gamma-ray spectrum and analysis. The points 
represent the raw data; the dashed curve represents annihilation 
in flight and bremsstrahlung arising from the positrons, as deter- 
mined from Fig. 3. (See text.) The single gamma rays yielded by 
analysis of the spectrum are shown. The solid curve through the 
points corresponds to the sum of the single gamma-ray distribu- 
tions and the continuous spectrum. The excesses in the vicinity 
of 0.7, 1.45, and 1.60 Mev are discussed in the text. 


ferent sources, crystals, and geometries with consistent 
results. In Fig. 2, the points show the spectrum obtained 
with the source placed between two #-in. Lucite ab- 
sorbers and 2} in. above a 1}-in. diameter X 1}-in. long 
Nal crystal. The spectrum above 0.51 Mev was repeated 
after placing } in. of lead between the source and 
crystal. Comparison of the spectra with and without 
lead showed that the peaks at 1.07, 1.24, and 1.88 Mev 
were due to single gamma rays and not addition peaks, 
while the peak at about 0.68 Mev was predominantly 
caused by addition of a 0.51-Mev annihilation quantum 
and its partner’s backscattered quantum of about 0.17 
Mev. 

In order to analyze the singles spectrum, the anni- 
hilation-in-flight and bremsstrahlung spectrum arising 
mostly from the 1.88-Mev positron branch (87%) in 
the Ga*®* decay first had to be subtracted. This was 
accomplished as follows: A number of O!* sources were 
made and data recorded under essentially the same 
conditions as used for the Ga® singles. The result is 
shown by the points in Fig. 3. O!° is known to be a pure 
positron emitter with an end-point energy of 1.72 Mev.’ 


8 Kistner, Schwarzschild, Rustad, and Alburger, Phys. Rev. 


105, 1339 (1957). 
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Fic. 3. Annihilation-in-flight and bremsstrahlung spectrum of 
the 1.72-Mev positrons from the decay of O'%. The geometry used 
here was identical to that used for the data of Fig. 2. The peak 
at 0.68 Mev is caused by addition of annihilation quanta and 
their backscattered partners; the peak at 1.02 Mev by chance 
pile-up of annihilation quanta. The dashed curve was used in the 
analysis of the Ge® singles. (See text.) 


Hence, the peak at about 0.68 Mev is presumed to be 
due to addition of annihilation quanta and their back- 
scattered partners as mentioned above; the peak at 
about 1.02 Mev is due to chance pile up of annihilation 
quanta. 

Use was then made of the fact that on a semiloga- 
rithmic plot of relative intensity versus pulse-height the 
bremsstrahlung and annihilation-in-flight spectrum is 
practically a straight line above 0.51 Mev.’ A straight 
line was therefore fitted to the points above the peak 
at 1.02 Mev and extrapolated toward the lower energies 
(dashed curve in Fig. 3). The joining of this line to the 
tail of the 0.51-Mev peak is a little uncertain. This, 
coupled with the addition peak in the vicinity of 0.68 
Mev, makes the analysis in this region quite difficult, 
and this is reflected in our results and quoted errors. 
The bremsstrahlung and annihilation-in-flight spectrum 
was normalized to the Ge®* spectrum by plotting the 
two curves on semilogarithm paper and sliding the 
0.51-Mev peaks together (dashed curve in Fig. 2). No 


* Gerhart, Carlson, and Sherr, Phys. Rev. 94, 917 (1954). 
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attempt was made to correct the bremsstrahlung and 
annihilation-in-flight spectrum for the energy difference 
between the O!* and Ga* positrons. Reference to the 
work of Gerhart ef al. leads one to expect this correction 
to be at most 20% in the region of interest. This was 
taken into account in computing the errors of the 
relative intensities. 

After subtraction of the bremsstrahlung and anni- 
hilation-in-flight contribution, the remainder of the 
analysis of the spectrum in Fig. 2 was carried out in 
the customary way of fitting previously determined 
single gamma-ray spectra (taken under identical con- 
ditions) to the resultant curve, starting at the high- 
energy end. The photopeaks were measured and cor- 
rected for absorption, for the ratio of photopeak to 
total area, and for the detection efficiency of the NaI 
crystal.” Table I lists the results of this analysis. The 
1.07-Mev peak has been corrected for chance pile up 
of annihilation quanta, which amounted to about 5%. 

As can be seen in Fig. 2, the sum of the individual 
contributions to the spectrum (solid curve) does not 
quite overlap the experimental points in the regions of 
0.68 Mev and about 1.2 to 1.7 Mev. The reason for the 
former has been discussed above. A preliminary analysis 
of the gamma-ray spectrum had indicated peaks at 
1.46 and 1.58 Mev. However, there was a 1.46-Mev 
peak in the room background, and a slight gain shift 
between the Ge® and background runs could easily 
account for its presence in the analysis. Furthermore, 
calculation showed that the 1.58-Mev peak could be 
attributed to solid angle addition of annihilation radi- 
ation and coincident 1.07-Mev gamma rays (see Sec. 
C). However, we cannot completely rule out the 
presence of gamma rays at these energies. These would 
have an intensity of less than one percent of the inten- 
sity of the 1.07-Mev gamma ray. 

To investigate the low-energy region, the gain was 
expanded and the spectrum taken through a 2-in. lead 
collimator with a 3-in. diameter hole. The source was 
mounted between }j-mil Mylar, and a §-in. Lucite plug 
was placed midway in the collimator to minimize 
bremsstrahlung and annihilation-in-flight events. No 
gamma rays between 0.1 and 0.5 Mev were detected, 


TABLE I. Ge®* gamma-ray data* from singles spectrum. 


Intensity (relative)> 


Energy (Mev) 
0.81+0.04 ~3.7 
1.07+0.02 100 
1.24+0.02 3.44+1.5 
1.88+0.02 4.6+0.8 
2.31 <0.2 

0.51 (annihilation quanta) 5460+ 600 


&® These gamma rays are all from the decay of Ga®* to Zn®8, (See text, 
Sec. IV, A.) 

b The intensities are relative to 100 1.07-Mev gamma rays. 

10 Use was made in these computations of the detection efficiency 
calculations of Wolicki, Jastrow, and Brooks, Naval Research 
Laboratory Report NRL-4833, 1956 (unpublished). 
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which shows that their intensity could not be greater 
than 1.3 relative to 100 positrons. 


C. Gamma-Gamma Coincidence Spectra 


The gamma-gamma coincidence measurements were 
performed with and without total positron annihilation. 
For these experiments, the counters were set 110 degrees 
apart and shielded from one another with a }-in. lead 
absorber. The source was placed at the intersection of 
the counter axes. The detectors were two 1}-in. diameter 
X 1}-in. long NaI crystals, and a conventional fast-slow 
coincidence circuit of 0.2-usec resolving time was used 
in conjunction with a 256-channel pulse-height analyzer. 

Figure 4 shows the results obtained by suspending 
the source between }-mil Mylar, and setting the dis- 
criminating gamma-ray counter differentially at (a) 
0.81, (b) 1.07, (c) 1.24, and (d) 1.46 Mev. The channel 
width was approximately 100 kev at each position. In 
analyzing these curves, it was necessary to include a 
continuous spectrum which was due in part to coin- 
cidences between two y»hoivns arising from positron 
annihilation in flight as well as to 1.07-Mev gamma 
rays in coincidence with bremsstrahlung and anni- 
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Fic. 4. Ge®’ gamma-gamma coincidence spectra (incomplete 
annihilation of positrons). The curves correspond to settings of 
the gamma-ray discriminator at (a) 0.81, (b) 1.07, (c) 1.24, and 
(d) 1.46 Mev. (See text for method of analysis.) 
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Fic. 5. Ge®’ gamma-ray spectrum in coincidence with anni- 
hilation quanta (with total positron annihilation). The dashed 
curve represents the assumed annihilation-in-flight and brems- 
strahlung background. (See text for discussion. ) 


hilation-in-flight quanta associated with the 0.8-Mev 
positron group feeding the 1.07-Mev state in Zn*. 
Curve (6) illustrates the result of such an analysis. 

After analyzing and correcting the data for the pulses 
at each discriminator setting caused by Compton events 
from the higher energy gamma rays, it was found that 
within the experimental error the data could be ex- 
plained by 1.07-Mev gamma rays being in coincidence 
with annihilation quanta and with 0.81- and 1.24-Mev 
gamma rays. The possibility of a weak 0.81-0.81 Mev 
gamma-gamma coincidence branch cannot be excluded. 
The branching ratios obtained from these data were 
consistent with those determined in the directional cor- 
relation experiments, to be discussed in the next section. 

For the total-annihilation coincidence measurements, 
the Ge® source was placed in a copper cylinder whose 
sides were greater than the range of the high-energy 
positron group. The coincidence spectrum obtained 
with the discriminator set to cover the 0.51-Mev 
photopeak is shown in Fig. 5. The broad peak in the 
vicinity of 0.3 Mev is undoubtedly caused by coin- 
cidences involving annihilation quanta and_ their 
partners which have been Compton-scattering by about 
70°. The continuous spectrum upon which the 1.07-Mev 
gamma ray is superimposed is caused by annihilation- 
in-flight photons. It was assumed to be a straight line" 
on a semilog plot in the region above about 0.65 Mev 
(dashed curve in Fig. 5). Following this background 
subtraction, the residue above 0.65 Mev could be com- 

"See, for example, Hilliard Roderick, Ph.D. dissertation, 
Stanford University, 1956 (unpublished). 
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TABLE II. Relative intensities of coincident branches. 





Intensity (relative)* 


Energy (Mev)—(Mev) 





3.5+0.9° 
3.4+0.64 
82.4+ 13° 


(0.81+-0.02)—(1.07) 
(1.24+0.02)—(1.07) 
(0.51, annihilation quanta)»—(1.07) 


* Intensity relative to 100 1.07-Mev gamma rays. 

» Positron group to the 1.07-Mev level in Zn*. 

¢ Corrected for anistropy as noted in the text. 

4 Corrected for anistropy. 

¢ Obtained by combining the relative positron to 1.07-Mev gamma-ray 
intensity from Table I with the 8*o.8/8*tota: value found in the coincidence 
work. 


pletely accounted for by a 1.07-Mev gamma-ray dis- 
tribution as determined by a comparison with the 
1.11-Mev gamma ray of Zn® taken under similar con- 
ditions. To determine the absolute branching of the 
0.8-Mev positron branch relative to the total number of 
positrons, a comparison was made with Na” taken in 
the same geometry. After making the necessary cor- 
rections, a value of 0.015+0.002 was found for the 
ratio Bto.s/8*totai. The error includes a twenty percent 
allowance for the uncertainty in the magnitude of the 
continuous spectrum under the 1.07-Mev photopeak. 


D. Directional Correlation Measurements 


For the angular correlation measurements, the source 
in the form of GeS, was suspended between }-mil Mylar 
to minimize the positron annihilation in flight. The 
crystals were shielded with tapered lead collimators, 
and $-in. thick Lucite was placed in front of the crystals. 
The circuitry was the same as that described in the 
previous section. With the differential discriminator 
set at 1.07 Mev, it was determined that the singles 
counting rates were independent of the movable 
counter position. Measurements were taken at 90°, 130°, 
and 150°. Interference from annihilation in flight and 
bremsstrahlung was small for the 1.07 Mev—1.24 Mev 
correlation. However, it was quite significant in the 
1.07 Mev—0.81 Mev correlation, and we were only able 
to conclude that this correlation is similar to the 1.07 
Mev—1.24 Mev correlation. 

For the 1.07 Mev—1.24 Mev correlation, values of 
A»,=0.3340.11 and Ay=0.17+0.21 (not corrected for 
finite angular resolution of the counters) were obtained 
in the expression W (6)=1+A2P2(cosd)+A 4P4(cos). 
This correlation was used also to determine the 1.24- 
Mev gamma-ray branching ratio relative to that of the 
1.07-Mev gamma-ray branch. The resultant value, as 
well as a summary of the coincidence measurements, 
is given in Table IT. 

From the measurements, the branching of the 0.81- 
Mev gamma ray relative to that of the 1.24-Mev gamma 
ray was determined at each angle. Since the three values 
so obtained were nearly equal, the 0.81 Mev—1.07 Mev 
gamma-gamma angular anisotropy was assumed to be 
the same as that for the 1.24 Mev—1.07 Mev corre- 
lation in calculating the branching ratio of the 0.81-Mev 
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gamma ray relative to that of the 1.07-Mev gamma ray. 
This value has been used in Table IT. 


Vv. CONCLUSIONS 
A. Ge®*—Ga** Decay 


No evidence has been found for transitions from Ge®* 
to the known” excited states of Ga® at 0.19, 0.34, 
0.57, and 0.85 Mev. When considered with our small 
upper limit for positron emission, it appears as though 
Ge®* decays to the ground state of Ga® by about 100% 
electron-capture. From §-decay energy systematics, 
Way et al.‘ predict a value of about 0.7 Mev for the 
Ge®— Ga® decay energy. Applying the above branching 
and decay energy to Moszkowski’s nomogram," one 
finds a logft of about 6.8 for the ground-state transi- 
tion. Since the ground-state spin of Ga® has been de- 
termined" to be 1, and its parity is expected to be even 
(on the basis of the shell model), this transition is 
undoubtedly allowed. Such a relatively large log/ft 
value for an allowed transition does not appear to be 
exceptional for the even mass nuclei in this region. In 
a similar manner, using an upper limit of one percent 
for gamma-ray branching in the Ge® decay, one finds 
for the transitions to the first, second, and third excited 
levels of Ga®* lower limits for log ft of 8.5, 8.2, and 7.3, 
respectively. About all that one might conclude from 
these limits is that they are indicative of spins >2 
for these levels if they have even parity. Such spins 
would be predicted on a zero-range model'®!” if the 
proton configuration of Ga® were [(p;)*]; and the 
neutron configuration were [ (p;)*(fs)* ];. Such inference 
should not be taken too seriously, since the log ft 
values are rather sensitive to the Ge®—Ga® decay 
energy. 


B. Ga**—Zn*®* Decay Scheme 


From Table I, the number of positrons to 1.07-Mev 
gamma rays (8+totai/*/1.07) in the Ga® decay is seen to 
be 27.3+3.0. This value is considerably larger than 
that determinered by other workers, as can be seen 
from Table III. As noted in Table II, combining our 
B*tota/71.07 from the single gamma-ray work with the 
B+0.8/B*totai obtained in the coincidence measurements, 
we find 6+o.s/71.07=0.41+0.07. When due account is 
taken of the 0.81- and 1.24-Mev gamma-ray branches, 
this value yields an electron-capture to positron ratio 
(e/8+) of 1.340.3 for the transition to the first excited 
state of Zn®*, An end-point energy of 1.88 Mev'® for 


2 R. A. Chapman and J. C. Slattery, Phys. Rev. 105, 633 (1957). 

18M. K. Ramaswamy has also failed to observe gamma rays in 
the Ge® decay. He performed x-ray-x-ray and x-ray-gamma 
coincidence measurements (private communication). 

14S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 

18 Hubbs, Marrus, and Worcester, Phys. Rev. 110, 534 (1958). 

16 C, L. Schwartz, Phys. Rev. 94, 95 (1954). 

17 A, de-Shalit, Phys. Rev. 91, 1479 (1953). 

18 A value of 1.88+0.02 Mev has recently been obtained by H. 
Daniel, Z. Naturforsch. 12a, 363 (1957). - 
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the ground-state positron transition in conjunction with 
our measured value of 1.07 Mev for the first excited- 
state to ground-state transition in Zn® predicts an 
end-point energy of 0.81 Mev for the positron branch 
to the first excited level. Assuming this value, a theo- 
retical «/8* of 1.6 is determined from the curves of 
Feenberg and Trigg” corrected for L capture with the 
curves of Rose and Jackson.” It should be noted that 
the K/@* ratio is very sensitive to the positron end- 
point energy in this region. 

The decay scheme for the radioactive series Ge®*— 
Ga®*—Zn*® is shown in Fig. 6, where an ¢€/8*+ ratio! 
of 0.11 has been assumed for the ground-state transition. 
The log ft values for the ground-state and first excited- 
state transitions have been taken from the curves of 
Feenberg and Trigg, and those for the transitions 
leading to the two upper levels in Zn®* from Mosz- 
kowski.'* The spin and parity of the 1.07-Mev level 
are known‘ to be 2+. The allowed log ft values in con- 
junction with the Ga® ground-state assignment of 1+ 
should restrict the spins and parities of the second and 
third levels to O+, 1+, or 2+. Of these, the 1.88-Mev 
crossover gamma ray rules out 0* for the 1.88-Mev 
level. The apparent absence of a crossover gamma ray 
makes 1* unlikely for the 2.31-Mev state. Although the 
large errors on the angular correlation coefficients do 
not allow a precise determination of the spin of the 
2.31-Mev level, they are consistent with a spin 2, but 
no limits for the E2/M1 mixing ratio of the 1.24-Mev 
gamma ray can be set. The value of A, (0.17+0.21) 
for the 1.24 Mev—1.07 Mev correlation is inconsistent 
with a 0—2—0 sequence. Therefore, spin and parity 2* 
are tentatively assigned the 2.31-Mev level in Zn®, 

We are unable to chose between assignments 1+ and 
2+ for the 1.88-Mev state, although the decay from 
this level has characteristics*! found in nuclei with 
2+—2+—)* assignments (second, first, and ground 


TaBLe IIT. Number of positrons per 1.07-Mev gamma ray 


in Ga®, 


Experimenters B* total /1.07 





8.8 
14.4+1.7! 
19.5+2.1 
27.343.0« 


Mukerji and Preiswerk* 
Crasemann ef al.».° 
Ramaswamy?:4 

Present work® 


® See reference 2. 

b Ge®8 source in equilibrium with Ga®, 

¢ See reference 1. 

dM. K. Ramaswamy (private communication). 

e Ge®§ source in equilibrium with Ga®’. Same result obtained for pure 
Ga® source. 

fCrasemann has repeated this measurement using one of our Ge*’ 
sources and different instruments and 1}4-in. X1-in. NaI crystals, and has 
obtained results consistent with his earlier work (reference 1) (private 
communications). 

® Measurement made with 1}-in. X1}-in. crystal; same results obtained 
with 1-in. X1-in. crystal. 


19 EF. Feenberg and G. Trigg, Revs. Modern Phys. 22, 406 (1950). 

*® M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 

21 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 
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Fic. 6. Decay scheme for the radioactive chain Ge**—Ga**— 
Zn**, Gamma rays shown in dashed lines have not been detected, 
and only upper limits for their intensities are given. Positron 
end-point, gamma-ray, and level energies are in Mev; intensities, 
in percent decay. Log/t values are given to the right of the 
boxed branching percentages. The Ge®*—Ga® decay energy of 
0.7 Mev is adopted from reference 4. The levels in Ga®* determined 
by the Zn®*(p,n)Ga® reaction (reference 12) are shown. Spins and 
parities are discussed in the text. Note added in proof.—The energy 
of the first excited state of Ga®* should be 0.19 Mev instead of 
0.17 Mev, as shown. 


states). It might be pointed out that recent work” on 
even-even nuclei in this region is consistent with the 
assignment 2+ for the second excited state. 


C. Comparison with Neutron-Capture Gamma Rays 


The agreement between the neutron-capture gamma 
rays from natural zinc found by Kinsey and Barthol- 
omew? and the level scheme proposed in Fig. 6 is quite 
good. As predicted by Way ef al.,* the 9.12- and 8.31- 
Mev capture gamma rays undoubtedly lead to the 
levels at 1.07 and 1.88 Mev in Zn*. Kinsey and 
Bartholomew’ tentatively assigned a 7.88-Mev gamma 
ray to neutron capture in Zn®™, but noted that its intens- 
ity was rather strong for such a transition, and suggested 
it might partially be associated with the Zn*®’(n,y)Zn® 
reaction. The level at 2.31 Mev in Zn® certainly offers 
support for the latter assumption. These authors also 
saw evidence for weak capture gamma rays of 8.58, 8.98, 
and 9.51 Mev which they assigned to Zn® on the basis 
of neutron binding energy considerations. A 8.58-Mev 
gamma ray would predict a level at 1.61 Mev. We are 
unable to offer evidence for or against such a state, 
although as previously noted, a gamma ray of nearly 
this energy could be present in the decay. A 8.78-Mev 
gamma ray would predict a level at 1.21 Mev, which 
is close to our observed gamma ray of 1.24 Mev, but 
for which we can offer no further evidence. Finally, a 
9.51-Mev gamma ray, which Kinsey and Bartholomew 
claim is indicated but not well established, would 
predict a state at 0.68 Mev. If such a level actually 
exists, one would expect its spin and parity to be either 
0+ or 2+, on the basis of the first excited-state syste- 
matics of even-even nuclei. The assignment 2+ would 

2 See, for example, D. J. Horen and W. E. Meyerhof, Phys. Rev. 
111, 559 (1958); Levine, Frauenfelder, and Rossi, Z. Physik 151, 
241 (1958); J. W. Butler and C. R. Gossett, Phys. Rev. 112, 
1257 (1958); T. Jacobi has informed us that the second excited 
state in Zn® is also indicative of spin and parity 2* (private com- 
munications). 
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Fic. 7. Comparison of the first few excited states in Zn™, Zn®, 
and Zn*. The tentative spin and parity assignments for the second 
excited levels are discussed in the text. The crossover-to-cascade 
gamma-ray intensities are relative to each other. (The Zn™ data 
were kindly provided by T. Jacobi.) (At the time of this writing, 
it was not certain whether the third excited level of Zn™ occurs 
at 1.93 or 2.33 Mev; hence, both levels are shown dashed.) Notes 
added in proof.—For Zn™ the intensity of the crossover gamma ray 
should be 0.34 instead of 3. Dr. H. Howe has informed us 
that the third excited state in Zn®™ lies at 2.35 Mev (private 
communication). 


be highly unlikely in the light of Heydenburg and 
Temmer’s* Coulomb excitation work, as well as the 
inelastic neutron scattering performed by Sinclair’ and 
the inelastic proton scattering experiments of Van 
Patter et al.,* which did not reveal the presence of such 
a level. 


D. Comparison of the Level Structure of 
Zn**, Zn®*, and Zn** 


In Fig. 7 are shown the first few levels of Zn®™, Zn®, 
and Zn*®*, as well as the decay characteristics of the 
first two excited states. The similarity of the level 
energies is evident. Why the crossover-to-cascade ratio 
for Zn® is so different from that for Zn™ and Zn® is 
puzzling in view of the energy and probable spin 
similarities. 

In Table IV the first column lists those even-even 
nuclei in the range 28<N<50 for which the spin 
sequence is, or is compatable with, 0*—2+—2t (ground, 
first and second levels). (We ignore the 0+ first excited 
state of Ge™.) The second column lists the ratio of the 
second to first excited-state energies (/2/#,), the third 
column the spin and parity of the second excited state, 
and the fourth column the crossover-to-cascade in- 
tensity ratio for radiations originating from the second 


3 Private communication by N. Heydenburg and G. Temmer 
in reference 4. 
“Van Patter, Rothman, Porter, and Mandeville, Phys. Rev. 


107, 171 (1957). 
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excited state. It would be of interest to extend the data 
of Table IV to other even-even nuclei in this region in 
order to determine whether there is a break in F2/F; 
versus N between NV = 40, 42, and whether the crossover- 
to-cascade ratio varies in a systematic manner. 
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Measurements were made of the energy distribution of emitted protons from nuclear reactions induced 
by protons of various energies between 11 and 23 Mev in elements of atomic number 22 to 30. At inter- 
mediate energies, the spectrum shows two maxima; there is strong evidence that the low-energy maximum is 
due either to ‘‘second protons,” or to simultaneous emission of two particles. Measurements of nuclear temper- 
atures at 18 Mev are strongly distorted by these effects. At lower bombarding energies, the low-energy contri 
bution may be subtracted off, and distortion of the high-energy part of the spectra by direct ejection is not 
large, so that the statistical theory of nuclear reactions may be studied. Values obtained for the level density 
parameter a are independent of the energy of the emitted particle, independent of bombarding energy, slowly 
varying with atomic weight, and consistent with values obtained from neutron-induced reactions. But when 
these values are used to calculate cross sections for (m,p) and (p,p’) reactions, it is found that protons are 
emitted with excessive probability in the latter. Some possible explanations for this are discussed. 


INTRODUCTION 


HE continuous energy spectrum of particles emit- 
ted from nuclear reactions has been studied by 
many experimenters,'" but practically all previous 
work has been done at a single bombarding energy, and 
in an energy region where more than one particle can 
be emitted. Very little attention has been paid to this 
latter difficulty, and recently, there have been strong 
indications that it is far from negligible.'*"8 Further- 
more, no consistent pattern has evolved from the results 
at different bombarding energies'® for the statistical 
model parameters which describe the shape of the 
spectra. 

In this paper we report a detailed study of the energy 
spectra of protons emitted from nuclear reactions in- 
duced by protons of various energies between 11 and 
23 Mev, which includes the energy range where the 
emission of more than one particle first becomes ener- 
getically possible. Our experiment covers elements be- 
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tween atomic numbers 22 and 30. The immediate 
limits of this region were determined by the availability 
of thin metal foil targets; studies of this type would be 
less interesting in heavy elements because of the severe 
Coulomb barrier effects, and in light elements because 
of the breakdown of statistical assumptions. 


EXPERIMENTAL 


The basic method of varying the bombarding energy 
with absorbers has been described previously"; in the 
present work, some of the experimental conditions were 
improved by the replacement of the 11-in. diameter 
scattering chamber by a new 24-in. diameter one. In 
particular, this permitted the installation of an im- 
proved Faraday cup for monitoring the beam current, 
and allowed the use of more adequate shielding. 

The protons are detected by a proportional counter- 
scintillator arrangement" giving dE/dx and E pulses, 
respectively. All proportional counter pulses above a 
certain discrimination level are allowed to gate the 
multichannel analyzer, which records the pulse-height 
spectrum of pulses in the scintillator. This greatly 
reduces gamma-ray and neutron background, but pro- 
vides no discrimination against deuterons, tritons, and 
alpha particles. However, the latter particles were 
studied in separate experiments?!” so that their 
contribution may be subtracted; in all cases, it is 
almost negligible. 

The proportional counter is filled to § 
with P-10 gas (90% argon, 10% methane); it is isolated 
from the scattering chamber by a 1.6-mg/cm? mica 
window. The scintillator is a 1-in. diameter by {-in. 
thick CsI(TI) crystal mounted in the back of the pro- 
portional counter, and covered by a 0.2-mg/cm? alumi- 
num foil. The total absorber thickness between the 
target and scintillator is thus kept down to 3.5 mg/cm? 
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aluminum equivalent, which allows the measurements 
to be extended to relatively low proton energies. 

The data are corrected for accidental gatings (by 
insertion of a delay between the proportional counter 
and scintillator pulses), and for target-out (corrected 
for accidentals) background; at very low energies, both 
these corrections and absorption corrections are some- 
times large, so that the measurements are not quanti- 
tatively reliable below about 2.5 Mev. 

Survey runs for a few elements were made first, and 
from these it was decided to make further detailed 
studies of particular aspects of the results. For each of 
these studies, data were taken for several elements in a 
manner calculated to emphasize the particular features 
of interest. Some typical data are shown in Fig. 1- 
where the shape of the low-energy portion of the 
spectrum vs bombarding energy is being studied, and 
in Fig. 2—where the purpose is to determine the shape 
of the entire spectrum vs atomic number at 11.3-Mev 
bombarding energy. Only smooth curves through the 
data are corrected for absorption, center-of-mass mo- 
tion, and the variations in corrected-energy-interval per 
channel. Figures showing corrected data, therefore, do 
not show data points. 


Ep (CORRECTED) (Mev) 





BOMBARDING 
ENERGY 
(Mev) _| 


— 23.0 


counts /channe! 














CHANNEL NO, 


Fic. 1. Low-energy portion of energy spectra of protons emitted 
at 90 deg when zinc is bombarded with protons of various energies. 
The data are uncorrected. 
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Some efforts were made to measure angular distri- 
butions, especially of the lowest energy emitted protons. 
This proved very difficult at small angles owing to 
elastic scattering of protons in the incident beam whose 
energy had been degraded by slit scattering. This could 
be corrected for by making measurements with a gold 
target from which there are no true low-energy protons 
emitted, and using the Rutherford cross sections for 
elastic scattering of the low-energy protons. However, 
these corrections are large, even at 45 deg, and the 
results were not considered reliable. The indications 
were that there are no large deviations from isotropy in 
the angular distributions of the low-energy portion of 
the proton spectra between 45 and 135 deg. 


RESULTS AND CONCLUSIONS 


Energy distributions of the emitted protons were 
measured for bombarding energies (Eg) of 23.0, 20.2, 
18.5, 17.2, 16.0, 14.9, 13.4, and 11.3 Mev with targets 
of 221i, o3V, ose, Co, ogNi, ogCu, and 30ZN. Some 
typical results are shown in Figs. 3 and 4; in Fig. 4 the 
curves for different bombarding energies are displaced 
relative to one another for clarity. 

The most striking feature of these results is the 
double maximum consisting of one peak which occurs 
at about 5 Mev for Eg=11.3 Mev and moves slowly to 
higher energies as Eg increases, and a second peak 
which first appears at about Eg=14 Mev, and rapidly 
increases in intensity and moves to higher energies 
with increasing Ez until it fills in the valley between the 
two peaks above Eg=17 Mev. This clearly suggests 
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Fic. 2. Energy spectra of protons from (p,p’) reactions induced 
by 11.3-Mev protons, The data were taken at 90 deg and are 


uncorrected. 
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Fic. 3. Corrected energy spectra of protons emitted at 90 deg when iron is bombarded with protons of various energies. 


that two independent processes contribute to the spec- 
trum, with one peak being due to each. 

The high-energy part must be due to ordinary in- 
elastic proton scattering. It is interesting to note that 
the position of the maximum moves to higher energy 
as Eg increases, indicating that nuclear temperatures 
increase with excitation energy. This is in agreement 
with the standard theory based on the thermodynamic 
analogy,” but in disagreement with the recent proposal 
by Strutinski* that level densities increase as a pure 
exponential of the energy so that nuclear temperatures 
are independent of excitation energy. 

A completely separate process is expected to con- 
tribute to the low-energy portion of the spectrum, 
namely, “second” protons from (p,mp) and (p,2p) re- 
actions. According to the conventional theory,” if the 
residual nucleus left after a (p,7) or (p,p’) reaction has 
enough excitation energy to “‘boil off” a second particle, 
it will almost always do so. The maximum possible 
energy available to the second proton from (p,np) 
reactions is shown by the vertical cross lines on the 
curves of Figs. 3 and 4. Somewhat higher energies are 
possible from (p,2p) reactions, but only if the first 
proton comes off with very low energies, which is very 
unlikely because of the Coulomb barrier. It is quite 
evident that the positions of the low-energy peaks and 
of the valleys between the peaks are in good agreement 
with the “second proton” hypothesis. Moreover, the 
shifts in these positions from element to element follows 
the differences in Q values for (p,np) reactions among 
the various elements (although the maximum difference 


23 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

*V. Strutinski (private communication). Also, discussion by 
A. Bohr at International Congress on Nuclear Physics, Paris, 
1958 (unpublished). 


in these Q values is only 1 Mev—between cobalt and 
nickel). The increase in intensity with increasing Ez is 
explainable by the facts that (a) the fraction of (p,p’) 
and (p,m) reactions that leave sufficient excitation 
energy in the residual nucleus for a second particle to 
be emitted increases with Eg, (b) the second protons 
are emitted with higher energy for larger Eg and are 
thus less impeded by the Coulomb barrier, and (c) the 
density of final states to which these transitions may 
go increases with Eg. 

While the very existence of the higher energy peak 
due to (p,p’) reactions [and the (p,m) reactions which 
may be inferred from it ] essentially implies that there 
will be “second protons” boiled off, an alternative 
process may also contribute to the low-energy peak— 


RELATIVE INTENSITY 


PROTON ENERGY (Mev 


Fic. 4. Corrected energy spectra of protons emitted at 90 deg 
when copper is bombarded with protons of various energies. Succes- 
sive curves are shifted relative to each other by the amount shown 
to improve clarity. Vertical cross lines show the maximum energy 
available to protons from (p,np) reactions, assuming the neutron 
was emitted with zero energy. 
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Fic. 5. Data from Fig. 3 divided by cE. The cross section o 
was calculated using ro>=2.0. Curves are shifted relative to one 
another arbitrarily. 


namely, the simultaneous direct ejection of two par- 
ticles. Evidence for such a process has been found'* at 
23-Mev bombarding energy, and all the experimental 
features described above would be expected from such 
a process. 

An alternative explanation for double-peaked energy 
distributions has been proposed by Nemeth* based on 
effects of collective oscillations. However, her theory 
would not predict the variations in the energy of the 
minimum with bombarding energy and with the Q value 
of the (p,np) reaction, and the rapid change in the 
relative intensities of the two peaks with bombarding 
energy. Convincing evidence for contributions of ‘‘sec- 


Fic. 6. Corrected data from Fig. 2 divided by cE and plotted 
vs (Eo—E)!. The two figures show the same data for o calculated 
from reference 23 with ro=1.5 and ro=2.0. The values of a were 
obtained from Eq. (3) by fitting the data to straight lines as 
shown and averaging the three cases. a, is the corresponding 
parameter in reference 23; a,=a/4 due to a difference in the 
defining equation. 
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ond protons” to the low-energy part of the spectrum 
has previously been reported by Allan.” 

It is clear from Figs. 3 and 4 that measurements of 
nuclear temperatures by (p,p’) spectra are distorted by 
second protons. However, at lower bombarding ener- 
gies where the contribution from second protons can 
be separated and subtracted off, an analysis of this 
type might be in order. 

In accordance with the statistical theory of nuclear 
reactions,” the number, , of emitted particles with 
energy, E£, is given by 


N«okw(ko—E£), (1) 


where o is the cross section for the inverse process, 
w(e) is the level density of the final nucleus at excitation 
energy ¢, and £o is the maximum energy available for 
emission of the particle under study. From (1), a plot 
of N/cE should give the level density, w; such a plot is 
shown for Fe in Fig. 5. The portions of the various 
curves to the left of the cross lines should be neglected, 
as they are partly due to “‘second”’ protons. 

It may be shown,”* under quite general assumptions, 
that curves such as those in Fig. 5 should be concave 
downward if the distribution is to be explained by (1). 
It is readily observed that the curves for the highe; 
bombarding energies do not fulfill this requirementr 
this is undoubtedly due to the presence of direct ejec- 
tion reactions®?’ for which (1) is not valid. However, 
at the lower bombarding energies, the contribution of 
direct knock-out reactions is considerably less, and 
moreover is confined to the highest energy parts of the 
spectra. It is thus quite interesting to analyze them 
with (1). 

It is conventional to approximate the level density by 


w(e) « exp(ae)!. (2) 
Inserting (2) in (1), and taking logarithms, 
In(V /cE)=a'(Ey— E)'+ const, (3) 


so that plots of In(V/cE) vs (Eo—E)* should give 
straight lines whose slopes determine a. Such plots are 
shown in Fig. 6 for Eg=11.3 Mev. 

It should be noted that curves of this type are some- 
what dependent on the assumed values of o. In the 
past, this has generally been taken from calculations 
using r9>=1.5 (where the nuclear radius is r>44X10-" 
cm), but there has been recent evidence" that values of 
ro as large as 2.0 might be more nearly correct. Figure 
6, therefore, shows plots using both values of ro. The 
plots for either value of ro give reasonably straight 
lines; if the straightness of these lines is a valid argu- 
ment, the true value of 79 lies between 1.5 and 2.0. 
The values of a obtained from the slopes of these lines 


26 B. L. Cohen, Phys. Rev. 92, 1245 (1953). 
27 L. R. B. Elton and L. C. Gomes, Phys. Rev. 105, 1027 (1957). 
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are as follows: 
for ro= 1.5, a= 16, 


for ro= 2.0, a= 11. 


The value of a should be independent of bombarding 
energy. To test this, a similar analysis for Eg= 14.9 Mev 
is shown in Fig. 7. If one neglects the turn-up at small 
values of Eo— FE (only the beginning of which is shown 
in the figure) due to direct ejections, the points lie on 
straight lines, and the values of a are the same as those 
obtained at 11.3 Mev. These values of @ are consistent 
with those obtained from (w,p) reactions induced by 
14-Mev neutrons," although the results of the latter 
vary considerably from element to element. 


Ww 
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Fe 
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Ww 
« 
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Fic. 7. Data at 14.5 Mev plotted as in Fig. 6. The high-energy 
portions of the spectra (beyond the left side of the figure) are not 
shown as they are badly distorted by direct ejections. See caption 
for Fig. 6. 


The experiments reported here represent one of the 
very few, if not the ooly case, where values of a are 
found to be independent of the energy of the emitted 
particle, slowly varying with atomic weight, and inde- 
pendent of the bombarding energy (and, to some extent, 
of whether the bombarding particle is a neutron or a 
proton). They therefore seem to represent perhaps the 
greatest success to date of the statistical theory of 
nuclear reactions. 

As a further test of this theory, it is interesting to 
compare cross sections for various nuclear reactions 
with calculations. The most unambiguous cases are 
(n,p) and (p,p’) reactions. Extensive measurements of 
(n,p) cross sections induced by 14-Mev neutrons are 
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TABLE I. Differential cross sections at 90 deg for (p,p’) reactions 
induced by 14.5-Mev protons, and for all protons emitted in 
reactions induced by 23-Mev protons. 


Cross section (mb/4z sterad) 
at 14.5 Mevs at 23 Mev 


390 790 
260 720 
540 1010 
415 900 
770 1290 
aCu 440 970 
302N 550 1160 


Target element 


* Contribution from (,p’) only. Contributions from low-energy groups 
have been subtracted. 


available in the literature**.* and there is sufficient data 
available*:'?:'8 to correct these for (”,pm) reactions. 
Some of the cross sections for (p,p’) reactions measured 
in the present experiment are listed in Table I. All 
measurements were made at 90 deg, and it will be 
assumed that the angular distributions are isotropic. 

The most sensitive method of comparing these cross 
sections with the theory is through the quantity fp/fn, 
the relative probability for proton and neutron emis- 
sion. Calculations of this quantity using (1), (2), and 
(4) are shown in Fig. 8. The experimental points O in 
Fig. 8 are obtained from (,p) cross sections as 


f/fn=[o(n,p)+o(n,pn) |/o(n,n’), 





Ep 


Fic. 8. Relative probability for emission of protons and neutrons 
when various nuclei are bombarded by 14.5-Mev protons and 
neutrons. Figures are atomic weights of target nuclei. 


28 E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 
29H. G. Blosser (private communication). 
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where o(n,n’) is the nonelastic cross section which is 
relatively well known®; the experimental points [] in 
Fig. 8 are obtained from (p,p’) cross sections as 


Sv/fn=0(,0')/[Lop—o(p,p’) ], 


where a, is the total reaction cross section calculated 
from Chap. VIII, Eq. (4.5) of reference 23 with ro=1.5 
(this is consistent with measurements of total reaction 
cross sections,*! calculations from optical model param- 
eters,” and the data of reference 30 corrected for 
Coulomb barrier effects which are relatively small at 
these energies). The abscissa in Fig. 8 is the difference 
between the maximum energies available for proton 
and neutron emission in cases where the target masses 
are odd; for even nuclei, the values of these maximum 
energies are shifted in accordance with the suggestion 
by Newton* for taking into account differences in 
level densities between even-even and odd-odd nuclei. 

It appears from Fig. 8 that f,/f, is larger by about 
a factor of four for proton-induced reactions than for 
neutron-induced reactions, and that in proton-induced 
reactions, it is definitely larger than the theoretical 
predictions. While discrepancies between experimental 
and theoretical cross sections have been common in the 
past, they have always been explained by uncertainties 
in values of a, Coulomb barriers, and the effects of 
direct interaction on the high-energy portion of the 
spectrum. None of these uncertainties is applicable 
here, and there are no adjustable or uncertain param- 
eters in the calculation. 

The only uncertainty in Fig. 8 is in the method of 
correcting the data for differences in level density be- 
tween even-even and odd-odd nuclei. By doing this in 
different ways, the discrepancy between the neutron- 
and proton-induced reactions can be made less appar- 
ent, but the discrepancy between the proton points and 
the theory cannot be removed. In any individual nu- 
cleus, of course, level densities may be abnormally high 
or low, but it is most unlikely that this should happen 
in the same way in all the nuclei studied 

The assumption that the inelastic proton angular 


*® Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955). 
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distributions are isotropic does not weaken the argu- 
ment. Deviations from isotropy would increase the 
proton cross sections relative to the 90-deg values and 
would, if anything, increase the discrepancy between 
the calculated and measured inelastic proton cross 
sections. 

It thus appears that the discrepancy between the 
proton cross sections and the theory can best be ex- 
plained by a breakdown in the assumption implied in 
(1), that energy spectra and cross sections are deter- 
mined by the level densities of residual nuclei. There 
must be some mechanism which increases the probabil- 
ity of proton emission in proton-induced reactions; the 
most obvious explanation is that the incident proton 
has a large probability of being re-emitted. This same 
conclusion was drawn from previous work,'*!7 and at 
that time it was considered possible that the process 
might consist of a single nucleon-nucleon collision 
inside the nucleus, with the predominance of low ener- 
gies and the isotropic angular distributions‘ being 
explained by refractions at the nuclear surface.* How- 
ever, this explanation has been shown to be invalid by 
the calculations of Elton and Gomes.”’ 

Recent evidence” has suggested that collective exci- 
tations are much more strongly excited than particle 
excitations by inelastic scattering. It is therefore sug- 
gested that the incident protons may transfer most of 
their energy to a collective excitation of the target nu- 
cleus by a direct interaction with the nuclear surface 
and still be re-emitted. The energy distribution of 
emitted protons would then be determined essentially 
by (1); the level density of collective levels could still 
be approximated by (3), so that all experimental results 
would be explained. 

Another closely related possibility is that Coulomb 
excitation may play a role in some reactions leading to 
the emission of protons of relatively low energy. If each 
of the 10 000 or so levels available at excitation energies 
of interest were excited with “single-particle” transition 
probabilities, the cross sections would be of the correct 
order of magnitude to explain the data. This would also 
predict that f,/f, would be larger than expected in 
proton-induced reactions but about as calculated in 
neutron-induced reactions; there is some evidence for 
this in Fig. 8. 


4 V. F. Weisskopf (private communication). 
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The effect of radiation damping on nuclear magnetic resonance spectra has been demonstrated experi- 
mentally. Observations on a nuclear two-level maser, obtained by flipping the magnetization through 


about 180 degrees, are reported. 


INTRODUCTION 


LOEMBERGEN and Pound! have pointed out that 
radiation damping can be of importance in high- 
resolution nuclear magnetic resonance. The effect is 
closely related to the maser principle.? A simple theory 
treating both radiation damping and transient maser 
operation in a form directly applicable to nuclear 
magnetic resonance has been given by Bloom.’ This 
theory owes its simplicity to the assumption 7\= «. 
Although this is of course not true for the case of 
nuclear magnetic resonance in liquids, the theory gives 
a good approximation if 7;>>rr [defined in Eq. (1) ]. 
A quantity characterizing the radiation damping is! * 


tr= (24M (Qy)', (1) 


where 7 is the filling factor, Mo the magnitude of the 
nuclear magnetization of the sample, Q the quality 
factor of the receiver coil, and y the gyromagnetic ratio 
of the nuclei. For small deviations from equilibrium 
magnetization, the line width in the presence of radia- 
tion damping can be described by an effective 7.’ 
given by 

1/T2'=1/T2+1/rr, (2) 


where T, is the transverse relaxation time in the absence 
of radiation damping. In practice, T2 includes the con- 
tribution due to inhomogeneity of the external magnetic 
field. 

The condition for maser operation following inversion 
of the nuclear magnetization is 


T2> TR. (3) 


If this condition is fulfilled, the magnetization vector 
will return to equilibrium through radiating states in 
which its transverse component is different from zero. 
The detailed behavior of the magnetization vector in 
this case has been given by Bloom.’ The effect has 
been observed for the case of electron spin resonance 
by Feher ef al.‘ and by Chester, Wagner, and Castle.® 


* Taken in part from the dissertation submitted by A. Széke 
to the Hebrew University, Jerusalem, in partial fulfillment of the 
requirements for the Ph.D. degree. 

1N. Bloembergen and R. V. Pound, Phys. Rev. 95, 9 (1954); 
see also, Bruce, Norberg, and Pake, Phys. Rev. 104, 419 (1956). 

2 Gordon, Zeiger, and Townes, Phys. Rev. 99, 1264 (1955). 

3S. Bloom, J. Appl. Phys. 28, 800 (1957). 

‘Feher, Gordon, Buehler, Gere, and Thurmond, Phys. Rev. 
109, 221 (1958). 

5 Chester, Wagner, and Castle, Phys. Rev. 110, 281 (1958). 


In this paper some observations on transient maser 
operation and radiation damping in nuclear spin reso- 
nance will be reported. 


EXPERIMENTAL 


Transient maser operation was observed subsequent 
to inversion of the nuclear magnetization by an rf 
pulse of adjustable length and amplitude. The gate used 
in forming the rf pulses was the same as described in a 
previous paper.* The Q of the receiver circuit was 
improved by relocation of the tuning condenser near 
the receiver coil. The cable leading to the receiver input 
was connected to the receiver coil through a capacitive 
voltage divider. A further increase of Q was achieved by 
introducing feedback in the first stage of the receiver. 
This increased Q by a factor of about 3, without intro- 
ducting instability. 

A synchronous detector was used in the receiver, and 
accordingly the records show the beat note between the 
free precession signal of the nuclei and the constant rf 
of the transmitter. The signal was recorded on a 
Sanborn recorder. 

The experimental setup also allowed observation of 
the proton resonance under ordinary slow- or fast- 
passage conditions, using the same coil arrangement. 
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Fic. 1. Measurement of effective JT; from the decay of the 
“wiggles” after fast passage. The top record was made in the 
absence of appreciable radiation damping. In the bottom record 
radiation damping is present. 


6S. Meiboom and D. Gill, Rev. Sci. Instr. 29, 688 (1958). 


585 





SZOKE 











Any 
MARANA 


yl 


i 
v 


Vn 

















, , Sec 
Fic. 2. Nuclear two-level maser operation. The records show 


the signal obtained after a flip of the nuclear polarization through 
the angle indicated at the left of the figure. 





The decay of the ‘‘wiggles” after fast passage served as 
a measure of the effective T.! (Eq. (2) }. 
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Fic. 3. Nuclear two-level maser operation. The record shows the 
nuclear signal during and after adiabatic passage. 


The sample was contained in a glass tube, of 4 mm 
i.d., rotated by a small air turbine at about 1000 rpm. 
The receiver coil had a diameter of 9.5 mm and a length 
of 7 mm. The filling factor (n) was about 0.17. 

All measurements were made on a benzene sample. 
The sample was not degassed, and had a 7; value of 
3.0 sec. 


RESULTS 
(a) Radiation Damping 


Figure 1, recorded by the fast-passage method, shows 
the effect of radiation damping. The upper record was 
made with the receiver coil off resonance, so that the 
radiation damping could be neglected. The decay of 
the “wiggles” gives an effective Ty’ of 1.7 sec. The 
bottom record was made after the receiver coil was 
tuned to resonance. It gives a 7.’ of 0.3 sec. From Eq. 
(2) rr is found to be 0.36 sec. 


(b) Transient Maser 


Figure 2 gives the observed free decay signal, ob- 
tained after flipping the magnetization from its equi- 
librium position through the angle indicated in the 
figure. The value of the angle was determined from the 
length of the pulse, which was observed on an oscil- 
loscope. The length of a 360° pulse, which could be 
identified by the absence of signal, served to calibrate 
the angle of flip in terms of pulse length. The records 
given in Fig. 2 fit the theoretical curves given by Bloom* 
reasonably well. An exact quantitative agreement 
cannot be expected in view of Bloom’s assumption of 


infinite 7. 


(c) Adiabatic Fast Passage 
A 180° flip of the nuclei can also be achieved by 
adiabatic fast passage. Figure 3 shows a record made 
using this technique. The radiative return to equi- 
librium is evident. 
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Breakup of Deuterons by Protons* 


L. CRANBERG AND R. K. Situ 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received September 22, 1958) 


Results are given for the neutron spectra at zero degrees from the reaction p+d—2p+n for a range of 
incident proton energies from E,=4.0 to E,=7.0 Mev. Also given are the spectra as a function of angle 
for E,=6.5 Mev. The observed shapes show systematic discrepancies from those given by the theory of 
Frank and Gammel; these discrepancies increase with increasing proton energy although the reaction yield 


is accurately given by the theory. 


HE breakup of deuterons by protons is of interest 
because it represents the simplest possible reac- 
tion involving nucleons. Theoretical discussions of this 
reaction have been given by Frank and Gammel! and 
of the similar m-d reaction by Bransden and Burhop.? 
A refinement of the theory of Frank and Gammel which 
emphasizes the role of the final state p-p interaction is 
due to Heckrotte and MacGregor.’ 

The Q of the reaction is 2.225 Mev and the threshold, 
when protons are accelerated, is 3.338 Mev. Studies of 
the proton yield of this reaction for 9.66- and 14.1-Mev 
incident protons are reviewed by Frank and Gammel.! 
More recently measurements of total neutron yield up 
to 5.5-Mev incident protons have been made by Gibbons 
and Macklin,‘ and of the zero-degree yield up to 5.4- 
Mev proton energy by Henkel ef a/.> Neutron spectra 
for incident protons up to 3.92 Mev have been given by 
Ferguson and Morrison,® for protons of 8.9 Mev by 
Nakada ef al.,7 and results of Nakada e/ al. up to 13.5 
Mev have been given by Heckrotte and MacGregor.’ 

The purpose of this paper is to supply fairly detailed 
information on this reaction in the region from threshold 
to 7.0-Mev proton energy by observing the spectrum 
of neutrons obtained as a function of excitation energy 
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Fic. 1. Zero-degree neutron yield as a function of laboratory 
neutron energy for various incident proton energies. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. Frank and J. Gammel, Phys. Rev. 93, 463 (1954). 

2B. H. Bransden and E. H. S. Burhop, Proc. Phys. Soc. 
(London) A63, 1337 (1950). 

3 W. Heckrotte and M. MacGregor, Phys. Rev. 111, 593 (1958). 

4J. H. Gibbons and R. L. Macklin (private communication). 

5 Henkel, Perry, and Smith, Phys. Rev. 99, 1050 (1955). 

6 A. T. G. Ferguson and G. C. Morrison, Nuclear Phys. 5, 41 
(1958). 

7 Nakada, Anderson, Gardner, McClure, and Wong, Phys. 
Rey. 110, 594 (1958). 


and angle of observation. An early investigation® at 
7.0 Mev indicated that this is a region in which the 
neutron spectrum acquires a structured character, as 
reported by Nakada et al. at 8.9 Mev, which is quite 
different from that which had been predicted.! 

The apparatus and procedures used in this study are 
identical with those in the previously reported study® 
on D(d,np)D, and represent a straightforward applica- 
tion of the pulsed-beam time-of-flight technique, using 
the large Los Alamos electrostatic generator. 


RESULTS 


Figure 1 illustrates the neutron spectra obtained at 
zero degrees at various incident proton energies, and 
Fig. 2 gives the spectra as a function of angle for 
E,=6.5 Mev. Figure 3 gives a detailed zero-degree 
spectrum for E,=7.0 Mev with a first-order correction 
for instrumental resolution indicated by the dashed 
lines, and the form of the spectrum as converted to 
the center-of-mass system. Also shown in Fig. 3 is the 
zero-degree spectrum in the laboratory reference frame, 
designated “F and G,” as calculated by Gammel 
according to the theory, of Frank and Gammel.! The 
experimental curve of Fig. 3 was taken with higher bias 
and somewhat better resolution than the curves of 
Figs. 1 and 2. 
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Fic. 2. Angular dependence of the neutron 
spectrum for E,=6.5 Mev. 


8 Armstrong, Cranberg, and Henkel, Bull. Am. Phy. Soc. Ser. 
IT, 1, 346 (1956). 
® Cranberg, Armstrong, and Henkel, Phys. Rev. 104, 1639 (1956). 
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Fic. 3. Detailed spectrum of the zero-degree neutron yield for 
E,=7.0 Mev versus laboratory neutron energy. Errors shown are 
statistical. The curve marked “C.M.” is the experimental curve 
transformed to the center-of-mass coordinate system and shown 
to arbitrary ordinate scale. Dashed portions of the curves represent 
a crude correction for resolution effect. The curve marked “F and 
G” is the theoretical curve of Frank and Gammel (reference 1). 


In all cases the maximum neutron energy observed 
is consistent with that to be expected from the energetics 
of the reaction p+d—2p+n, so that the neutron yield 
can be confidently ascribed to this reaction in all cases. 

Figure 4 gives the integral of the zero-degree neutron 
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Fic. 4. The integral zero-degree yield of neutrons in excess of 
500-kev energy versus proton energy and versus energy available 
in the center-of-mass system in excess of the threshold energy for 
the reaction. Also shown are previous results of Ferguson and 
Morrison (reference 5) and Henkel ef al. (reference 4). 
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yield as a function of incident proton energy, considering 
only neutrons whose energy is in excess of 500 kev. In 
this figure and in Figs. 1 and 2 the uncertainty in the 
magnitude of the cross-section scale is estimated to 
be +10%. The chief source of uncertainty in the shapes 
of the curves is due to uncertainty in the shape of the 
detector sensitivity curve, which is presumed to be 
known to about +7% for the ratio at any pair of energies 
above 500 kev. The data of Fig. 4 are consistently lower 
than those of Ferguson and Morrison and of Henkel et 
al., as is to be expected, considering the fact that our 
low-energy neutron cutoff of 500 kev is higher than that 
of the previous work shown on the curve. Extrapolating 
the curves of Fig. 1 to zero energy indicates that our 
cross-section results are in agreement with those of 
Ferguson and Morrison and of Henkel e/ al. within the 
experimental uncertainties and the uncertainty of the 
extrapolation. 

Figure 5 gives the angular distribution for E,=6.5 
Mev as obtained by integrating under the curves of 
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Fic. 5. The relative integral yield of neutrons in excess of 500- 
kev energy as a function of laboratory angle for E,=6.5 Mev 
(solid curve). The dashed curve represents the distribution ob- 
tained after extrapolation to zero neutron energy, and refers to 
the cross-section scale to the right. 


Fig. 2 for a 500-kev bias (solid curve) and as extrapo- 
lated to zero neutron energy (dashed curve). The yield 
at 6.5 Mev integrated over angle and energy is 65 mb 
with an uncertainty of about +15%. This result is in 
good agreement with an extrapolation of the results of 
Gibbons and Macklin.‘ 


DISCUSSION 


The spectrum for E,=4.0 Mev at zero degrees in 
Fig. 1 is in excellent agreement both as to shape and 
magnitude of yield with the result of Ferguson and 
Morrison® at E,=3.92. It has already been noted by 
Ferguson and Morrison that their curves differ from 
the predictions of Frank and Gammel by exhibiting a 
larger yield at lower neutron energies and a lower yield 
at higher neutron energies. It is clear from Fig. 3 that 
at 7.0 Mev proton energy the shape of the predicted 
spectrum exhibits a very marked disagreement of the 
same character. Indeed, starting at E,=6 Mev one 
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might say that the theoretical and experimental curves 
are quite different, since the experimental data start to 
exhibit a double-humped structure which is much more 
pronounced than in the results given by the theory of 
Frank and Gammel. This double-humped feature is 
even more apparent in the work of Nakada ef al. at 
8.9 Mev. Despite the shape discrepancy the agreement 
in yield is excellent at 3.92 Mev as already noted by 
Ferguson and Morrison and corroborated by our work 
at 4.0 Mev. At E,=7.0 Mev, for the integral above 1 
Mev neutron energy, the yield is 44+4 mb/sterad 
while the result of Frank and Gammel is 41.5 mb/ 
sterad. Despite the accuracy of the yield predictions it is 
clear, however, that a revision or refinement of the 
theory of this reaction is required to give spectral shapes 
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correctly. It has recently been shown’ that a refinement 
of the theory of Frank and Gammel which takes 
account of the final state p-p interaction improves the 
agreement of the theoretical with the experimental 
spectra, in particular in giving the double-maximum 
which is particularly conspicious at high energies.’ 
Agreement is still poor, however, in the energy range 
of these measurements. 
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Nitrogen-Induced Nuclear Reactions in Potassium 


J. J. PrnajJIAN AND M. L. HALBERT 
Oak Ridge National Laboratory,* Oak Ridge, Tenessee 
(Received September 22, 1958) 


Excitation functions have been measured for the production of Fe®’, Fe®?, Mn, Mn®™, Mn®, Cri, 48, 
V*7, and Ti* from the nitrogen bombardment of potassium in its normal isotopic mixture. The method used 
was activation of thick targets of KBr followed by chemical separations and absolute beta-counting. The 
cross sections at 27.5 Mev range from 0.14 mb for Fe* to 8.3 mb for Mn". The relation of the Mn*: Cr#: Fe®? 
ratio to the odd-even effect in the nuclear level density is discussed. The total cross section for formation of 
the compound nucleus was estimated at several energies. The fraction of this total accounted for by one- 
particle emissions from the compound nucleus is surprisingly large. 


INTRODUCTION 


S part of a continuing systematic survey of nuclear 
reactions produced by energetic N™ ions,'~? thick 
targets containing potassium were bombarded in the 
Oak Ridge National Laboratory 63-inch cyclotron, and 
cross sections measured for the formation of the nuclei 
Fe*, Fe®, Mn®, Mn™, Mn®, Cr®, V“, V", and Ti“. 
Potassium was selected as the target nucleus for the 
activation studies because so many of the possible re- 
actions lead to observable radioactive nuclei. Low 
yields were expected since at the maximum bombarding 
energy of 28 Mev, the center-of-mass energy (20.6 Mev) 
is less than the entrance Coulomb barrier (22.0 Mev 
for ro= 1.50 10—* cm). 
The large mass numbers of the observed nuclei indi- 
cate that they are formed by fusion of most of the 


* Operated for U. S. Atomic Energy Commission by Union 
Carbide Corporation. 

1 Reynolds, Scott, and Zucker, Proc. Natl. Acad. Sci. U. S. 39, 
975 (1953). 

2H. L. Reynolds and A. Zucker, Phys. Rev. 96, 1615 (1954). 

3H. L. Reynolds and A. Zucker, Phys. Rev. 100, 226 (1955). 

4H. L. Reynolds and A. Zucker, Phys. Rev. 101,166 (1956). 

5 Reynolds, Scott, and Zucker, Phys. Rev. 102, 237 (1956). 

6 Webb, Reynolds, and Zucker, Phys. Rev. 102, 749 (1956). 

7 Halbert, Handley, and Zucker, Phys. Rev. 104, 115 (1956). 


nucleons in the projectile and the target. It is not 
known by what mechanism this occurs. Many models 
are possible, ranging from the “buckshot” hypothesis® 
to the compound nucleus picture. The former regards 
the N™ projectile as a loose assembly of nucleons and 
nucleon groups; some of these are captured by the 
target and the rest pass on undisturbed. The compound 
nucleus point of view assumes complete fusion and 
sharing of energy, followed by statistical evaporation 
of particles. The consequences of the latter picture are 
described by Blatt and Weisskopf.° 

The compound nucleus point of view will be taken in 
this paper since experimental data on the energy dis- 
tributions of charged particles from other nitrogen- 
induced reactions'*-” fit the statistical theory. Where 
deviations from statistical theory are observed in the 
angular distributions," they represent only a small frac- 
tion of the total reaction cross section. The cross section 

8 Chackett, Fremlin, and Walker, Phil. Mag. 45, 173 (1954). 

9J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. 8. 

10 A. Zucker, Nuclear Phys. 6, 420 (1958). 

1C, D. Goodman and J. L. Need, Phys. Rev. 110, 676 (1958). 

2C, D. Goodman, “Proceedings of the Gatlinburg conference 


on reactions between complex nuclei, May, 1958,” Oak Ridge 
National Laboratory Report, ORNL-2606, 1958 (unpublished). 
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TaBLE I. Nitrogen-induced reactions in natural potassium. 


Target nucleus 
K®(93.08%) K" (6.91%) 
Particles Q> Particles Q» 
emitted (Mev) emitted (Mev) 


Ob 
served 
nucleus 


Half-life* 


+1.91 
— 8.28 


Fe 8.9 min +19.84 2n 
Fe® 8.3 hr +9.65 3n 
Mn®" = =21.3' min +12.03 p2n —5.89 
Mn® 5.72 day +12.42 p2n —5.50 
Mn®! 44.8 min +1.98 3n — 15.95 
(—6.76)4 4n)e (—24.69)4 
+ 12.00 a2n —5.92 
+3.80 ap2n —14.12 
—6.59 ap3n — 24.52 
(—14.97)4 (a4nje (—32.90)4 
+3.30 2a2n — 14.63 


Cr® 41.83 min 

ye 16.07 day 

ya 31.1. min apn 
(a2n)e 


Ti*® 185.5 min 2a 


® Half-lives based on weighted averages of the values given in reference 17. 

+O values calculated from tables given by A. H. Wapstra, Physica 21, 
367 (1955) except where noted. 

¢ Particles emitted if Fe™ is formed. Fe™ probably decays to Mn", but 
its lifetime is unknown. 

40 value calculated from tables given by A. G. W. Cameron, Atomic 
Energy of Canada Limited Report No. 433 (CRP 690), 1957 (unpublished). 

¢ Particles emitted if Cr*’ is formed. Cr’ decays to V“ with a half-life of 
less than one second. (See reference 19.) 


for the noncompound process of nucleon transfer is also 
small." 

On a naive basis, one might expect that these low- 
energy heavy-ion reactions would lead to highly excited 
compound nuclei with little likelihood of competition 
from direct-interaction mechanisms. The N*™ projectile 
comes in slowly—its velocity is the same as that of a 
2-Mev proton—while the Q value for formation of a 
compound nucleus is on the order of 20 Mev. It has 
been pointed out, however, that there is no theoretical 
justification at present for assuming that a uniformly 
excited compound nucleus is actually formed, and that 
complicated processes which are possible in glancing 
collisions appear unlikely to lead to a uniformly excited 
compound nucleus.":® 

In the present work total cross sections were deter- 
mined as a function of nitrogen ion energy for the 
residual nuclei shown in Table I. The reactions listed 
in the table include only those involving emission of the 
smallest number of protons, neutrons, or alpha par- 
ticles from the compound nucleus. Natural potassium 
contains 93.08% K*, 0.01% K*®, and 6.91% K“. Re- 
actions involving the K“® will be ignored. It can be seen 
from Table I that the observed nuclei could have been 
produced with either of the other two isotopes, although 
K*®, because of its much greater abundance, is probably 
responsible for most of the yield (except for Fe*). 

The applicability of the statistical theory may be 
tested by comparing its predictions with the results of 
this experiment. It would be especially interesting to 
study the residual nuclei Fe®, Mn®, and Cr’. These 
nuclei which are even-even, odd-odd, and odd-A, re- 

'8 Halbert, Handley, Pinajian, Webb, and Zucker, Phys. Rev. 
106, 251 (1957). 

4G. Breit (private communication). 

18 G. R. Satchler, “Proceedings of the Gatlinburg conference on 
reactions between complex nuclei, May, 1958,” Oak Ridge Na- 
tional Laboratory Report, ORNL-2606, 1958 (unpublished). 
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spectively, result when the compound nucleus Fe™* 
emits a single particle. Their relative production cross 
sections should provide information on the odd-even 
effect in the level density. 


EXPERIMENTAL METHOD 


The bromide salt of potassium was chosen as the 
target material because it is a stable potassium com- 
pound unlikely to dissociate, melt, or sublime at the 
temperatures reached during bombardment. No nuclear 
reactions were expected with bromine because of its 
high Coulomb barrier. Crystals of potassium bromide 
were pressed into 3-in. diameter brass molds in a hy- 
draulic press. The resulting targets were about 1/40 in. 
thick, had a smooth hard surface, and could be stored 
indefinitely in a desiccator. These targets are thick 
compared to the range of the 28-Mev nitrogen ions. 

The targets were bombarded directly in a Faraday 
cup in the deflected beam of the ORNL 63-in. cyclo- 
tron. The beam energy was determined during each 
series of bombardments by measurement of the range 
in nuclear emulsion of protons scattered at zero degrees 
from a hydrogen gas target.!® Thin nickel foils (in steps 
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Fic. 1. The thick-target yields of Fe and Fe produced by N™ 
bombardment of natural KBr. 


16 Reynolds, Scott, and Zucker, Phys. Rev. 95, 671 (1954). 
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of ~0.6 mg/cm’) were placed in front of the targets so 
that yields could be measured at various maximum 
energies. By placing the foils inside the Faraday cup, 
electron loss by the initial nitrogen beam did not have 
to be considered. The beam current was measured and 
integrated with a vibrating reed electrometer. Bom- 
bardments lasted from ten minutes to over ten hours, 
depending on the nuclei of interest and on the incident 
energy. 

The reaction products were chemically separated in 
the presence of carriers, as described in the appendix. 
The precipitates obtained were transferred to stainless 
steel counting cups and then placed under shielded 
helium-filled end-window Geiger counters. Their count- 
ing rates were recorded automatically for periods of 
from several hours to several weeks, according to their 
half-lives. 


CALCULATIONS AND RESULTS 


The counting rate for each isotope, determined by 
graphical analysis of the decay curves, was corrected 
for backscattering, decay during bombardment, elec- 
tron-capture branching ratios,'’ and counter efficiency. 
The backscattering factor used was 1.60, determined 
experimentally with three positron emitters. The coun- 
ter efficiencies were measured with a Ra D—E-F source 
obtained from the National Bureau of Standards, using 
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Fic. 2. The thick-target yields of Mn® and Mn®" produced 

by N" bombardment of natural KBr. 

17 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID—5300 (U. S. Government Printing Office, Washing- 
ton, D. C., 1955). 
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Fic. 3. The thick-target yields of Mn*!, Ti*, and Cr produced 
by N™ bombardment of natural KBr. 


Zumwalt’s'® backscattering factor of 1.53. No correc- 
tions were made for self-absorption or self-scattering. 
The fraction of the counting rate due to conversion 
electrons was negligible except for Cr, where it could 
have accounted for, at most, 4% of the total. No cor- 
rection for this effect was included. After the other 
corrections had been applied, the yields per incident 
nitrogen ion were calculated by taking account of the 
chemical yield and the integrated beam current. 

The thick-target yields of the observed nuclei from 
natural KBr are shown in Figs. 1, 2, 3, and 4. A smooth 
curve was drawn through each set of experimental 
points. By differentiating these curves and inserting 
the stopping power of KBr for nitrogen ions, one ob- 
tains the cross sections. The stopping power was calcu- 
lated as described previously.’ Table II and Figs. 5, 6, 
TABLE II. Cross sections for production of radioactive nuclides 

by nitrogen-14 bombardment of potassium 


Assumed o(millibarns) 
de-excitation 23.5 24.5 25.5 26.5 27.5 
mode Mev Mev Mev Mev Mev 


0.012 0.033 0.074 0.14 
0273... 462.415 3.1 
see 5 0.66 0.95 
see 0.14 0.32 
0.82 ; 4.6 8.3 
see 3.4 6.7 
0.088 0.44 0.57 
0.070 : 0.62 1.6 
0.19 Aa 2.9 


Assumed Observed 
target residual 
nucleus nucleus 


K* Fe n 
K%# Mn® p 
K* Mn p 

* K®# Cr a 
a Mn®! pn+2n 
K%9 yis ap 
K® vii apn+a2n 
K*% Ti 2a 
K* Fes 2n 


0.26 


18. R. Zumwalt, Atomic Energy Commission Report AECU 
567, 1950 (unpublished). 
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Fic. 4. The thick-target yields of V** and V* produced by N"™ 
bombardment of natural KBr. 


7, and 8 give the cross sections for formation of these 
nuclei. The isotopic abundances of K® and K" were 
included here on the assumption that the Fe® arises 
solely from K“', and all the others are due to K®. 

A small portion of the V** yield may have been due 
to decay of 23-hour Cr** since the chemical separation 
required about 1} hours. The V“ cross section probably 
includes the a2n reactions as well as the apn reactions 
since the work of Tyrén and Tove" suggests that Cr‘’, 
the residual nucleus in the a2n reaction, decays to V“ 
with a half-life of less than one second. Likewise, part 
of the Mn* cross section may result from the 2m reac- 
tion, but no definite statement can be made because 
the lifetime of Fe® is unknown. An attempt was made 
to determine the lifetime of Fe®! by milking Mn® from 
samples which had been chemically cleared of the 
original Mn", A series of such runs, involving 3 and 4 
milkings per sample, failed to demonstrate the presence 
of a beta activity other than that which could be ex- 
plained by incomplete removal of the Mn®™ originally 
present. 

The absolute uncertainty in the best-fit yield curve 
is probably about 20%. The relative errors of the in- 


© H. Tyrén and P. A. Tove, Phys. Rev. 96, 773 (1954). 
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dividual data points are larger, as may be seen by their 
fluctuations about the curve. These may be due to un- 
certainties in the beam energy and the counter calibra- 
tions. Difficulties in the chemistry and poor counting 
statistics also contributed to the scatter of the points. 
An estimate of the error in the cross sections was made 
by fitting various smooth curves to the yield points. 
This procedure indicated that the curves in Figs. 5, 6, 
7, and 8 are most likely reliable to within a factor of 2, 
but probably are not better than +30%. 


DISCUSSION 


The cross sections for (Mn®+Mn®™), Cr, and Fe® 
are in the approximate ratio 29:2:1; this trend is a 
qualitative indication that the level density of the odd- 
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Fic. 5. Cross section for production of Fe® by N** on K*®, 
and for Fe by N™ on K*. 


odd Mn® is greater than that of the odd-A Cr‘, which 
in turn is greater than that of the even-even Fe®. Nu- 
merical values for the ratios of level densities unfortu- 
nately may not be obtained so simply, since the calcu- 
lated cross sections are sensitive to the particle-emission 
thresholds in these nuclei. If one assumes that the sta- 
tistical model is applicable, it is possible to use these 
experimental data to determine the even-odd factor in 
the level density. 

From the experimental data one may arrive at a 
rough estimate of the total reaction cross section for 
N™ on K*®, The reactions leading to the observed nuclei 
will be assumed to be emissions from the compound 
nucleus of one, two, or three protons, neutrons, and/or 
alpha particles. Of the 19 nuclei thus possible, the cross 
sections for the production of nine (assuming Mn®™ 
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includes Fe*! decays) from Fe* have been measured: 
all three of the one-particle emissions, four of the six 
resulting from two-particle emissions, and two of the 
ten resulting from three-particle emissions. Assuming 
the unmeasured cross sections are comparable with the 
measured ones, and weighting according to the number 
of possible modes of emission, the total cross section 
for forming the compound nucleus may be estimated 
by extrapolation. These rough estimates are 7.5 mb at 
25.5 Mev, 17 mb at 26.5 Mev, and 31 mb at 27.5 Mev. 
These show the importance of the entrance barrier in 
reducing the reaction yields, since the geometric cross 
section is 2.38 barns if the nuclear radii are taken as 
1.5X10-"4! cm. 

One-particle emissions account for a surprisingly 
large fraction (14%) of the estimated total cross sec- 
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Fic. 6. Cross section for production of Mn®, Mn®™, 
and Mn* by N" on K*®, 


tion. The excitation of the Fe* compound nucleus is 
very high, about 40 Mev at 27.5-Mev bombarding 
energy, and one would expect the emission of one par- 
ticle to be followed in most cases by further particle 
emission. Of course, if the first particle emitted by the 
Fe® is likely to have high energy (>25 Mev), the 
number of residuals formed with insufficient excitation 
energy to decay by particle emission will be corre- 
spondingly large. However, all the spectra of charged 
particles from nitrogen bombardment of other tar- 
gets!” show very few high-energy particles. For ex- 
ample, of the protons from aluminum with energies 
above 5 Mev, fewer than 0.01% are above 25 Mev. If 
this is typical of the potassium reactions as well, then 
high-energy emissions cannot account for the large 
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Fic. 7. Cross section for production of Ti** and Cr® by N* on K*®. 


one-particle cross sections. This conclusion does not 
depend on the assumption of a compound nucleus. 
One may object to the use of the very rough esti- 
mates of the total cross section to establish the fraction 
due to one-particle emission. If these estimates are too 
small, the discrepancy with the spectra of protons from 
aluminum would of course be less pronounced. How- 
ever, even if one uses the geometric cross section (un- 
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doubtedly a gross overestimate here), the one-particle 
fraction is 0.19% at 27.5 Mev, still at least 19 times 
larger than one would expect from the proton spectra. 

The possibility that a portion of the Mn®, Fe®, and 
Cr® yields are from the 6.91% K* in the target has 
thus far not been considered. These nuclei would repre- 
sent three-particle emissions from the compound nu- 
cleus Fe®*. If their production cross sections are similar 
to those for the three-particle Fe decays, one would 
expect them to contribute only about 0.06 mb of the 
4.51 mb observed at 27.5 Mev and a correspondingly 
small fraction at other energies. 

Emission by the compound nucleus of a low- or 
medium-energy particle followed by gamma-ray de- 
excitation may provide a means to explain the large 
yields of these nuclei. The importance of gamma rays 
has been noted by Hayakawa and Kikuchi.” Fisher”! 
has found that inclusion of gamma de-excitation may 
make substantial changes in cross sections calculated 
on the statistical model. Calculations of this type for 
the potassium reactions are not presented here because 
the proper method for calculating the gamma de-exci- 
tation is uncertain. 

Yields of Mn® and Fe*® produced in other reactions 
have been measured by several groups.”~*! High yields 
for Mn® relative to Fe® were observed by all, and it 
was concluded that the level density of Mn® is higher 
than that of Fe”. These experiments, however, involved 
a compound nucleus different from Fe**, so that a com- 
parison with the present results would not be very 
meaningful. 

The variation of the Mn®/Mn*”” ratio with bom- 
barding energy may be of some interest.** The spin of 
Mn® is thought to be 6, while that of Mn®”” is probably 
2.7 One might expect a larger relative yield of the 
high-spin state as the incident energy increases because 
the number of / values available to the system goes up. 
The results appear to bear out this expectation, but the 
experimental error is quite large and no definite state- 
ment can be safely made. 


APPENDIX 


Chemical separation.—The dissolution of the KBr 


target in concentrated nitric acid proved to be a con- 
venient starting procedure. After each bombardment, 
the target was dissolved in a few ml of a HC! solution 


*” S. Hayakawa and K. Kikuchi, Progr. Theoret. Phys. Japan 
12, 582 (1954). 

2). E. Fisher, thesis, University of Florida, 1958 (unpub- 
lished); Fisher, Zucker, and Gropp, Phys. Rev. 113, 542 (1959), 
this issue. 

* Rudstam, Stevenson, and Folger, Phys. Rev. 87, 358 (1952). 

23 Miller, Friedlander, and Markowitz, Phys. Rev. 98, 1197 
(1955). 

*R. M. Henry and D. S. Martin, Jr., Phys. Rev. 107, 772 
(1957). 

25 J. P. Schiffer, “Proceedngs of the Gatlinburg conference on 
reactions between complex nuclei, May, 1958,” Oak Ridge Na- 
tional Laboratory Report, ORNL-2606, 1958 (unpublished). 
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containing weighed amounts of the appropriate carriers, 
10 ml fuming HNO; was added, and one or more ele- 
ments were separated by standard chemical procedures. 

Manganese.—The 21.3-min, 44.8-min, and 5.72-day 
manganese activities were precipitated as MnOz out of 
the concentrated HNOs, and dissolved in a minimum 
amount of 30% H»O2. and HNO;. The manganese was 
reprecipitated as MnO in the presence of vanadium 
holdback carrier and washed with 15.8\V HNO; and 
with hot water. The time required for this procedure 
varied from 10 to 20 minutes. 

Iron and titanium.—For the analysis of both 8.3-hr 
Fe® and 185.5-min Ti**, the Mn was first removed and 
Fe and Ti precipitated as the hydroxide, washed, re- 
dissolved in HCI, and the Fe extracted with isopropyl 
ether. The Fe was re-extracted into an aqueous phase, 
and precipitated as the hydroxide. The Fe” was counted 
as Fe2O;. The separation required about 3 hours. The 
aqueous layer of the ether extractions contained the 
Ti’®. The Ti was precipitated homogeneously from this 
aqueous solution at a pH of 2 with KBrOs, washed, 
redissolved in a minimum amount of HCl, and repre- 
cipitated. The Ti*® was counted as TiO». The time 
required was about 3 hours. 

The chemistry had to be modified for the 8.9-min 
Fe*, The target was dissolved in HCI. Ethyl] acetate 
extraction from HC! solution was used, followed by an 
extraction into an aqueous phase where the Fe was 
precipitated as the cupferrate, dried, and counted. This 
modified procedure required 15 to 25 minutes. 

Chromium and vanadium.—For the 41.83-min Cr*, 
31.1-min V", and 16.07-day V*, the Mn was again 
precipitated and the Cr extracted with ethyl! ether at 
zero degrees as the peroxychromate, taken up in very 
dilute KOH, and precipitated as BaCrO,. The time 
required for this separation was about 75 minutes. 

The aqueous layer during the extraction contained 
the V. This solution was made alkaline with hot NaOH 
to remove insoluble hydroxides, scavenged with Fe and 
Ti, and precipitated as the Pb(VOs)2. This procedure 
required about 75 minutes. 

After counting, the vanadium in the Pb(VQs;)2 
sample was determined colorimetrically at 450 my 
by addition of H,O.. Any chromium that may have 
been present was reduced by the addition of hydroxyla- 
mine hydrochloride. 
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The effects of Coulomb impurities on the inhibition rule of Morpurgo for AT =0, M1 transitions in light 
(A £20), self-conjugate nuclei are discussed and a comparison is made between Morpurgo’s rule and the 
experimentally known M1 transition strengths. An upper limit to the average inhibition of ~10 is indicated 
by the experimental evidence. There are no known AT =0, M1 transitions in light, self-conjugate nuclei with 
strengths greater than 0.1 Weisskopf unit. The work of Morpurgo is shown to lead to J-dependent lower 
limits of the order of 0.5X10-°A (A+2) Weisskopf units for the matrix elements of AT=0, M1 transitions 
in self-conjugate nuclei. These limits are invoked to assign isotopic spin to several levels in B!, N™, and F'8, 


I. INTRODUCTION 


ECENTLY Morpurgo! has proved the following 

rule: “M1 transition strengths between levels 
with the same 7 in self-conjugate nuclei are expected 
to be on the average weaker by a factor 100 than the 
average normal M1 transition strengths.’’ A ‘‘normal”’ 
transition is defined as any transition except a AT=0 
transition in a 7,=0 nucleus. The ‘‘average normal” 
transition strength is defined as the average over all 
light nuclei (4 <20) of the strengths of the normal 
transitions. The cause of this inhibition is the near 
cancellation of the protonic, neutronic, and orbital 
magnetic moments for A7=0, M1 transitions in self- 
conjugate nuclei. 

The examples given by Morpurgo in support of his 
rule were drawn mostly from the experimentally known 
branching ratios of the low-lying levels of B', N", and 
O'8, and the shell-model calculations of Kurath? for 
the 1p-shell and of Elliott and Flowers* for the odd- 
parity states of O'® Morpurgo found no evidence in 
contradiction to his rule. 

As stated by Morpurgo, exchange forces, which were 
neglected in the derivation of the M1 inhibition rule, 
are not expected to be of any importance in this 
instance.* It would seem that Morpurgo’s rule is as 
well-founded theoretically as the analogous selection 
rule® for #1 transitions in self-conjugate nuclei. 

The selection rules for M1 and £1 transitions are 
both subject to the effects of Coulomb impurities.!: 
For the low-lying 1p-shell transitions with which 
Morpurgo compared his rule, the corresponding 
isotopic-spin admixing would not be expected to be 
important. But, in general, the effect of Coulomb 
impurities on Morpurgo’s rule would be expected to 


* This work was supported in part by the U. S. Atomic Energy 
Commission and The Higgins Scientific Trust Fund. 

1G. Morpurgo, Phys. Rev. 110, 721 (1958). 

2D. Kurath, Phys. Rev. 106, 975 (1957). 

3J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

4M. Gell-Mann and V. Telegdi, Phys. Rev. 91, 169 (1953). 

5L. A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953); 
A67, 39 (1954), and references therein. 


be about as noticeable as the analogous effect® on the 
F1 selection rule. 

We define |Mo(M1)|? and |Mo(E1)|? as the hypo- 
thetical M1 and F1 matrix elements corresponding to 
AT=0 transitions in a self-conjugate nucleus in the 
absence of Coulomb impurities. Likewise, |M1(M1)|* 
and |M,(F1)|* are defined as the M1 and E1 matrix 
elements corresponding to A7'=1 transitions in a self- 
conjugate nucleus. The £1 selection rules states that 
|M,(E1) |? is negligibly small compared to | M,(£1)/* 
which is expected to have “normal” strength.® There- 
fore, the strength of a AJ=0, £1 transition in a self- 
conjugate nucleus gives a measure of the isotopic-spin 
impurities involved in the initial and final states of the 
transition. We follow the notation of Radicati® and 
write the wave function of the initial or final state of 
the transition in the form 


W=yY(T)+ar(T'W(T’), (1) 


where the states are assumed to contain contributions 
from T=0 and T=1 only. This form is useful if 7 is 
fairly well defined. Then the effective matrix element 
for a AT=0, 1 transition in a self-conjugate nucleus 
is ar?(T’)|M,(E1)|2, where ar*(T’) is the fractional 
intensity of isotopic-spin impurity in one of the states 
if the other is pure, and, in general, is the effective 
contribution of the isotopic-spin impurities of both 
states to the transition. 

In his compilation of radiative transitions in light 
(4 <20) nuclei, Wilkinson’ found that the average 
strength of the experimentally known AT=0, £1 tran- 
sitions in self-conjugate nuclei was inhibited compared 
to the “average normal” /1 transition strength by a 
factor of ~30, corresponding to ar*(7’)~0.03. Since 
Morpurgo’s rule, neglecting Coulomb impurities, gives 
~100 as the average inhibition of AT=0, M1 transi- 
tions in self-conjugate nuclei, |M,(M1)|*/|Mo(M1) |’ 
~100. Therefore, assuming that the average isotopic- 

6D. H. Wilkinson et al. (a series of papers in the Philosophical 
Magazine, 1954, 1955, 1956, 1957). 

7D. H. Wilkinson, Phil. Mag. 1, 127 (1956), and Proceedings of 
the Rohovoth Conference on Nuclear Structure, edited by H. J. 
mg (North-Holland Publishing Company, 1958), Session IV, 
p. 175. 
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spin impurities involved in the experimentally known 
AT=0, M1 transitions in self-conjugate nuclei were 
the same as those involved in the analogous £1 transi- 
tions, we would expect, on the average, 


ar?(T’)|M1(M1)|2/| Mo(M1)|?~3, 


in which case the strength of the average AT=0 
transition in a self-conjugate nucleus would be pre- 
dominantely due to the isotopic-spin impurity of one 
or both of the states involved. Then the average 
experimentally observed inhibition for AT =0 transitions 
in self-conjugate nuclei would be about the same for 
F1 and M1 radiation. The actual average inhibition 
for both £1 and M1 AT=0 transitions in self-conjugate 
nuclei is probably greater than ~ 30, however, since the 
difficulty of observing weak transitions, especially in 


TABLE I. Magnetic dipole transitions in light (A < 20) self-conjugate nuclei. 


Ei Ey Ey 
No. Reaction (Mev) (Mev) (Mev) 


Established _ 
17.63 
14.73 


17.63 
17.63 
18.14 
4.77 
4.77 
7.56 
7.56 
8.89 
15.10 
15.10 
16.10 
8.06 
8.62 
8.62 
8.62 
8.98 
1.08 
13.19 
13.19 
13.51 
13.51 
13.76 
13.76 


Li’(p,7)Be® 
Li? (p,y)Be® 
Li’(p,y)Be® 
Li®(a,y)Be” 
Li®(a,7)Be” 
Be®(p,y)Be” 
Be*(p,y) Be” 
Be*(p,y)Be” 
C#(y,7)CB 
C#(y,7)C# 
B"(p,7)C# 
C4(p,y )N¥ 
C48(p,7)N™ 
C4(5,9)N™ 
C8(p,7)N™ 
C(p,7)N¥ 
F'8(lifetime) 
F9(p,7)Ne* 
F9(p,7)Ne” 
F®(p,7)Ne” 
F9(p,7)Ne” 
F9(p,7)Ne” 
F9(p,7)Ne” 


1 
2 
3 
4 
5 
6 
7 
8 
9 


5.16 
5.16 
5.16 
8.90 
8.90 
8.90 
8.90 
9.18 
9.18 
9.50 
9.50 
10.43 
10.43 
5.67 
6.24 
6.24 


Li®(a,y)B"° 
LiS(a,7)B" 
LiS(a,7)B” 
C4(p,7 )N'4 
C4(p,4 \N 
C4(p,7 \N 
C3(p,y Ni 
C4(p,7 yN 
C8(p,y \Nu 
C4(p,7)N™ 
C3(p,7 Nu 
C4(p,y )N 
C8(p,y)N™ 
N¥(a,y )F 8 
N"*(a,7)F!8 
39 N"(a,7)F"* 


3.67 
10.43 
3.99 
4.59 
5.29 aww 
4.48 2 


6.44 
1.08 
0.95 
1.76 
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the presence of stronger ones, favors the observation 
of AT=O dipole transitions in self-conjugate nuclei 
which take place between states having large isotopic- 
spin impurities. 

In the next section the experimentally known M1 
transition strengths for light (A £20), self-conjugate 
nuclei will be compared to Morpurgo’s rule (including 
the effects of Coulomb impurities). In Sec. III a limit 
to the maximum strength for AT=0, M1 transitions 
in light, self-conjugate nuclei—based on both experi- 
mental and theoretical evidence—will be given, and in 
Sec. IV this limit will be used to assign isotopic-spin 
to several levels in B”, N™, and F'8, 


Il. EXPERIMENTAL MATERIAL 
The well-authenticated M1 transitions in light 
(A < 20), self-conjugate nuclei are listed in Table I 
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* The numbers in this column refer to references in the text. For pre-1955 information on the spin-parity (J*) and isotopic-spin (7) assignments, refer- 
ence is made to the compilation of Ajzenberg and Lauritsen (reference 8). For the transitions taken directly from the compilation of Wilkinson (reference 


7), only that reference is given for I'y. 


» These radiative widths (I'y) may be in error by a factor of two or three or even more. The unmarked I'y are known to a few tens of percent. 
© Note added in proof.—It now appears that the N'4 5.69-Mev level may well have odd parity (reference 23). This does not change any of the conclusions 


reached in the present paper. 


4 Note added in proof.—Strassenburg, Hubert, Krone, and Prosser [Bull. Am. Phys. Soc. Ser. II, 3, 372 (1958) ] have shown that the N™ 9.18-Mev level 


has even parity so that transition No. 31 is established as M1. 
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(transitions No. 1-23). The majority of these transitions 
are taken directly from Wilkinson’s’ compilation of 
radiative transitions in light nuclei. Also listed in Table 
I are transitions which might be magnetic dipole 
(transitions No. 24-39); that is, transitions for which 
the relative parity and/or spin of the initial and final 
levels involved in the transition have not been definitely 
established. Table I includes all the definite or rea- 
sonably possible M1 transitions (in light, self-conjugate 
nuclei) with measured strengths which are known to 
the author. 

The transitions are identified by the reaction re- 
sponsible for the formation of the radiating level, by 
the excitation energies of the radiating level E; and 
the level Ey to which the transition takes place, and 
by the energy E, of the emitted y ray. In Table I the ref- 
erences listed’~*8 are for the spin-parity (J*) assignments 
and the difference (AT) in isotopic spin of the initial 
and final states as well as for the measurements of the 
radiative width I’, of the transitions. Uncertain spin- 
parity and isotopic-spin assignments are inclosed in 
parentheses. For all the transitions of Table I except 
the F'* 5.67 — 1.08 transition, the isotopic spin of the 
level to which the transition takes place is either 
known to be zero or can be safely assumed to be zero. 
Therefore, except for the F'® 5.67 — 1.08 transition, 
AT is also the isotopic spin of the level emitting the 
radiation. 

The matrix elements |M(M1)|? for magnetic dipole 
radiation are given in Weisskopf units, and were 
obtained by dividing the experimental width by the 
Weisskopf unit,’ I'yw(M1)=0.021E,' ev. Measure- 
ments of limits on I',, and thus on |M(M1)|?, are 
8 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

9H, Warhanek, Phil. Mag. 2, 1085 (1957). 

10T,, Meyer-Schiitzmeister and S. S. Hanna, Phys. Rev. 108, 
1506 (1957). 

1 F, S. Mozer, Phys. Rev. 104, 1386 (1956). 

2G. Dearnaley, Phil. Mag. 1, 821 (1956). 

13 J. B. Marion, Phys. Rev. 103, 713 (1956). 

4 E, Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957); 
E. L. Garwin and A. S. Penfold, Bull. Am. Phys. Soc. Ser. II, 2, 
351 (1957). 

18 Broude, Green, Singh, and Willmott, Phil. Mag. 2, 499 (1957). 

16 EP), H. Wilkinson and S. D. Bloom, Phil. Mag. 2, 63 (1957). 

17 Marion, Bonner, and Cook, Phys. Rev. 100, 847 (1955). 

18 R, Middleton and C. T. Tai, Proc. Phys. Soc. (London) A64, 
801 (1951); F. A. El-Bedewi and I. Hussein, Proc. Phys. Soc. 
(London) A70, 233 (1957). 

19 E. F. Bennett, Bull. Am. Phys. Soc. Ser. II, 3, 26 (1958); and 
Princeton University thesis, 1958 (unpublished). 

#” J. A. Kuehner e¢ a/., Bull. Am. Phys. Soc. Ser. I, 3, 27 (1958); 
E. Almgqvist ef al., Bull. Am. Phys. Soc. Ser. II, 3, 27 (1958); 
D. A. Bromley et al., Bull. Am. Phys. Soc. Ser. IT, 3, 27 (1958). 

21 Naggair, Roclawski-Conjeaud, Szteinsznaider, and Thirion, 
J. Phys. radium 17, 561 (1956); Compt. rend. 242, 1443 (1956). 

2% FE. U. Baranger, Phys. Rev. 99, 145 (1955). 

%3 Warburton, Rose, and Hatch (to be published). 

%T). M. Zipoy, Phys. Rev. 110, 995 (1958). 

26 Willard, Bair, Cohn, and Kington, Phys. Rev. 105, 202 
(1957). 

26 P. C. Price, Proc. Phys. Soc. (London) A68, 553 (1955). 

27 W. R. Phillips, Phys. Rev. 110, 1408 (1958). 

28 A. E. Litherland and H. E. Gove, Buil. Am. Phys. Soc. Ser. 
II, 3, 200 (1958). 
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included in Table I if they are of interest for the 
purpose of the present paper. 

For some of the transitions in Table I a few ex- 
planatory remarks are necessary in addition to the 
material which can be drawn from the references. 
Transitions from the Be® 17.63-Mev level to Be® levels 
at 4.2, 5.4, and 7.55 Mev, included in the compilation 
of Wilkinson,’ have not been included in Table I since 
there now seems to be serious doubt as to the existence 
of levels in Be* between 2.9 and 10 Mev. The radiative 
widths of the eight transitions of Table I initiated by 
(a,y) reactions were calculated from measurements of 
r=Pr,°T,./(Tatl,) assuming I',**<«I, where I,‘ 
and I, are the total radiative width and the a-particle 
width of the level #;. The relative values of I’,‘°t and 
IT, have not been measured for any of these (a,y) 
reactions, so that the radiative widths given for these 
eight transitions are lower limits only. The radiative 
width given for the C” 15.10-—>0 transition was 
obtained from two conflicting measurements," thereby 
introducing a possible error of 50%. The isotopic-spin 
assignments given to the Ne” 13.19- and 13.76-Mev 
levels are based on the fact that the widths of these 
states for a-transitions to T=0 states of O'* appear to 
be of normal size.” The a widths of the Ne” 13.15-Mev 
level are less than normal size” so that no isotopic-spin 
assignment is made to this level. Individual cases for 
the uncertain M1 transitions will be considered in 
Sec. IV. 

In Fig. 1 is shown a histogram displaying the number 
of examples for which the transition strengths in 
Weisskopf units fall within a given range of |M(M1)|?. 
The total distribution is markedly similar to the dis- 
tribution of M1 transition strengths in all light nuclei, 


‘ot 
[mcm] 


Fic. 1. Distribution of the measured strengths of M1 transitions 
in Weisskopf units for light (A < 20), self-conjugate nuclei. The 
histogram shows the number of examples which fall within a given 
range of |M(M1)|*. The unmarked blocks correspond to AT=0 
transitions, the numbered blocks correspond to AT = 1 transitions, 
and the blocks which are both numbered and cross-hatched 
correspond to transitions for which the isotopic-spin change is 
uncertain. The numbers in the blocks refer to the number of the 
corresponding transition in Table I. Except for transition No. 18 
of Table I—for which |M(M1)|?<4X10~—the transitions for 
which a limit on |47(1)|? was obtained are included in the 
histogram. 
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for which Wilkinson’ found a most probable strength 
of |M(M1)|*=0.15 Weisskopf unit with a spread of 
20 either way to include 85% of the trdnsitions. It 
might seem at first sight, then, that the distribution of 
Fig. 1 is in contradiction to Morpurgo’s rule from 
which one might expect the distribution of measured 
M1 transition strengths in light, self-conjugate nuclei 
to have a larger straggle and a smaller mean than the 
corresponding distribution for all light nuclei. However, 
there are several reasons why this is not observed. 
First, it is relatively difficult to measure weak transition 
strengths (this is exemplified by the fact that upper 
limits only are given for 5 of the 6 weak Ne” transitions 
listed in Table I), and authors are reluctant to quote 
upper limits for weak transitions. Second, because of 
Morpurgo’s rule and the analogous selection rule for 
F1 transitions in self-conjugate nuclei, (p,y) and (7,7) 
reactions—from which the majority of the data of 
Table I was gathered—would be expected to be 
selective of T=1 resonances. The first few T= 1 states 
of the nuclei in question have rather simple properties, 
they have a large choice of T=0 states to decay to, and 
they are related quite strongly to one or more of these 
T=0 states. Therefore, these T=1 states would be 
expected to have one or more strong y-decay modes, 
and for a given level, the presence of these strong 
transitions would make detection of transitions with 
less than “average normal” strength more difficult. 
The second of these reasons is probably part of the 
explanation for the fact that the A7=1 transitions of 
Fig. 1 have a mean strength, |M(M1)|?~0.3, about 
two times larger than the “average normal” strength 
expected. 

The significant observations to be made from Fig. 1 
are the paucity of known AT=0, M1 transitions (three, 
excluding upper limits) as compared to known AT= 1, 
M1 transitions (fourteen), and the fact that none of the 
AT=0 transition strengths are greater than 0.1 Weiss- 
kopf unit.” This is taken as indirect confirmation of 
Morpurgo’s rule, even if it only implies that the 
reactions used to initiate the transitions of Table I 
are selective of those T7=1 resonances which decay by 
M1 radiation as well as of those which decay by £1 
radiation. 

The seven known AT=0 transitions listed in Table I 
are from initial states which would be expected to have 
isotopic-spin impurities comparable to the isotopic-spin 
impurities of the A7=0, 1 transitions in self-conjugate 
nuclei which are listed by Wilkinson.’ Therefore, it 
would be expected (see Sec. I) that the average inhi- 
bition of these AT=0, M1 transitions is ~ 30. Actually 
the experimental evidence is too meager to allow a 
significant conclusion to be drawn. Since only limits 


*® Only a lower limit is given for the two AT =0, M1 transitions 
(Nos. 4 and 5) from the B" 4.77-Mev level so that it is possible 
that these transitions have |/(M1)|?>0.1. However, in this case 
it would be necessary that, for the 4.77-Mev level, T,>10I. 
which seems unreasonable (reference 9). 
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to the transition strengths are given for the seven known 
AT=0 transitions, only a rough upper limit for the 
average strength of the established A7=0 transitions 
can be given. This limit is a factor of ~ 10 less than the 
‘average normal” transition strength of 0.15 Weisskopf 
unit, and is, therefore, consistent with the expected 
average inhibition of ~30. 


III. UPPER LIMIT FOR |M,(M1)|? 


It is convenient to write the expression for the M1 
transition width in the form?*: 


Tr, (M1) =2.76X10-E,*A(M1), (2) 


where I’, is in ev, Ey in Mev. In general A(M1) is 
given by 
apti 
A(M1)=———| (flu ||2) |°, (3) 
2Ji+1 


+ 


where (f|\u|/7) is the reduced matrix element* in units 
of nuclear magnetrons, between the initial and final 
states, of the magnetic moment operator summed over 
all nucleons. Since the Weisskopf single-particle esti- 
mate is I',w=0.021E,', A(M1) is related to |M(M1)|? 
by |M(M1)|?=0.13A(M1). 

The work of Morpurgo! leads to 


2 y+1 
Ao(M1)= (038(—— ) IC fllSil4)|2, (4) 
+1 


i 


where Ao(M1) corresponds to a AT=0 transition in a 
T.=0 nucleus, and (i|/S|| f) is the dimensionless reduced 
matrix element of the total spin S of the nucleus be- 
tween the initial and final states. If now we expand the 
initial and final wave functions in terms of the states 
rs’ of given L and S: 


Wy= Dd Crs"bxs", (5) 
L.S 


and use standard angular momentum decoupling pro- 
cedures® Eq. (4) can be written 


Ao(M1)=0.144(2J;+1){ 8 Cris7*Cxis?4(—)” 8 


L,S 
X[S(S+1)(2S+1) }W (SSIs; 1D}. (6) 


In obtaining Eq. (6) we have used the fact that § only 
connects states with the same values of Z and S.! 
Explicit algebraic forms are available® for the Racah 
coefficients W(SSJ;J;;1L) for Ji=Jy or J;+1. For 


A. M. Lane and L. A. Radicati, Proc. Phys. Soc. (London) 
A67, 167 (1954). 

31 The normalization used here for the reduced (or ‘“double- 
barred’’) matrix element is such that (7’||J\|7)=6;;-L7(g+1) }}. 

® See for instance, M. E. Rose, Elementary Theory of Angular 
Momentum (John Wiley and Sons, Inc., New York, 1957), pp. 119 
and 227. 





INHIBITION OF MAGNETIC 


instance, for J/;=J;=J, Eq. (6) becomes 


ul 0.144 ii aK ies 8 
Ao I =——_—__-{ G 8 Crs t(—)L-S 
FS > gaia 


X[I(J+1)+5(S+1)—L(L+1)]}2. (7) 


It is obvious that Eq. (6) can be used to obtain 
model-dependent limits for AT=0, M1 transitions in 
self-conjugate nuclei. As an example we consider the 
AT=0, M1 transition from the 1+, N™ 3.95-Mev level 
to the 1+, N™ ground state. Assuming both these states 
belong to the s‘p" configuration, we have, in the nota- 
tion of Visscher and Ferrell, 


N¥ 9.5.2 V=Co¥(@S1)+C ph (Pi) +Coy(*D)), 
N*® 3.95-Mev: V=Cs"P (251) +C pW (P)) (8) 
+Cp"p(*Dj), 


in which case the strength of the N 3.95 — 0 transition 
is given [see Eq. (7) | by 


Ao(M1)=2(0.144)[CsCs’”—4CpCv”F. (9) 


Equation (9) is in agreement with the expression for 
the strength of this transition given by Visscher and 
Ferrell. Then the upper limit to the strength of this 
transition, assuming no knowledge of the values of the 
coefficients C and C”, is given by Ao(M1)=0.288, 
corresponding to both states being pure *°S;. Under the 
assumptions of negligible departure from the configu- 
ration s‘p’? and from T=0 for both states, then, 
Morpurgo’s rule leads to the limit |M(M1)|?<0.04 
Weisskopf unit for the N 3.95 — 0 M1 transition. 

For the purpose of making definite isotopic-spin 
assignments to levels in self-conjugate nuclei, it is 
desirable to obtain a completely model-independent 
upper limit for Ao(M1). Such a limit for J; and J; 
given is obtained by assuming the initial and final] states 
of the transition belong to the pure LS states Wz/s/7/ 
and Wzs-7* where S’(S’+1) (28’+1)W?(S’S’I,J;; 1L’) 
is the largest value of S(S+1)(2S+1)W2SSJ,J;; 1L) 
on the right side on Eq. (6), and that the only restriction 
on S’ is 0 §’<3A. From inspection of Eq. (6), in- 
cluding the algebraic expression for W(SSJ,J;; 1), it 
can be seen that the limit on Ao(M1), independent of 
J; and J;, is then 


From the relation |Mo(M1)|?=0.13A9(M1), Eq. (10) 
gives 


(10) 


| Mo(M1)|2<0.5X 10-24 (A+2). (11) 


In some cases it is convenient to use the following 
J-dependent limits, which can also be obtained from 
inspection of Eq. (6): 


J 
M,(M1)|?<0.5X10 ( — )(a+2) (12a) 
J+1 


33 W. M. Visscher and R. A. Ferrell, Phys. Rev. 107, 781 (1957). 
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for J ,=J,;=J, 


J; 
|atoa)|+<o.sxt0+(—— a4 (A+2J,;) (12b) 
J;—1 
for J/;=J;—1, and 


Ji 
| Mo(M1)|*< 0.510 (— — -)a(atayy) (12c) 
Ji+1 
for J;=J;+1. 

In Sec. IV we will use the limits of Eqs. (11) and (12) 
to make isotopic-spin assignments to several levels 
involved in the transitions of Table I. For this purpose 
we must consider the effect of Coulomb impurities on 
these limits. We ask then for the maximum expected 
value of a7*(7")|Mi(M1)|*. Out of the approximately 
50 established M1 transitions in all light nuclei, there 
are none known which have |M(M1)|?>5 Weisskopf 
units, and only 3 with |M(M1)|*>2.7 Wilkinson’ lists 
20 states for which an approximate value of the isotopic- 
spin impurity is known. Of these 20 states, two have 
isotopic-spin impurities greater than 10% in intensity. 
It is highly unlikely, then, that for a AT=0, M1 tran- 
sition in a_ self-conjugate nucleus the product 
a7”(T’)|M1(M1) |? will exceed 0.5 Weisskopf unit. 

The multipolarity of the majority of the possible M1 
transitions listed in Table I is uncertain. However, the 
strengths of the transitions to be considered in Sec. IV 
are too great to allow an appreciable contribution of 
quadrupole radiation, so that we need only consider 
the possibility of #1 and M1 radiation. Of the 13 
isotopic-spin forbidden F:1 transitions listed by Wilkin- 
son,’ the largest has an equivalent |M(M1)|? equal 
to 0.3 Weisskopf unit. Therefore, if an £1 transition 
with T',/#,'>0.01 [i.e., |M(M1)|?=0.5 is equivalent 
to I',/E,’=0.01] is observed in a light, self-conjugate 
nucleus it is almost certain that there is a difference of 
one unit in the predominant isotopic spin of the two 
levels involved. 

For the M1 transitions in self-conjugate nuclei with 
10<A<20 to be considered in the next section, it 
should be recognized that the limits of Eqs. (11) and 
(12) are unrealistically large since it is hardly con- 
ceivable that both levels involved in an M1 transition 
in these nuclei belong to pure LS states with S= 4/2. 
It is, in actual fact, highly improbable that | Mo(M1) |? 
exceeds 0.1 Weisskopf unit, this being the maximum 
possible strength of a pure A7=0, M1 transition in a 
T.=0 nucleus for the case of both the initial and final 
states belonging to pure LS configurations with S= 2. 

The conclusions of Secs. II and III relating to dipole 
transitions in light (A4<20), self-conjugate nuclei 
which are to be used in Sec. [IV may be summarized as 
follows: 


(1) If an M1 transition has a value of |M(M1)|? 
exceeding the limit of Eq. (11) or the appropriate limit 
of Eq. (12), the isotopic spins of the initial and final 
states of the transition differ by one unit (AT=1). 

(2) If an M1 transition has |M(M1)|?>0.1, the 
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empirical and theoretical evidence strongly favors 
AT=1 over AT=0. 

(3) If an £1 transition has ',/E,'>0.01, it is almost 
certainly a AT=1 transition. 


IV. IDENTIFICATION OF 7T=1 STATES 
IN B”, N“, AND F* 

To simplify the discussion of the isotopic-spin assign- 
ments to be made in this section the summary of the 
results of Secs. II and III given at the end of the last 
section will be referred to as (rule 1), etc. References 
for isotopic-spin and spin-parity assignments will not 
necessarily be given if they are indicated in Table I. 
It wil! be assumed that the spins of the initial and final 
states of a transition differ at most by one unit if the 
matrix element for electric quadrupole radiation cor- 
responding to the measured radiative width of the 
transition is greater than 25 Weisskopf units. Because 
the limits of Eqs. (11) and (12) are unrealistically large, 
the uncertainties in the values of I’, (and thus 
|M(M1)!|*) given in Table I will be neglected. 


B!° 


The 7.56-Mev level —The B” 7.56-Mev level is known 
to be J*=0+, so that the transitions (Nos. 6 and 7) to 
the T=0, 1+, B® 0.72- and 2.15-Mev levels are sure to 
be M1. The strengths of these transitions are 0.72 and 
0.36 Weisskopf unit, respectively. For B" the limit of 
Eq. (11) becomes |Mo(M1)|?<0.6 Weisskopf unit; 
therefore the B® 7.56-Mev level is almost certainly 
T=1 (rules 1 and 2). There is no evidence against this 
assignment. The Be’ 6.18-Mev level, for which the spin 
and parity have not been determined, might be the 
analog of the B’ 7.56-Mev level. 

The 5.16-Mev level.—The possible assignments to the 
B” 5.16-Mev level are J=1 or 2, either parity.!° Of 
these assignments even parity is more likely than odd- 
parity, and J=2 is favored over J/=1."° If J=1*, the 
matrix elements of the transitions (Nos. 24-26) from 
the 5.16-Mev level should be increased by a factor of 
5/3. For assignments to the 5.16-Mev level of J/=1 
and 2 the appropriate limits of Eq. (12) for the M1 
transition to the 1+ 2.15-Mev level are both | Mo(M1) |? 
£0.3 Weisskopf unit. Therefore, it is virtually certain 
that the B" 5.16-Mev level is T=1 (rules 1 and 3). 
It is likely, as has been previously suggested,* that the 
B” 5.16-Mev level is the T=1, 2+ analog of the 2*, 
Be” 3.37-Mev level. 

N' 

The 8.62-Mev level—The strength of the transition 
from the 7=1, 1-, N™ 8.06-Mev level to the J/=1, 
5.69-Mev level is I',/E,’=0.05, corresponding to 
| M(M1)|?=2.5 Weisskopf units.’* The strength of this 
transition fixes the 5.69-Mev levels as T=O (rules 1 
and 3). 

For N™, Eq. (11) gives |Mo(M1)|?< 1.1 Weisskopf 
units. Therefore, the strength of the 8.62 — 5.69 tran- 
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sition (No. 15) fixes the 8.62-Mev level as T=1 (rules 
1 and 3). This assignment is supported by the strengths 
of the 8.62—>0 and 8.62 — 3.95 transitions (Nos. 13 
and 14). The T=1, 0+, N™ 8.62-Mev level decays to 
the N* 6.23-Mev level with a strength of T',/£,'=0.15. 
If this transition were M1, it would have |M(M1)|? 
=7.3 Weisskopf units which is larger than any known 
M1 transition.’"6 Therefore, Wilkinson and Bloom!® 
assigned the 6.23-Mev level J*=1-. Whether the 
8.62 — 6.23 transition is E1 or M1, its great strength 
fixes the 6.23-Mev level as T=0. 

The analog of the T=1, 0+, N™ 8.62-Mev level in 
C* is either the C* 6.59-Mev or has not been observed 
since the other known C* levels below 8-Mev excitation 
have negative parity or have neutron reduced widths 
at least 10 times the proton reduced width of the N™ 
8.62-Mev level.*:73.44.35 

The 8.90- and 9.50-Mev levels.—The relatively large 
cross section of the N™ 5.10- and 5.83-Mev levels for 
the inelastic scattering of @ particles by N™ confirms 
the expected assignment of T=0 to these levels.** The 
appropriate limits of Eq. (12) for the 9.50 — 5.10 and 
9.50 — 5.83 transitions (Nos. 33 and 34) are both 
|M,o(M1)|?<0.85; therefore, the strengths of these 
transitions fix the 9.50-Mev level as T=1 (rules 1, 2 
and 3). The strength of the 8.90 — 5.83 transition (No. 
28) makes it almost certain that the 8.90-Mev level 
has T=1 (rules 2 and 3). There is no evidence against 
the assignments of T7=1 to the N“ 8.90- and 9.50-Mev 
levels. The N™ 9.50-, 8.90-, 5.83-, and 5.10-Mev levels 
will be discussed in greater detail in a forthcoming 
paper.” 

The 9.18- and 10.43-M ev levels —The 9.18- and 10.43- 
Mev levels of N have markedly similar y-decay modes. 
Both are fixed as T= 1 by the strength of the transitions 
(Nos. 32 and 36) to the T7=0,** N™ 6.44-Mev level (rules 
1 and 3). The parity of the 6.44-Mev level is not known.*® 
The transitions (Nos. 31 and 35) to the T=0, 1+, N™ 
ground state confirm the 7=1 assignment (rules 1 and 
3) for both levels, but are not strong enough—com- 
pared to the average M1 strength in self-conjugate 
nuclei (see Fig. 1)—to warrant a significant preference 
for £1 radiation as opposed to M1 radiation. For this 
last reason a preference for an assignment of odd- 
parity®> to the N™ 9.18- and 10.43-Mev levels is not 
indicated in Table I. In fact there is some indication 
from the angular distribution of the protons in the 
C8(p,p)C™® reaction, that the N™ 10.43-Mev level has 
even parity.*? Without a parity preference, the possible 
spin-parity assignments of the 9.18- and 10.43-Mev 
levels are J*= 1+, 2+, or 2-. Since this choice is different 
than that originally given” for the N“ 10.43-Mev level, 
a few words of explanation are necessary. The aniso- 
“me Warburton, and Bender, Phys. Rev. 100, 235 

36 EK, Warburton and H. J. Rose, Phys. Rev. 109, 1199 (1958). 

%6 Miller, Carmichael, Gupta, Rasmussen, and Sampson, Phys. 
Rev. 101, 740 (1956). 

37D. M. Zipoy (private communication). 
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tropy of the ground-state transition relative to the 
proton beam following the C'(p,y)N™ reaction is the 
same for both levels within the uncertainty of the 
measurements.”:*8 This anisotropy rules out J=0, and, 
assuming well-isolated resonances, indicates J*=1+, 2+, 
or 2~- as the possible assignments for the 9.18- and 
10.43-Mev levels. The strength of the ground-state 
transitions also rules out J>2. For both levels, J=2 is 
preferred because, for J*=1+, agreement with the 
measured anisotropy can only be reached with almost 
pure channel spin S=1 formation of the level by 
C+ followed by a mixture of M1 and £2 radiation 
with |M(E2)|?~1 Weisskopf unit. for J*=2-, the 
anisotropy calculated for a nearly equal mixture of 
S5=0 and 1 and pure dipole radiation is in agreement 
with the measured anisotropies of both levels. For 
J*=2+, the levels can be formed by p-wave and f-wave 
protons, so that the complete scheme is }~ (1,3)2*(1,2)1*+ 
and agreement with the measured anisotropies is possi- 
ble for various combinations of the ratio of the p-wave 
and f-wave amplitudes and the ratio of the M1 and E2 
amplitudes. 

The C™ analog of the N" 10.43-Mev level is probably 
the 8.32-Mev level* for which the spin and parity are 
not known. The N™ 9.18-Mev level has an extremely 
small proton width, which rules out the known C¥ 
states below 9 Mev (except possibly the 6.59-Mev 
level) as its analog.**** That the analog of the N™ 
9.18-Mev level in C“ has not been observed is not 


surprising, since the region of excitation in C* within 
which it would be expected has only been investigated 
by the C¥(d,p)C™ reaction and the small neutron 
reduced width expected for the analog would make 
detection of it difficult by this means. 


F's 
The 5.67-Mev level—The strength of the transition 
(No. 37) of the F!8 5.67-Mev level to the 7=1, Ot, F'8 
1.08-Mev level is great enough to establish the transi- 
= Woodbury, Day, and Tollestrup, Phys. Rev. 92, 1199 (1953). 


%S. S. Hanna and L. Meyer-Schutzmeister, Phys. Rev. 108, 
1644 (1957). 
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tion as partially dipole, and thus the F!* 5.67-Mev level 
as J=1. The 5.67 > 1.08 transition was observed by 
means of the N"(a,y)F'® reaction, and the corre- 
sponding 4.6-Mev vy radiation was observed to have a 
large anisotropy relative to the proton beam.”® There- 
fore, the 5.67-Mev level is more probably J*=1~ than 
1+, since for J"=1+ the observed anisotropy would 
demand a large ratio of d-wave to s-wave amplitudes 
for the a particles captured by N™. The 5.67 — 1.08 
transition is then most probably £1. But in any case, 
the strength of the transition favors 7=0 for the F'® 
5.67-Mev level (rules 2 and 3). 

The 6.24-Mev level.—Analysis of the F(p,d)F'* 
pickup reaction’® fixes the F!* 1.76-Mev level as J™=0* 
or 1*, while the y decay” of this level to the T= 1, 0*, 
F'® 1.08-Mev level rules out J=0. An isotopic-spin 
assignment of T7=0 is indicated by the observation of 
this level by means of the Ne”(d,a)F® reaction.!® An 
assignment of J=1 for the F'* 1.76-Mev level com- 
bined with the results of Phillips”? and Herring” 
established the F'* 6.24-Mev level as J=2. An assign- 
ment to the 6.24-Mev level of J/"=2* is more likely 
than an assignment of 2~.”’ Therefore the 6.24 — 0.95 
and 6.24 — 1.76 transitions (Nos. 38 and 39, respec- 
tively) are more likely M1 than £1. In any case the 
strength of the 6.24 — 1.76 transition makes it virtually 
certain that the F!* 6.24-Mev level is predominantly 
T=1 (rules 1 and 3). The analog of the F!* 6.24-Mev 
level in O'8 would be expected at an excitation 
E,=6.24—1.08=5.16 Mev. Several O"* levels have been 
observed in this region,*! and a T= 1, 2+ level has been 
predicted® at an excitation of 5.13 Mev in O°, 
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Disintegration of Iron-52 and Iron-537 


Jose O. Jutiano, C. W. Kocuer, T. D. Narnan, AND ALLAN C. G. MITCHELL 
Physics Department, Indiana University, Bloomington, Indiana 
(Received September 15, 1958) 


The disintegration of Fe®(8.2 hours) and Fe**(8.9 min) has been investigated with the help of scintilla- 
tion and coincidence counting equipment. Fe® decays 56.5% by positron emission and 43.5% by electron 
capture. The end-point energy of the positron group is 0.804+0.01 Mev. This is followed by a gamma ray of 
energy 165 kev leading to Mn®"(21 min). The chain Fe*®—Mn*®—Cr* has been studied. In addition to 


the well-known states of Mn™ 


the ground state, with character 6+ and half-life of 5.7 days, and the first 


excited state (Mn®"), with character 2+, half-life of 21 min, and energy of 390 kev—these experiments 
show a third excited state at 555 kev having a configuration 0+ and a half-life of (1.20.2) X 10~8 sec. The 
disintegration of Fe® is accompanied by the emission of a gamma ray of energy 380 kev and positron groups 
of end-point energies 2.84+-0.10, 2.38+0.10 Mev, and an indication of third group at 1.57+0.15 Mev. 


INTRODUCTION 


ae YN-52, an 8-hour nuclide decaying by both positron 
emission and electron capture, was first reported by 
Miller, Thompson, and Cunningham." Its positron spec- 
trum in equilibrium with the daughter Mn*””" was 
determined precisely with a magnetic spectrometer by 
Arbman and Svartholm? and they reported positron 
energies of 0.804+0.010 Mev and 2.631+0.015 Mev 
for Fe® and Mn*", respectively. The Fermi-Kurie plots 
were those of allowed beta transitions. Iron-52, being 
an even-even nuclide, presumably has a ground-state 
assignment? of 0+ ; and if so, there should be in excited 
state in Mn® with a spin of either 0 or 1 and positive 
parity which is populated by the allowed 0.804-Mev 
positron group of Fe. The ground state of Mn” has 
a spin of 6 and positive parity*® and that of Mn*” is 
probably 2+ since the half-life of Mn” together 
with its reported 390-kevy gamma ray® is consistent 
with that of an £4 transition.’ Therefore it seemed 
obvious that there should be a transition in Mn* 
which is populated by the positrons of Fe” but 
not yet detected. This was also pointed out by Way 
et al.® in 1955. Recently, Barr,’ in his 
section measurements on the spallation reaction of 
copper with 6-Bev protons, reported that a 163-kev 
gamma ray, having an 8-hour half-life, was present in 
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the iron fraction. It was the hope of finding out whether 
or not this gamma ray comes from an excited state of 
Mn®, populated by the positron decay of Fe*, thus 
clarifying the decay chain Fe*®—Mn®—Cr®, that 
prompted this investigation. 

Tron-53 was also produced in this experiment together 
with Fe**. Since the decay of Fe* to Mn® is still de- 
finitely not known, a short bombardment was made to 
produce the 9-minute isotope of iron. Two previous 
investigations have been made on Fe*, namely: that 
by Nelson and Pool” in which they reported no gamma 
rays but only positrons with an end-point energy of 
2.6 Mev, and the other by Nussbaum" and Nussbaum, 
van Lieshout, and Wapstra! in which a gamma ray at 
0.370 Mev was reported. They also presented some incon- 
clusive evidence for gamma rays at 0.92 and 1.3 Mev. 
Hence to settle these contradictions it was decided to 
reinvestigate the disintegration of Fe**. 


PROCEDURE 


Analytical grade chromium (Cr, 4%; Cr®’, 84%; 
Cr, 10%; and Cr®*, 2%), was plated on a silver probe 
and bombarded with alpha particles by the Indiana 
University cyclotron, for 30 minutes in the case of Fe* 
and for 8 hours in the case of Fe®*. The sources were 
dissolved in hot concentrated HC] and the iron oxidized 
to its ferric state with hot agua regia. Iron, manganese, 
indium, and gallium carriers in the form of chlorides 
were added prior to the chemical separations. The iron 
was extracted by diethyl ether from a 6V HCI solution 
and precipitated with NaOH to remove any trace of 
gallium extracted into the ether layer. The ferric hy- 
droxide precipitate was dissolved by a dilute HCI solu- 
tion and evaporated on a thin Mylar film for beta and 
gamma-ray studies. 

The positron spectrum was obtained with an anthra- 
cene crystal, 1} in. in diameter and 1 in. thick, used in 
conjunction with a DuMont 6292 photomultiplier tube 


1M. E. Nelson and M. L. Pool, Phys. Rev. 77, 682 (1950). 

1! R. H. Nussbaum, thesis, Amsterdam (unpublished). 

” Nussbaum, van Lieshout, and Wapstra, Phys. Rev. 92, 207 
(1953). 
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whose output was amplified in the conventional manner 
and analyzed by a 100-channel pulse-height analyzer. 
The positron groups were resolved into their components 
by a Fermi-Kurie plot and corrected for finite resolution 
using the formulas of Palmer and Laslett.” 

The electromagnetic transitions were determined with 
a 1 in.X1 in. NaI(TI) crystal attached to a DuMont 
6292 photomultiplier tube in conjunction with a 100- 
channel pulse-height analyzer. The gamma-ray energies 
and relative intensities were calibrated with the transi- 
tions of Cs®7, Bi’, Mn*4, Na, and Hg”. 

Beta-gamma coincidences were measured with the 
help of a 1} in.X1} in. NaI(TI) crystal mounted on a 
DuMont 6292 tube as the gamma detector and a 1 in. 
high by 13 in. diameter anthracene crystal mounted 
on a DuMont 6292 tube as the positron counter. For 
the shorter half-life Fe®*, a 20-channel pulse-height ana- 
lyzer, gated by the 380-kev gamma-ray pulses selected 
by a single-channel pulse-height analyzer, was used to 
display the positron spectrum in coincidence with the 
380-kev gamma ray. With the longer-lived Fe®’, a con- 
ventional fast-slow coincidence circuit was used to 
determine the positrons in coincidence with the gamma 
rays. In all the gamma-positron coincidence runs, the 
gamma-ray pulses were used as gate pulses and the 
corresponding coincident-positron distributions were 
measured. 


EXPERIMENTAL RESULTS 


The purity of the sources was checked by measuring 
the rate of decay of the samples. In Fig. 1 is shown the 
half-life measurements of Fe®? and Fe**. From the results 
of the several runs the half-life of Fe®? was found to 
be 8.2+0.1 hours and that of Fe**, 8.9+0.1 minutes. 
Mn*”™, the daughter of Fe®®, was separated from Fe™ 





5, 








—k$ ak 4k 1 


MuUTES 


oO 


Counts per Minute 


8.2 Hours 
Pal 








1 i 1 


8 9 





4 
Hours 
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and its half-life also measured. It was 21.1+0.2 minutes. 
After all the Fe®*, Fe*, and Mn*™ had decayed, the 
residual activity, which was quite weak, decayed with 
a half-life of approximately 6 days, in close agreement 
with the reported 5.7-day Mn**."* 


EXPERIMENTS ON Fe 


The gamma-ray spectrum of Fe® is shown in Fig. 2. 
This was taken one hour after the bombardment at 
which time Fe comprised 90% and Fe® only 10% of 
the total activity. Two gamma rays were seen having 
energies of 380 kev and 511 kev (annihilation radiation). 
After correcting for the Fe® contribution to the an- 
nihilation-radiation peak the relative intensity of the 
380-kev line to the total positron spectrum (511-kev 
annihilation radiation) was 32%. The gamma ray at 
380 kev decayed with a half-life of 9 minutes, while 
that at 511 kev decayed with a composite half-life, so 
that two hours later only the 511 kev, now due to Fe™ 
alone, was left. Attempts were made to detect the 1.3- 
and 0.92-Mev transitions reported by Nussbaum!” but 
they were not observed in this investigation. The posi- 
tron groups of Fe*, however, seem to indicate the 
presence of an excited level at 1.3 Mev which would 
mean that the electromagnetic transitions, if present, 
were too weak to be detected. 

In less than an hour after the bombardment, the 
positron spectrum of Fe® was measured [ Figs. 3(a) and 
(b) ]. Three groups, all having allowed shapes within 
the accuracy of an anthracene crystal spectrometer, 
were resolved and their corresponding energies, intensi- 
ties, and calculated log ft values are given in Table I. 
Since the beta counter was calibrated only with Cs!*? 
(624 kev) and Bi”? (976 and 481) kev conversion elec- 
trons, the error in the energy calibration especially at 
about 2 Mev and higher would permit us to say that 
the difference in energy between the two high-energy 
positron groups corresponds to the observed 380-kev 


14 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 
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Fic. 3. (a) Positron spectrum of Fe®. (b) Fermi-Kurie plot 
of the positron spectrum of Fe®. 


electromagnetic transition. Taking into consideration 
also the percentage distribution of the particles, it would 
seem reasonable to say that the 2.4-Mev group feeds 
the 380-kev level. In order to say conclusively which 
particle group populates the 380-kev gamma ray, a 
beta-gamma coincidence experiment was performed. 
The positron spectrum between 1.4 and 2.8 Mev was 
displayed on a 20-channel pulse-height analyzer both 
with and without gating with the 380-kev gamma-ray 
pulses. The Fermi plot of the positrons in coincidence 
with the 380-kev line had an end point of 2.4 Mev which 
was 0.4 Mev less than the most energetic group of the 
ungated positron spectrum. If we consider the energy 
available for decay of Fe* to Mn® (3.7 Mev"), the 


TaBLE I. Positron groups of iron-53. 


Relative 

Group No. abundance, % 
I 2.84+0.10 
II 2.38+0.10 
Ill 1.57+0.15 


Energy, Mev 
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2.8 Mev-positron group populating the ground state of 
Mn® is within the energy available for decay. 


EXPERIMENTS ON Fe® 


The gamma-ray spectrum of Fe® taken after the Fe* 
had died out (15 hours after the bombardment) is shown 
in Fig. 4. It has a strong 165-kev peak, a 511-kev annihi- 
lation radiation peak, and a weak 1430-kev gamma-ray 
peak. The 165-kev line decayed with an 8-hour half-life 
and those at 511 and 1430 kev mainly with an 8-hour 
period so that a few days later only the 511-kev and 
the 1430-kev lines remained together with the 730- and 
940-kev gamma rays of Mn® which appeared. Mn” 
was separated from the Fe* parent and its gamma 
spectrum showed only the 0.511- and 1.43-Mev lines. 
This 1.43-Mev line is the transition from the 1.43-Mev 
excited state of Cr®* to its ground state which is popu- 
lated by positrons of Mn®”. The 390-kev gamma ray 
reported for the Mn*” was not seen in this investigation 
because of its being highly converted and weakly popu- 
lated (0.05%).™ 

Immediately after separating Fe from the other ac- 
tivities and allowing for the complete decay of Fe*, the 
positron spectrum was obtained and resolved into two 
groups: namely, 2.60 Mev and 0.82 Mev with the rela- 
tive intensities 1:1.1. At this moment the Mn" was 
not yet in equilibrium with Fe® and hence there were 
more Fe*? disintegrations per unit time than there were 
of Mn®™. Fifteen hours later, when the Fe*® was in 
equilibrium with its daughter Mn*”, the positron spec- 
trum was redetermined and the same energy groups 
were obtained, but this time the relative intensity of 
the groups was 1:0.55, for the 2.60 Mev and 0.82 Mev, 
respectively [ Fig. 5(a) ]. The two positron groups were 
resolved in both cases into their Fermi components and 
exhibited allowed shapes. Arbman and Svartholm? re- 
ported 1:0.565 for this ratio from an Fe**-Mn*™" equi- 
librium mixture with a 180° magnetic spectrometer. 
From the change in particle distributions before and 
after equilibrium, it is inferred that the 0.82-Mev group 
belongs to the parent Fe®. As a further check, the Mn*”" 
daughter was separated from the Fe parent and its 
positron spectrum measured. Here only the 2.6-Mev 
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group was found thereby associating the 2.6-Mev posi- 
trons with the Mn”. A few days later when all the 
Fe® and Mn*" had decayed, the residual activity showed 
a positron end point of approximately 0.6 Mev and 
gamma rays of 0.73, 0.94, and 1.43 Mev, characteristic 
of Mn®. 

A more rigid test of the position of the 165-kev transi- 
tion in the decay scheme was made with the help of 
beta-gamma coincidence experiments. By using a fast- 
slow coincidence circuit with a resolving time (27) of 
1.0X 10-7 second, the positron spectrum in coincidence 
with the 165-kev line was determined. The result is 
shown in Fig. 5(b). A Fermi plot of this spectrum gives 
an end point of about 800 kev and no other coincidences 
were found at energies higher than 800 kev. In Fig. 5(b), 
it is seen that the particle distribution continuously in- 
creased as the particle energy decreased. The increase 
at energies lower than the maximum of the 800-kev 
positron group was due to the annihilation radiation— 
165-kev line coincidence contribution to the actual 165- 
kev—gamma-ray—positron coincidences. Upon placing 
enough absorber to stop all positrons, corrections could 
be made for the contribution of the gamma-gamma 
coincidences. The results show that the 800-kev positron 
group of Fe*® feeds the 165-kev gamma ray of Mn®. 
Since this transition is an allowed one, the spin of the 
level depopulated by the 165-kev gamma ray should be 
either 0 or 1, with positive parity. Hence, the 165-kev 
gamma ray cannot populate the 6+ ground state of 
Mn®, for that would be a much delayed transition. The 
only plausible position for this transition is for it to 
feed the supposed 2+ state of Mn*™. If this is so, a 
further study on the multipolarity of the 165-kev transi- 
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tion by lifetime measurements would be helpful, es- 
pecially since it was noted that, by using Rose’s'® tables 
of K, Ly, and Ly conversion coefficients for this transi- 
tion, the K/L ratio of the conversion line intensities 
could not differentiate between an M1 and an £2 tran- 
sition. When the positron spectrum in coincidence with 
the 1.43-Mev line was determined, it was found that only 
the 2.6-Mev positron fed this gamma ray [ Fig. 5(c) ]. 

The lifetime of the state giving rise to the 165-kev 
transition was measured using the delayed-coincidence 
technique. Two different approaches were made: First, 
one channel was set on the 165-kev gamma line and the 
other channel on the positron spectrum in the energy 
range of 400 to 500 kev; and second, by setting one 
channel on the 165-kev gamma line and the other 
channel on the 511-kev annihilation-radiation line. This 
procedure was followed in order to check for instru- 
mental effects, principally any effect due to having used 
an anthracene crystal in one channel and a NalI(T]) 
crystal in the other for the first measurement. It was 
evident from the results that no differences were seen. 

For the first measurement (beta-gamma delayed co- 
incidences) a fixed delay of 0.20 microsecond was 
inserted in the 165-kev gamma channel and a continu- 
ously variable delay (0 to 1.00 microsecond) was in- 
serted in the beta channel. The coincidence counting 
rate as a function of the delay in the beta channel was 
measured as the delay was changed from zero to 0.55 
microsecond. As the delay was increased from the 
direction of zero delay, the coincidence counting rate 
approached a maximum, with a slope measured on a 
semilogarithmic plot corresponding to a half-life of 25 
millimicroseconds [Fig. 6(a) ]. After the variable delay 
passed 0.40 microsecond, in the direction of increasing 
delay, the coincidence counting rate began to fall off 
with a slope corresponding to a half-life of 14 milli- 
microseconds, which was interpreted as the slope to be 
expected from a prompt-coincidence measurement. The 
resolving time (27) of the fast-slow coincidence circuit, 
in this case, was seen to be 0.40 microsecond in agree- 
ment with a value obtained through the measurement 
of accidental coincidences with two independent sources. 
The ratio of true to accidental coincidences at the 
maximum coincidence counting rate was about 211. 
The maximum statistical error (one standard deviation) 
was 5%, due mainly to the number of counts observed. 
The difference between the two slopes corresponded to 
a half-life of 11 millimicroseconds for the 165-kev 
gamma line. 

The second method was to determine the lifetime of 
the state by using the 165-kev gamma ray and the 511- 
kev annihilation radiation. As in the previous run, a 
0.20-microsecond fixed delay was inserted in the 165-kev 
gamma channel and a continuously variable delay (0 to 
1.00 microsecond) was placed in the 511-kev channel. 


15M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), Chap. 14. 
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Fic. 6. Half-life measurements on the 555-kev excited state of 
Mn® (a) from beta-gamma coincidences; (b) from gamma-gamma 
coincidences. 


The coincidence counting rate as a function of the delay 
in the 511-kev channel was measured, this time as the 
delay was changed from zero to 0.25 microsecond, 
covering only the initial rise. The slope of this curve 
corresponded to a half-life of 22 millimicroseconds 
[Fig. 6(b)]. This was compared with the prompt- 
coincidence slope, using annihilation-radiation coinci- 
dences, corresponding to a half-life of 10 millimicro- 
seconds. The prompt-coincidence curve, which was 
symmetric about a delay of 0.27 microsecond, was 
obtained with the two 1} in.X1} in. NaI(TI) crystals 
at 180° relative position while the 511-kev—165-kev 
coincidence curve was obtained with the two crystals 
at 95° relative position, to preclude the measurement 
of annihilation-radiation coincidences. The 
errors were comparable in magnitude to those in the 
beta-gamma coincidence measurements. The ratio of 
true to accidental coincidences at the maximum count- 
ing rate was about 100 for the Fe® and about 1500 for 
the prompt coincidences. The difference between the 


prompt 


two slopes corresponded to a half-life of 12 millimicro- 
seconds for the 165-kev line. 
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Based on the two different approaches to the deter- 
mination of the half-life of the state giving rise to the 
165-kev line, a final value of 12+-2 millimicroseconds 
was adopted. This is a very conservative figure and the 
actual results can be better than the errors expressed in 
the given value. The quoted error was a combination of 
that due to the number of coincidences which was 
observed and the spread in slopes which could be fitted 
to the experimental points. 


DECAY SCHEMES 


The proposed decay scheme for Fe* is given in Fig. 7. 
Iron-52 decays 43.5% by electron capture and 56.5% 
by positron emission to the 555-kev excited state of 
Mn®. This value was arrived at from the assumption 
that the 2.6-Mev positron group populates the 1.43-Mev 
level of Cr® with a very negligible electron capture 
contribution and therefore the total decay to the 555- 
kev level by electron capture and positron emission 
should equal the intensity of the 2.6-Mev positron 
group at equilibrium. The ratio of the intensities of the 
two positron groups obtained in this experiment at 
equilibrium agrees remarkebly well with Arbman and 
Svartholm’s? data, which are believed to be very re- 
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liable. Zweifel’s!® theory predicts 1.1:1.0 for the posi- 
tron to electron capture ratio population of the 555-kev 
level for an allowed transition while the experimental 
result was 1.3 to 1.0. The assumption therefore that the 
2.6-Mev positron feeds mostly the 1.43-Mev level of 
Cr® is reliable because the 2.6-Mev positron group is an 
allowed transition and from Zweifel’s prediction the 
positron to electron-capture ratio for this energy and 
nuclide is 100 to 1. The 555-kev level was assigned a 
0+ configuration based on the allowed decay classifica- 
tion of the 804-kev positron transition, the £2 multi- 
polarity of the 165-kev gamma ray, and on the assump- 
tion that the 390-kev Mn*™ level is a 2+ state. The 
165-kev electromagnetic transition was assigned an E2 
multipolarity based solely on its half-life of (1.20.2) 
X 10-* second. Using Weisskopf’s’ single-particle (pro- 
ton) transition probability formula for this energy and 
mass number, an £2 assignment should have a half-life 
of 310-7 second and an M1, 8X10-" second. Hence, 
it can be said that an #2 assignment to a half-life of 
1.2X10~* second would imply the acceptance of an 
enhanced £2 electromagnetic transition. A more valid 
comparison was made using the decay of Co** to Fe** 
which has an 845-kev level of character (2+) which 
decays to the ground state (0+). This transition is 
known to be pure £2 and has a half-life of 6X 10~-” 
second, determined from Coulomb excitation’? of Fe*®. 
Calculating logio{7, explA' ][£,(Mev) }5} for _ this 
transition gives a value of —9.26 compared to —9.55 
for the 165-kev gamma ray of Mn* from the decay of 
Fe. This is a remarkable agreement although it is 
somewhat faster than the single-particle model pre- 
dictions. Wilkinson,!* however, in his studies of the 
lifetimes of light nuclides found that £2 transitions are 
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16P. F. Zweifel, in Proceedings of the Rehovoth Conference on 
Nuclear Structure, edited by H. J. Lipkin (North-Holland Pub- 
lishing Company, Amsterdam, 1958), p. 300. 

17G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 

18D. H. Wilkinson, in Proceedings of the Rehovoth Conference on 
Nuclear Structure, edited by H. J. Lipkin (North-Holland Pub- 
lishing Company, Amsterdam, 1958), p. 175. 
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enhanced by a factor of five over that predicted by the 
Weisskopf model and usually more than this near 
closed shells. Also, Sunyar’® observed unusually fast 
£2 transitions among the rare earths which was attri- 
buted to some rotational motion of the nucleus. In other 
respects the proposed disintegration of Fe*—>Mn®>Cr® 
shown in Fig. 7 agrees with the accepted decay scheme." 

Our results for Fe* are given in Fig. 8. The nuclear 
shell model predicts that the ground state of Fe has 
the character }—. Dobrowolski, Jones, and Jeffries” 
measured the spin of Mn*(2X10® yr) by a paramag- 
netic resonance method and reported it to be 3, in 
agreement with the shell model prediction. Hence it 
would be reasonable to assume that the shell model 
holds quite well in this region and thus assign a char- 
acter $— to the ground state of Fe*® and 3— to the 
ground state of Mn®. The allowed shape and the log ft 
value of the positron transition of highest energy in 
Fe® to the ground state of Mn* is consistent with these 
assignments. In addition, the first excited state of Mn 
at 380 kev probably has a character }— in keeping with 
other odd nuclei in this region (7/2 shell). Thus Ca®* has 
a first excited state of spin 3 at 373 kev and V" a similar 
state at 320 kev. Zeldes,”! in his theoretical studies on 
the systematics of the energy levels in this region based 
on the shell model, reports that the excited states with 
the same spins have similar energies and that a plot of 
these levels as a function of their neutron number would 
show a linear relationship. Talmi,” in a different 
approach, comes to the same conclusion. Since no 
sudden jumps in energy are expected, a spin of $ and 
odd parity is compatible for the level at 380 kev. The 
allowed nature of the second positron group in Fe®* is 
consistent with this interpretation. 

The present experiments lead to contradictory assign- 
ments for the spin and parity of the second excited state 
at 1.27 Mev. Theoretically, a }— configuration would 
be expected for that state based on an analogy with the 
other nuclides in this part of the table of isotopes. Such 
an assignment would require that the positron group 
populating this state be second forbidden with a log/t 
of about 13, and a low relative abundance. Such a situa- 
tion would explain the fact that no gamma rays ema- 
nating from the 1.27-Mev state were seen. The analysis 
of the positron distribution, using the scintillation 
method, showed a group having an end-point energy of 
1.57 Mev and a relative abundance of 12%. It is to be 
remembered that this group was obtained after two 
subtractions and could be in error. Nevertheless, the 
positron distribution from Fe, obtained by a similar 
procedure, gave end-point energies and relative abun- 
dances in excellent agreement with the values obtained 
by Arbman and Svartholm? with the help of a magnetic 


19 A, W. Sunyar, Phys. Rev. 98, 653 (1955). 

2” Dobrowolski, Jones, and Jeffries, Phys. Rev. 104, 1378 (1956). 
21N. Zeldes, Nuclear Phys. 7, 27 (1958). 

27. Talmi, in Proceedings of the Rehovoth Conference on Nuclear 


Structure, edited by H. J. Lipkin (North-Holland Publishing 
Company, Amsterdam, 1958), p. 36. 
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spectrometer. In view of these contradictions the ques- 
tion of the population of the level at 1.27 Mev must be 
considered unsettled from the point of view of the 
present experiments. 
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7.65-Mev State of C”}* 
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The angular distribution for the inelastic scattering of 42-Mev alpha-particles by C", with excitation of 
the 7.65-Mev state, has been measured. The experimental distribution shows maxima and minima consistent 
with 0* or 2+ spin-parity assignment for the 7.65-Mev state, on an Austern, Butler, McManus type of 
direct interaction theory. A search was made for coincidences between the inelastically scattered alpha 
particles and recoil carbon nuclei in an attempt to determine the probability that the 7.65-Mev state decays 
by transitions to the ground state of C*. It was found that there is less than one chance in ten that this 
probability exceeds 0.1%. This low probability is not inconsistent with current theories of helium burning in 
stars and provides additional support for the usua! 0* assignment for the 7.65-Mev state. 


I. INTRODUCTION 


HE 7.65-Mev state of C” has received attention 
beyond that given to many low-lying states of 
light nuclei due to its presumed role in the helium 
burning process in the buildup of elements and the 
production of energy in red giant stars. Reviews of the 
theory have recently been given by Salpeter’ and 
Burbidge, Burbidge, Fowler, and Hoyle.? Cook, Fowler, 
Lauritsen, and Lauritsen* have confirmed that the state 
has an energy and a breakup mode into alpha particles 
consistent with its participation in helium burning. 
They have also summarized experimental evidence 
indicating that the state has zero spin and positive 
parity. While there is a strong preference for the Ot 
assignment, the evidence is not fully conclusive, 
especially in view of the uncertainty concerning the 
occurrence of electron pairs from this state.*~® 
One purpose of the present experiment was to investi- 


gate the spin-parity assignment for this state by 


t Supported in part by the U. S. Atomic Energy Commission. 
* A more complete account of this work appears in S. F. Eccles, 
Ph.D. thesis, University of Washington, 1958 (unpublished). Part 
of these results have been reported in S. F. Eccles and 
D. Bodansky, Bull. Am. Phys. Soc. Ser. II, 3, 188 (1958). 
ft At Instituut Voor Kernphysisch Onderzoek, Amsterdam, 
Holland, during 1958-1959. 
1 E. E. Salpeter, Phys. Rev. 107, 516 (1957). 
* Burbidge, Burbidge, Fowler, and Hoyle, Revs. Modern Phys. 
29, 547 (1957). 
3 Cook, Fowler, Lauritsen, and Lauritsen, Phys. Rev. 107, 508 
(1957); hereinafter referred to as CFLL. 
4G. Harries and W. T. Davies, Proc. Phys. Soc. (London) 
A65, 564 (1952); G. Harries, Proc. Phys. Soc. (London) A67, 153 
(1954). 
( 5 Kruse, Bent, and Ecklund, Bull. Am. Phys. Soc. Ser. II, 2, 29 
1957). 
6 Goldring, Wolfson, and Wiener, Phys. Rev. 107, 1667 (1957). 


determining the angular distribution of inelastically 
scattered alpha particles, and comparing to predictions 
of simple theories’ which have had some success in 
explaining angular distributions in inelastic scattering 
of alpha particles with excitation of states of known spin 
in light nuclei.? Measurements on the angular distribu- 
tion of alpha particles scattered with excitation of the 
7.65-Mev state of C have been made previously’ 
without conclusive results. In particular Watters," 
using 31.5-Mev alpha particles, finds an angular 
distribution consistent with a 0* assignment on the 
Austern, Butler, McManus’ type of direct interaction 
theory, while Vaughn," using 48-Mev alpha particles, 
finds a distribution inconsistent with such an assignment. 

If, as assumed in helium-burning theories, the 7.65- 
Mev state of C can be formed from alpha particles it 
must, by the reversibility of nuclear reactions, be 
capable of breakup into alpha-particles and for this not 
to be a trivial process it must also decay, at least to 
some extent, to the ground state of C'. The energeti- 
cally possible decay modes of C'* (7.65-Mev) may be 
summarized as follows: 


7 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953); 
S. T. Butler, Phys. Rev. 106, 272 (1957). 

8 J. S. Blair and E. M. Henley, Bull. Am. Phys. Soc. Ser. II, 1, 
20 (1956); also Phys. Rev. 112, 2029 (1958). 

9 See, for instance, P. C. Gugelot and M. R. Rickey, Phys. Rev. 
101, 1613 (1956); Seidlitz, Bleuler, and Tendam, Phys. Rev. 110, 
682 (1958); and references 11, 12, and 26 cited below. 

10 Rasmussen, Miller, and Sampson, Phys. Rev. 95, 649(A) 
(1954); Phys. Rev. 100, 181 (1955). 

1H. J. Watters, Phys. Rev. 103, 1763 (1956). 

2F, J. Vaughn, University of California Radiation Laboratory 
Report 3174, 1955 (unpublished). 

18 Priest, Corelli, Bleuler, and Tendam, Bull. Am. Phys. Soc. 
Ser. IT, 3, 199 (1958); also private communication. 
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(1a) alpha decay to the ground state of Be® followed 
by breakup of Be® into two alpha particles; 

(1b) breakup directly into three alpha particles; 

(2a) cascade gamma emission through the 4.43-Mev 
state; 

(2b) single gamma decay to the ground state; 

(2c) electron pair emission to the ground state; 

(2d) double gamma decay to the ground state. 


From measurements of the energy distribution of the 
breakup alpha particles from the 7.65-Mev state, CFLL 
conclude that alpha decay proceeds via (la) rather 
than (1b). A number of experiments have been per- 
formed in a search for the electromagnetic transitions. 
Both electron pair emission‘ and gamma cascade, with 
an angular correlation favoring a 0+ assignment for 
the 7.65-Mev state,'*"” have been reported. Perhaps 
the most conclusive feature of these experiments has 
been the imposition of a quite low upper limit on 
electromagnetic transitions.*:!°:'*-*° The lowest explicitly 
stated limits, given by CFLL and Kavanagh?! and by 
Moak et al.” indicate that neither processes (2a) nor 
(2b) occur in more than about one percent of the 
decays. The most recent data of Kavanagh,” together 
with the argument of CFLL, indicate limits of 0.1% 
for (2a) and 0.2% for (2b). The electron pair experi- 
ments imply an even lower rate for (2c).® There is no 
experimental evidence for (2d) although it has been 
suggested on theoretical grounds.” 

If an excited state of a light nucleus is formed by 
inelastic alpha-particle scattering, the excited nucleus 
may recoil with appreciable momentum and subsequent 
electromagnetic transitions of the nucleus will not 
greatly change its recoil direction or kinetic energy. 
Therefore a search for coincidences between inelastically 
scattered alpha particles and recoil nuclei offers a 
sensitive means of detecting such transitions.*4 In 
another phase of the present experiment this technique 
is applied in an attempt to determine the relative rates 
of processes (1) and (2). 

It would be preferable to determine the magnitude of 
the rates for the several decay processes rather than 
merely to determine the relative probability. In particu- 
lar, with the low relative probability for processes (2), 
the rate of helium burning depends on the partial 
width for (2) and is essentially independent of the 


4R. B. Uebergang, Australian J. Phys. 7, 279 (1954). 
15 Beghian, Halban, Husain, and Sanders, Phys. Rev. 90, 1129 
(1953). 
16 J, Seed, Phil. Mag. 46, 100 (1955). 
17K. G. Steffen and H. Neuert, Z. Physik 147, 125 (1957). 
( 18 Bent, Bonner, McCrary, and Ranken, Phys. Rev. 100, 771 
1955). 
19 W. F. Hornyak, Bull. Am. Phys. Soc. Ser. II, 1, 197 (1956). 
( *” Moak, Galonsky, Traughber, and Jones, Phys. Rev. 110, 1369 
1958). 
21R. W. Kavanagh, Ph.D. thesis, California Institute of Tech- 
nology, 1956 (unpublished). 
2 R. W. Kavanagh, Bull. Am. Phys. Soc. Ser. II, 3, 316 (1958). 
23 A. G. W. Cameron, Bull. Am. Phys. Soc. Ser. II, 3, 269 (1958). 
* Bodansky, Eccles, and Halpern, Phys. Rev. 108, 1019 (1957). 
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partial width for (1).! However, there is no experi- 
mental information on the partial widths, and, as the 
state is estimated to have a lifetime of the order of 
10-" second,!* no such information is in immediate 
prospect. Accurate knowledge of the relative widths 
can be used at present to check theoretical estimates 
of the partial widths. If improved estimates for the 
partial width of (1) are made, or if the lifetime is 
experimentally measured, then the relative probability 
can be used to determine the partial width for (2). 

Both the inelastic scattering and the breakup 
measurements were carried out using the 42-Mev 
external alpha-particle beam of the University of 
Washington cyclotron. 


II. ANGULAR DISTRIBUTION OF INELASTICALLY 
SCATTERED ALPHA PARTICLES 


The differential cross section for inelastic scattering 
with excitation of the 7.65-Mev state in C” has been 
investigated by observation of the scattered alpha 
particles with scintillation counters. Polystyrene films, 
about 0.3 mil thick, were used as targets. Two types of 
detectors were used: (1) a NaI(TI) scintillation counter, 
and (2) a “phoswich” scintillation counter with thin 
plastic and CsI(TI) phosphors. The phoswich was 
used to insure that no protons would be detected. In 
both counters the crystal thicknesses were chosen so 
that the elastically scattered alpha particles from C” 
would just stop in the crystal over the angular interval 
being studied. Peaks in the pulse-height distribution 
obtained with each type of counter had a full width 
at half-maximum of about 3% for 30-Mev alpha 
particles. 

The main difficulty in obtaining the angular distribu- 
tion for the 7.65-Mev state is the presence of a compara- 
tively large continuum of alpha particles from the 
breakup of highly excited states of C'. Therefore at 
each angle it was necessary to make a subtraction of 
this continuum, based on an estimate of its shape and 
magnitude. From 15° to about 60° (laboratory) the 
cross section was large enough to permit a determination 
of the area under the peaks in the pulse-height distribu- 
tions with an uncertainty of about 10%. Below 15° 
other events, including alpha-particle scattering from 
hydrogen in the target, masked the scattering to the 
7.65-Mev state. Past 60° the cross section dropped 
quite rapidly by almost an order of magnitude. There 
was an indication of a minimum at about 77° and of a 
maximum at about 83°, but in this region the quality 
of the data did not permit a good estimate of the 
relative magnitude or position of this peak in the 
angular distribution. Past 90° there was a suggestion 
that the cross section rose almost an order of magnitude, 
but the 7.65-Mev group in the pulse-height distribution 
was so masked by the continuum that a meaningful 
angular distribution was not obtainable. 


26D. Bodansky and S. F. Eccles, Rev. Sci. Instr. 28, 464 (1957). 
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Fic. 1. Differential cross section (laboratory) for inelastic 
scattering of 42-Mev alpha particles by C”, with excitation of the 
7.65-Mev state. Beyond about 70° (dotted section of curve) the 
data are subject to large experimental uncertainties due to the 
alpha-particle continuum mentioned in the text. 


The experimental distribution is shown in Fig. 1. The 
errors shown for typical points are statistical (less than 
10%) and from the subtraction of background. The 
line drawn through the points is a qualitative smooth 
fit. Other lines could be drawn, but it is believed that 
the positions of the peaks would not be changed by 
more than +1°. The absolute magnitude of the cross 
section was determined to about +20% by a compari- 
son with the known elastic and 4.43-Mev scattering 
cross sections.”® 

The experimental data were compared with the 
Austern, Butler, McManus type of direct interaction 
theory (ABM)? and the Blair-Henley alpha-particle 
model (BH).° The expressions predicted for the scatter- 
ing from C” (ground-state spin zero) by these theories 
are as follows: 


(ABM): da/dQ=Cj?(KR), (1) 


(BH) rotational states: 
da/dQ« “(da/dQ) aa’ j?(KR), (2) 


vibrational (dilational) states: 
” 


d 
da/dQ« “(do [22 x| = u)| | ; (3) 
dx 


| zaKR 


(No low-lying single-particle states are predicted for 
the closed alpha-particle structure of C'*.) In these 
expressions C is a constant, #K is the magnitude of the 
momentum transferred to the nucleus, R is the inter- 
action radius, 7; is the /th spherical Bessel function, / is 
the spin of the final state of the nucleus, and 

6A. Yavin, Ph.D. thesis, University of Washington, 1958 
(unpublished) ; also G. W. Farwell and A, Yavin (to be published). 
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“(do/dQ)aa’’ represents the scattering between the 
two alpha-particles without conservation of energy, and 
though related is not equal to the measured cross 
section for alpha-alpha scattering (see reference 8). The 
expressions given for the BH theory have been 
derived in the lowest order approximation. Although 
“(do/dQ)aa’”’ is not known, for purposes of comparison 
with experiment it is taken to be a constant independent 
of energy and angle. 

The laboratory angular distribution of Fig. 1 was 
transformed into the center-of-mass system, and the 
center-of-mass cross section plotted both as a function 
of the center-of-mass angle and as a function of momen- 
tum transferred. The comparison with theory was 
made using the latter curve, plotted on a log-log scale 
to facilitate the easy determination of an interaction 
radius. Plots of Bessel functions of order 0, 1, 2, 3, and 4, 
also on a log-log scale, were compared directly with the 
experimental curve. 

Reasonable fits to the experimental distribution were 
found only for Bessel functions of order 0, 2, and 3. The 
radii indicated by these fits are (5.9+0.2)X10-* cm, 
(5.6+0.2)10-" cm, and (6.7+0.2)K10-" cm, re- 
spectively. The first two radii are considered to be in 
satisfactory agreement with the radii found for elastic 
scattering and inelastic scattering to the 4.43-Mev state 
at 42-Mev [ Retastic= (5.52+0.10) X 10-8 cm, and R443 
= (5.45+0.15)K10-" cm }* as well as with the radius 
found for the scattering to the 7.65-Mev state at 31 Mev 
(Rz.65=5.9X10-" cm)."! The large radius indicated by 
the j;? fit rules this out as a “good fit” to the data. Thus 
reasonable fits are found only for jo? and 72’, indicating 
on the ABM model a spin-parity assignment of 0* or 
2+. For illustration, the jo? curve is shown together with 
the experimental curve in Fig. 2. 

In the alpha-particle model of C’, the 7.65-Mev state 
is expected to be a vibrational state.” From Eq. (3) it is 
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Fic. 2. Differential cross section (center of mass) for inelastic 
scattering of 42-Mev alpha particles by C”, with excitation of the 
7.65-Mev state. The experimental curve is a transformation of the 
smooth laboratory curve of Fig. 1. The experimental curve is 
compared to a plot of jo?(KR) which is ‘shown with arbitrary 
normalization. A similar fit is obtained for 7:*(KR). 


27 A, E. Glassgold and A. Galonsky, Phys. Rev. 103, 701 (1956). 
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seen that for zero spin the angular distribution for a 
vibrational state will be proportional to 7?(KR), 
while for higher spins a sum of Bessel functions is 
involved. None of these cases provides a fit to the 
experimental angular distribution. Thus the present 
data are not explained by the simplest form of the BH 
alpha-particle model. 


III. DECAY TO THE GROUND STATE OF C”® 


The study of the decay to the ground state of C” 
was carried out by bombarding a polystyrene film, 
about 0.2 mil thick, with 42-Mev alpha particles, and 
looking for coincidences between inelastically scattered 
alpha particles which excited the 7.65-Mev state and 
recoil carbon ions. In principle this search could be 
carried out at any (matched) pair of angles. Com- 
promising between the desires for high recoil energy and 
for high scattering cross section, it was decided to use 
alpha particles scattered at 55° (see Fig. 1). The carbon 
nuclei then recoil at 48° with a kinetic energy of 9.9 Mev. 

The scattered alpha particles were detected in a 
“phoswich” similar to that used in the angular dis- 
tribution studies. The pulse-height distribution for 
scattering at 55° is shown in Fig. 3. From an analysis of 
the distribution it is estimated that (85+10)% of the 
events in the “gating interval” indicated in the figure 
correspond to scattering to the discrete state at 7.65 
Mev. It is believed that the remainder is part of a 
continuum of alpha particles from the breakup of more 
highly excited states. Protons are rejected by the 
“phoswich” action. 

The recoiling nuclei were detected in a proportional 
counter filled with a 90%-10% argon-methane mixture 
to a pressure of about 75 atmosphere.”’ Particles entered 
the counter through a (1/20)-mil nickel window. The 





Fic. 3. Pulse- 
height distribution 
in the phoswich pro- 
duced by alpha par- 
ticles scattered by 
C® at 55° (labora- 
tory). Groups corre- 
sponding to excita- 
tion of various states 
in C” are labeled 
with the excitation 
energy. The “gating 
interval” represents 
a differential interval 
corresponding to ex- 
citation of the 7.65- 
Mev state. 
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28 This counter was originally designed and built by Mr. William 
Nicholson for the detection of fission fragments and was kindly 
loaned by him for this experiment. 
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resolution of the counter was studied using the copious 
recoil nuclei from elastic scattering and scattering with 
excitation of the 4.43-Mev state. 

The proportional counter gave considerably larger 
pulses for recoil nuclei than for lighter particles, 
providing a clear basis for selecting recoil events. If one 
considers alpha particles scattered, elastically or in- 
elastically, at a particular angle the kinetic energies of 
the recoil nuclei do not depend strongly on the excitation 
energy. Therefore recoil groups corresponding to differ- 
ent excitations should produce similar pulse-height 
distributions in the proportional counter and it should 
be possible to make the selection of recoil events using 
the same criterion for all groups. This was confirmed in 
a test in which the 7.65-Mev recoils were simulated by 
changing counter and target angles slightly to provide 
recoils from excitation of the 4.43-Mev state with the 
same energy and path length in the target as calculated 
for the 7.65-Mev group. 

An event of interest was one in which there was (a) a 
“fast”? coincidence (~0.2 microsecond resolving time) 
between an alpha particle in the phoswich and a pro- 
portional counter pulse above the recoil threshold, and 
(b) a slow coincidence between this fast coincidence and 
a phoswich pulse whose pulse height was within the 
7.65-Mev ‘gating interval” shown in Fig. 3. Such 
events were simultaneously noted in three ways: (1) the 
slow coincidence rate of (b) was recorded; (2) the 
proportional counter spectrum was displayed on a 
twenty-channel analyzer which was gated by the slow 
coincidences of (b); and (3) the phoswich spectrum was 
displayed on a twenty-channel analyzer gated by the 
“fast” coincidences of (a). Most electronic failures or 
drifts would be revealed by a disagreement among these 
rates or by shifts in the pulse-height distributions. No 
significant adverse effects of this sort were noted during 
the final dataruns. The stability of the system was further 
verified by interspersing, throughout the data runs, test 
runs in which the analogous coincidences were observed 
for elastic scattering and for scattering with excitation 
of the 4.43-Mev state. 

These test runs also served to determine the efficiency 
of the system for the detection of recoil events. This 
efficiency is the ratio of the number of slow coincidence 
events to the number of scattered alpha-particle pulses 
(in the proper pulse-height interval). It was found to be 
37% for elastic events and 28% for the 4.43-Mev events. 
These efficiencies can be quantitatively explained by 
geometric considerations. The collimator configuration 
used for this experiment is specified in Table I. The 


proportional-counter collimator was made narrow to 
avoid detection of the very numerous 4.43-Mev recoils 
and its height was limited by the strength of the nickel 
foil. As a consequence a large fraction of recoil ions 


missed the proportional counter. The fraction missing 
was greater for the 4.43-Mev events than for the 
elastic events because of the effect of the 4.43-Mev 
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TABLE I. Dimensions of collimators on counters used for detec- 
tion of coincidences between scattered alpha-particles (phoswich) 
and recoil ions (proportional counter). The beam spot on the target 
was approximately ;; in. high and } in. wide. 


Proportional 


Phoswich counter 





Height (inches) 4 } 
Width (inches) Py ve 
Distance from target (inches) 435 58% 





y ray in deviating the recoil nucleus. This was observed 
experimentally by obtaining angular distributions of 
recoil nuclei in coincidence with alpha-particles scat- 
tered elastically, or inelastically to the 4.43-Mev state. 
The full width at half-maximum of these distributions 
were 0.95° and 1.3°, respectively. The observed addi- 
tional width for the 4.43-Mev case agrees with the 
predictions of an approximate calculation of the effects 
of the gamma decay. The additional width also accounts 
for the accompanying lesser efficiency. 

The angular distribution for 7.65-Mev recoils will be 
characterized by a still greater width and a con- 
sequently lower efficiency. Assuming that the decay 
proceeds by processes (2a), (2c), or (2d), the resulting 
width will be less than 1.5°. This width implies an 
efficiency of about 23% as found from an extrapolation 
of the observed elastic and 4.43-Mev efficiencies. 
Allowing for uncertainties in the calculation, including 
the remote possibility of process (2b), it is concluded 
that the efficiency for detection of 7.65-Mev recoils is 
2243%. 

Data were obtained holding the recoil-ion detector at 
the expected angle for 7.65-Mev events. For 60000 
events in the “gating interval,” corresponding to alpha 
particles scattered to the 7.65-Mev state, 7 coincidence 
events were observed which fulfilled the electronic 
criteria outlined above. These events could be either 
real or accidental. 

The accidental rate was determined by moving the 
proportional counter several degrees from the expected 
angle in either direction to angles where true 7.65-Mev 
events are kinematically impossible. At such angles 5 
(accidental) events were observed for 66 000 scattering 
events. The accidentals rate can also be estimated by 
an examination of the spectrum of phoswich pulses 
appearing in coincidence with recoil ions. Counts 
observed in the twenty-channel analyzer displaying 
this spectrum [see (3) above] at pulse heights corre- 
sponding to elastic or 4.43-Mev scattering are due to 
accidental coincidences with recoil ions. As the elastic 
and 4.43-Mev cross sections considerably exceed the 
7.65-Mev cross section, and as the necessary information 
is accumulated during the normal data runs, this 
provides an independent method of determining the 
accidental rate with reasonable statistical accuracy. 
The accidental rate for 7.65-Mev events was determined 
to be (7.140.9)X10- (per scattered alpha particle) 
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using the elastic data and (7+2)X10~ using the 
4.43-Mev data. These results are in fortuituously good 
agreement with each other and with the results of 
moving the counter to neighboring angles, and are 
consistent with calculations based on the estimated 
resolving time and cyclotron duty cycle. 

Thus 4.3+0.5 accidental coincidences would be 
expected for 60000 scattering events. The observed 
rate of 7 coincidences is therefore not clearly above the 
accidental rate and only an upper limit can be set on 
the true rate. A statistical analysis shows that there is 
less than one chance in ten that the true rate is as high 
as 9 coincidences for 60 000 scattering events. An upper 
limit to the probability, P, for decay to the ground state 
of C” is then given by P=n/Ne\, where n=number 
(upper limit) of coincidence events=9, V =the number 
of detected alpha particles=60 000, e«=efficiency for 
detection of recoil ions=0.22, and A=fraction of 
alpha particles which come from scattering with excita- 
tion of the 7.65-Mev state=0.85 (see above). This gives 
an upper limit, P=0.0008. Other less comprehensive 
runs gave results consistent with this. Allowing for 
systematic experimental uncertainties it is concluded 
that there is less than one chance in ten that the 
probability for de-excitation to the ground state of C” 
(by all modes together) exceeds 0.1%. 

The only energetically possible alternative to decay 
to the ground state of C” is breakup into alpha 
particles. This process has been observed by CFLL who 
concluded that breakup proceeds via the ground state 
of Be.’ Observations made here on the angular distribu- 
tion of the breakup alpha particles, observed in coin- 
cidence with the inelastically scattered alpha particles, 
support this conclusion. 


IV. DISCUSSION 


It has been found that the angular distribution of 
alpha-particles scattered with excitation of the 7.65- 
Mev state of C” can be fit by spherical Bessel functions 
of order 0 or 2. This implies, on the ABM type of direct 
interaction theory, that the state is either 0* or 2+. The 
analysis also indicates that the results are inconsistent 
with the excitation of a vibrational mode, as given by 
the simplest form of the BH alpha-particle model. 
However in view of the approximate nature of the 
theoretical models it is premature to conclude that an 
explanation of the 7.65-Mev state in terms of a collec- 
tive vibrational motion is excluded. In particular it is 
still not clear whether the properties of the state can 
be best understood in terms of a shell model or through 
refinements of an alpha-particle model.” 

It has also been found that P, the relative probability 


* Note added in proof.—We have been informed that the 
observed scattering cross section can be explained in terms of a 
collective monopole excitation if one considers an inelastic diffrac- 
tion scattering mechanism. A comprehensive description of this 
a. scattering theory will be published shortly by J. 
S. Blair. 
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for decay to the ground state of C”, is less than 0.1%. 
This limit is an order of magnitude smaller than the 
best previous experimental limits. It is not, however, 
inconsistent with current descriptions of helium burning. 

A limit on P can be used as a basis for a choice 
between the 0+ and 2+ assignments if the partial widths 
for the various decay processes can be estimated with 
sufficient accuracy. Previous estimates by Rasmussen,!° 
CFLL,? and Salpeter! indicate that for a 0+ state P is 
probably of the order of 10-* or 10-*, while for a 2+ state 
transitions to the ground state should be comparable to, 
or predominate over, alpha decays. It was therefore 
concluded by CFLL, from an experimental upper limit 
on P of about 10~*, that the state is very probably Ot. 
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A 2+ assignment, however, could not be completely 
ruled out due to the uncertainties in the theoretical 
estimates of the decay rates. The present limit makes it 
still more unlikely that the state is 2+ and this, together 
with the angular distribution results, strengthens the 
0+ assignment. 
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Hydrodynamic Theory of Spontaneous Fission* 


W. D. Foranpf AND R. D. PRESENT 
University of Tennessee, Knoxville, Tennessee 
(Received September 8, 1958) 


The penetration factor for spontaneous fission has been calculated from the liquid-drop model. The 
transformation of the Gamow integral over the nucleon coordinates into an integral over the deformation 
parameters a, has been carried out hydrodynamically, assuming irrotational motion. The transformation 
requires evaluation of the kinetic energy in terms of a, and dG». Series expansions are used for the kinetic 
energy and for the potential energy of deformation. We have neglected all parameters but a2 and carried 
the hydrodynamic calculations through terms in a2‘. While the potential barrier is subject to several 
uncertainties, it has nevertheless been possible to estimate the spontaneous fission hindrance factor for 
the highest Z elements. We find for Z=100 and Z?/A ~39 that a 1-Mev increase in barrier height should 
correspond to a 10*-?-fold increase in the half-life. This result agrees closely with the empirical hindrance 
factor formula deduced by Swiatecki from a correlation of fluctuations in half-lives with deviations of 
ground-state masses from the semiempirical mass formula. We have included some details of both the 


hydrodynamic and the electrostatic calculations. 


1, INTRODUCTION 


HE successes and limitations of the liquid-drop 

theory of nuclear fission are well known. In 
addition to the qualitative explanation of the fission 
process and the simple calculation of the energy released 
in fission, the drop model has had reasonable success 
in predicting approximate activation energies for 
nuclides, such as the uranium isotopes, which are not 
close to classical instability.!? However, the variation 
of the predicted activation energies with Z?/A is more 
rapid than the variation indicated by measured 
thresholds for photofission and neutron-induced fission. 
The calculation of the activation energy is a difficult 
and laborious problem requiring the determination of 


* Based in part on work done by W. D. Foland in partial fulfill- 
ment of the requirements for the Ph.D. degree at the University 
of Tennessee. 

7 Present address: University of Massachusetts, Amherst, 
Massachusetts. 

1 Present, Reines, and Knipp, Phys. Rev. 70, 557 (1946). 

2S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 


the potential energy in terms of the deformation 
parameters for large deformations. It is not surprising 
that the drop model should give a good account of 
these essentially classical aspects of the fission process. 

The possible occurrence of spontaneous fission as a 
quantum-mechanical tunnel effect was first suggested 
by Bohr and Wheeler,’ who made, however, no attempt 
at a detailed calculation. In order to evaluate the half- 
life, the integral appearing in the exponent of the 
penetration factor, which is a multiple integral over the 
nucleon coordinates, must be transformed into an 
integral over the deformation parameters of the drop. 
The transformation can be carried out if one assumes 
that the motion of the nucleons during the deformation 
process can be represented as an irrotational flow of 
an ideal incompressible fluid along classical streamlines. 
The first attempt at such a calculation led to unsatis- 
factory results‘; a later attempt, while more successful, 


3N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 
4F. Reines, doctoral thesis, New York University, December 
1943 (unpublished); see also reference 1. 
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was based on an incomplete analysis of the hydro- 
dynamics of the deformation process.” 

It may seem an unwarranted extension of the drop 
model to employ classical hydrodynamics in the 
treatment of an effect so intrinsically quantum- 
mechanical as barrier penetration. Justification rests 
on the circumstance that the exponent of the penetra- 
tion factor is related directly to the characteristic 
action function of classical mechanics and can therefore 
be calculated classically. The further assumption of an 
irrotational flow is justified by the fact that it leads to 
the greatest possible penetration factor for a given 
barrier. Since the potential energy terms of the liquid- 
drop model determine the barrier to be penetrated, it 
is then possible in principle to calculate the half-life 
for spontaneous fission. Because of the sensitivity of 
the exponential factor to slight variations of the 
exponent, if the assumptions and approximations were 
not reasonable ones, the answer could disagree with 
experiment by many powers of ten. This type of 
calculation therefore constitutes a severe test of the 
liquid-drop model. 

The present work is based on a more complete 
analysis of the hydrodynamic problem than has hitherto 
been given, but is restricted in two essential respects: 
(1) only one deformation parameter, d@2, is taken into 
account (the surface of the drop is the locus r=Ro[1 
+> a,P,(cos#)] and (2) the kinetic and potential 
energies are expanded in powers of a2. Both of these are 
good assumptions if the nuclide in question has a 
high enough Z to be close to classical instability. 
Since instability sets in first with respect to second 
harmonic (P2) deformations, the potential barrier for 
such a nuclide will correspond to small values of a2 and 
much smaller values of the other a,. The results will be 
applied to fermium, which is the highest Z element for 
which spontaneous fission half-lives have been measured. 


2. THE PENETRATION FACTOR 


The penetration factor is obtained from the solution 
of the Schrédinger equation for a system of A nucleons 
by means of the WKB approximation method. The 
customary substitution 

y=e'S/h S= Sot (h/i)S1+ (h/i)?S2+ eee (1) 
gives the successive orders of approximation, and it is 
a familiar result that So satisfies the Hamilton-Jacobi 
partial differential equation. The identification of So 
with the characteristic action function makes it possible 
to use Jacobi’s form of this function for a parameterized 
motion of the particles: r;=1r,;(a@) where a is a parameter 
completely specifying the path of the system point in 
configuration space. Thus 


So= J [2(E—V) }CX m,(ds;/da)* ida 


with 


7 f [2m*(E—V)}}da, (2) 


AND Rs 


PRESENT 


where V(a) is the potential energy and m*(a) is the 
effective mass, which is related to the kinetic energy T 
by T= 4m*e. Since the kinetic energy is a homogeneous 
quadratic function of the velocities, the effective mass 
is independent of a The exponential part of the 
first-order WKB wave function is then given by 


; 
vrep| sf [2m*(E—V) ]'da}, E>V 
1 


' (3) 
~exp| z-J [2m"(V—E) Mal, E<V. 
1 


In the absence of a theory of barrier-penetration in 
many dimensions (the WKB connection formulas hold 
only for one-dimensional problems or three-dimensional 
problems reducible to one dimension), we proceed by 
analogy. The one-dimensional WKB functions take on 
the same form as (3) if one replaces the particle co- 
dinate x by the parameter a and the particle mass m 
by the effective mass m*. We assume that the penetra- 
tion factor for the present case can be obtained by 
substituting m* for m and a for x in the formula for the 
one-dimensional case. The desired formula for the 
probability of penetrating the barrier is then 


1 


2% 
P=exp|—— f [2m*(V—E) ]ida}, (4) 
al 


where a and a2 are turning points marking the entrance 
and exit of the barrier, respectively. 

In the application of Eq. (4) to spontaneous fission, 
the values of the parameter a specify a sequence of 
shapes for the fissioning droplet. In the hyperspace of 
the deformation parameters @,, defined in Sec. 1, the 
system point follows a path defined by the relations 
a,=4n(a). The barrier to be penetrated corresponds to 
a potential energy surface in many dimensions, and 
the largest possible penetration factor is obtained for the 
functions @,(a) that characterize the saddle-point path. 
The potential energy V(a,) is the sum of the Coulomb 
and surface energies of deformation, calculated from 
the liquid-drop model. In order to simplify our calcula- 
tion, we neglect all deformation parameters except de 
and set a=d. The barrier given by V(a2) vs a2 is 
theoretically too large since the saddle-point path is not 
followed ; an adjustment, to be described later, will be 
made to compensate for this. 

Many possible parameterized motions of the nucleons 
are consistent with any given change in the droplet 
surface—e.g., with the sequence of shapes obtained by 
varying a». Of all these possible motions consistent with 
a prescribed motion of the boundary, there is one 
motion which minimizes the kinetic energy and this is 
an irrotational motion of the particles along the 
classical streamlines (Kelvin’s theorem). The smallest 
value of the effective mass and the largest value of the 
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penetration factor are obtained by assuming an 
irrotational flow of the incompressible nuclear fluid. 
The possibility of a classical calculation of V and of 
m* rests, of course, on the fact that these quantities are 
defined through the classical action function of Eq. (2). 


3. HYDRODYNAMIC CALCULATION OF THE 
EFFECTIVE MASS 


Since the effective mass can be obtained directly 
from the kinetic energy, we shall take up next the 
classical hydrodynamic calculation of the kinetic energy 
of the fluid in the deforming droplet. The motions of the 
fluid particles are described by a velocity field, which is 
uniquely determined by the condition of irrotational 
flow and the boundary condition for the free liquid 
surface. Because of the assumed incompressibility, the 
velocity field v is solenoidal. Since v is also irrotational, 
we introduce the velocity potential &. Thus 


v(r,/)= V®(r,1), 


(5) 
V-b=0. 
The changing surface of the deformed drop can be 
represented as the locus: F(r,t)=0. Since a fluid 
particle in the surface must remain in the surface 


v-VF+0F/dt=0, (6) 


where v represents the velocity field at the surface. 
The first term in (6) arises from the motion of the 
fluid particles and the second from the changing 
parameters of the surface. The general boundary 
condition is then 
Vb- VF+0F/dt=0. (7) 
We now assume that the drop has an axis of symmetry 
along the z axis and represent the radius vector from 
an origin at the center of the undeformed drop to an 
arbitrary point on the deformed surface by the series of 
Legendre polynomials : 


r=R(u,)=Rl1+ ¥ a,(t)Pa(u)], 


n=0 


(8) 


where x= cos6. Since the velocity potential is a harmonic 
function, finite at the origin, we have 


= > db, (t)r"P,,(u). (9) 
n=1 


Inserting F(r,/)=r—R(u,t) in Eq. (7), we obtain 


0b OR OR OP 
—=—+4— —., (10) 
Or ot 700700 

This simpler form of the boundary condition can be 
obtained more directly by observing that the radial 


component of velocity of a surface particle is given by 


Ob 6.R 5eR 
?;=—= lim ( —+— ) 


(11) 
ar ON 5 bt 
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where 6,R is the increment in r resulting from the 


change in a@,(¢) and 6eR is due to the change in the 0 
coordinate of the particle. Evidently 


OR rd0 OR Of 


lim- = —, 
6t 7100 0t 7067100 
6,.R OR 

lim——=— 
él at 


’ 


leading again to Eq. (10). It is convenient to set Ro=1 
in Eq. (8). Substitution of (8) and (9) into Eq. (10) 
then gives 


> 2b»R"™ (uw) Pr(w)— Xd aib,R”? (pw) PE (u) Pa! (u) 
l n 


y dP (pu), 
l 


(13) 


where P? is the associated Legendre function and 
G,=da,/dt. If we assume the deformation shapes to 
have reflection symmetry about the equatorial (x,y) 
plane, then R(u) and (yz) will be even functions of u 
and the sums in Eqs. (8), (9), and (13) will be over the 
even integers. 

Equation (13), which provides the relation between 
the deformation parameters @, and the coefficients },, 
of the velocity potential, can be solved by successive 
approximations. If the deformation is specified by 
certain nonvanishing ¢@,, Eq. (13) can be used to obtain 
the corresponding 6, to various orders of approximation 
in the a,. Conversely, if the velocity field is specified 
by certain nonvanishing 6,, Eq. (13) can be used to 
determine the corresponding deformation parameters 
a,. We shall assume in the following that a,=0 for 
n> 2; thus the deformation shapes are restricted to 


r= R(p)=1+aota2P2(p), (14) 


where do is adjusted to maintain constant volume. 
If az is small, the condition for this is 
9 
ay 
ao=— 
5 


2 
as} 


3x5X7 
107 


y 
(1+ —aot+0X ae+ 
3X7 


127 ; 
- art+0X a2°— 8+ +. 
PXSX7? FxXS*X7? 
Equation (13) becomes 


E (nb, R"(u) Py (u)— 2b, R"*(u) P2!(u) Pa'(u)} 


=Gyt+d2P2(u). (16) 


Evidently the 6,’s are linear in d2 and successive 
approximations for small a: correspond to retaining 
successively higher terms of the form a2"d:. The 
zero-order solution of (16) is seen immediately to be 
bo=2/2, b,=0 


for n>2. 
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The first-order approximation is obtained by sub- 
stituting 


bs= 442+ Bo aede, (n>2), (17) 


in Eq. (16), neglecting terms of order a2*d2 and higher, 
and expressing all powers of » in terms of Legendre 
polynomials. The resulting equation is an identity in 
which the coefficients of all the P, are separately 
equal to zero. It is readily found that 
1 27 
1 — 


2x7 


b,= Bn aode 


®) = ——_—_—., 8,%=0 (m>4). (18) 
2x5X7 

The calculation of the higher order approximations 
is somewhat lengthy and we have not gone beyond 
fourth-order terms (see Appendix 1). The determination 
of the 6, to terms in a2‘ makes it possible to calculate 
the kinetic energy T also to the same approximation. 
Since the mass density x is assumed to be uniform in 
the liquid-drop model, the kinetic energy can be 
written as 


r=ief vdr 
1 R(u) 
=n f an f dr r*| V|? 
an 0 


1 R(p) 
=m f au f dr r| [> b,nr"P,,(u) P 
-1 0 
—]| 
du J) 


X [nl Pi(u)Pn(u)+Pi(u) Pai (u) ] 


ss a-s| » 6,7" 


1 R(u) 
=f an f drr* 
=i 0 


_ > b,b, rt 
ion 


bib, 


1 
a —_ f dp Rt1(,) 
Lon l+n+1 ae 


X [nl Pi(u) Pa(u)+Pi(u)Pa'(u) J. 


=o. 


(19) 


The evaluation of T to first order is very simple since 
only the terms in 6,* and 62d, contribute and the latter 
term vanishes upon integration. The result to first 
order is 


T= (4/5)axb:?(1+<2), (20) 


and, using (17) and (18), 


rKas 9 
SY 
T=—— 1+—d2 =4m*a/, 


Pe) / 


(21) 
where m* is the effective mass. Hence to first order 


3 9 
mt——mA( 14-01), (22) 
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where A is the mass number and m the mass of one 
nucleon.® Carrying the calculation of the effective mass 
to fourth order (see Appendix 1), the following result 
is obtained : 


3 9 134 
m* =—mA (1420-0 1.395225a,° 
10 7 245 


—0.1719954). (23) 


This value of m*(a2) will be used in calculating the 
penetration factor. 


4. THE SURFACE AND COULOMB ENERGIES OF 
DEFORMATION 


The next step involves the determination of the 
barrier represented by V (a2) vs a2 where V (a2) is the 
sum of the surface and Coulomb energies of deformation. 
Denoting the surface tension by O, the surface energy 
of the axially symmetric deformed drop is given by 


1 
Ut=2n0 f dy [1+ (1—p2)(dr/rdu)?}. (24) 
-1 


Upon introducing (8) into (24) and expanding the 
radical, the surface energy can be obtained as a power 
series in the deformation parameters. 

The electrostatic self-energy is 


1 * pid7\podT2 
ue=-f : 7: 
2 "12 


where pi=p2=p=Ze/(4rR,*/3). The evaluation of 
(25) is less straightforward than in the case of (24), 
and will be discussed in some detail since it has not yet 
appeared in the literature. We restrict the deformation 
shapes to prolate figures of rotation possessing reflection 
symmetry about the equatorial (x,y) plane; thus 
R(—y)=R(u). We further assume that any sphere 
drawn about an origin at the center of the drop, if it 
intersects the surface, will intersect at only two values 
of 6, namely 6) and r—6o. Referring to Fig. 1, we see 
that a sphere of radius b= R(0) is the largest sphere 
that can be inscribed within the figure of the drop. The 
electrostatic potential must be calculated differently for 
points that lie inside and outside of the sphere of radius 
b. Thus 


Qn 1 b 
ut f ay, f aul f dry r°V (r1<b) 
0 -1 0 


R(u1) 
+f dry ry? V(n> b) | (26) 
6 


(25) 


5 Equation (22) is given erroneously in reference 2 as m* 


= (3/10)mA (1+-a2). 





HYDRODYNAMIC THEORY 


where V(r1<8) is obtained by using the expansion for 
1/ri2 in terms of P:(u12) where wi is the cosine of the 
angle between r; and ro: 


1 


V(n<b)=p f dbs j és 


=4 


0 
Lal eal 

x J dry re D0 (re!/ri**) Pi(uie) 
R 1=0 


R(u2) 


+f dro re - (ry! ri) Puss) | (27) 
r} l=0 


Equation (27) cannot be used for 7;>06 because it is 
incorrect in the range 0:<@<a—O4 or po>u>—Ho 
(shaded region of Fig. 1). It is convenient to express 
V(r1>b) as 


V (r1>b)=V(r1<b)+AV, 
2x wo(ri) 
av=of ao f dus 
0 —wo(r1) 
Tl L 
x|- f dre 12? S) (r2'/ry**) Pi(uie) 
R(u2) l=0 


R(p2) - 
-f dro re > (r'/rs™) Palas) (28) 
1=0 


rl 


+z 





-2 


Fic. 1, Diagram used in calculating the electrostatic potential. 
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where yo(r;) defines the intersection of the surface with 
a sphere of radius 1, i.e., R(uo)=171, and yo is taken to 
be positive. The first term in brackets in (28) corrects 
the first term in brackets in (27) for the shaded region 
of Fig. 1, which is not part of the drop. The second 
term in brackets in (28) cancels the second term of (27), 
which is spurious between — po and + yo. One can now 
write for the total Coulomb energy 


Uc= Uoc+ U1, (29) 


where 


Qn 1 R(u) 
Ue=o | doy f aus f dr, reV (r1<b) 
0 —l 0 


1 1 R(u1) 
= 27°? > dp Pius) f dps Paws) f dr; ry 
l=0 7 _} ce 0 


rl R(u2) 
x [re » f re!2drotry! f ri r,| (30) 
0 rl 


upon using the addition theorem to expand P;(y12) in 
terms of 1, we, 1, and ¢e. The second term of (29) is 
given by 


Qr 1 R(u1) 
Us=tef a. f aus f dr; rPAV 
0 —1 b 


oo 1 R(1) 
= 29)? >> du; Pain) f dry r? 
b 


=o J_y 


ies rl r! ro! 
x dpe Py(p2) drs 72° ——_—_—— 
R(ue) ryith itl 


—mo(ri) (m2 


(31) 


x 1 |p| 
=29' pb dui Pains) f dus P;(p2) 
—1 |i! 


l=0 


R(u1) rl ry! ra! 
x dr; ry? dro re a (32) 
Rk R(u2) poltl tH 


(M2) 


where the addition theorem has again been used and 
the order of integration inverted. Since R(u) is an even 
function of yu, this becomes 


4) 
U\=8re > 


even! “9 


R(u) rl ry! re! 
x dr; nif dro r3(- -), (33) 

R(u2) R(u2) sient ike 
It is readily seen that U;° contains no linear or quadratic 
terms in the deformation parameters a,. While the 
individual terms of the infinite sum in (33) do not 
separately vanish, the series of terms has been found 
to converge to zero for third-order to seventh-order 
deformations. This is further discussed in Appendix 2 


1 M1 
du Puiu) f dus P;(p2) 
0 
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where the convergence proof is given explicitly for 
the third-order a,* terms. For all deformations con- 
sidered in this paper, the contribution of U;° to the 
electrostatic energy vanishes. 

Returning to Eq. (30), we set 


is) 
U.°= } ui", 
l=0 
where 


np? 


62 oe 


1 
- ae -f du P1(u)R?-"(p) 
(1+3)(1—2)/4 , 


1 
x f du! Pi(u')R'*(u’) for 10, 2, 
1 


9 1 


rp? 1 
f du re) f du’ R*(p’) 
3 = 1 


Uy’ =- 


1 


2r’*p* 
-— f R*(u)dy, 
15 1 


Qx%p? pl 1 
-_ f du Pals) Ru) f du’ P2(p’) InR(y’). 
1 = 


5 
Introducing the dimensionless quantities = U*/ 


(3Z°e/5Ro) and £)°= u;°/(3Z*e?/5 Ro), one finally obtains 


i; 
See [1+ > anPn(u) |®du 
8J_, m 


a 
ge= > 
en 


2 


1 


+ J dp Po(u)[1+ > anPn(u) |* 
1 n 
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1 
x f dy’ Pou’) [1+ ¥ anPr(u’)], (35) 


=| 
where, for 12, 
15 


£,¢c¢= 
s 


l 


1 
. a f du Pv) (1+ X anPa(u) PF 
8(1+-3)(J—2)4_1 " 


1 
xf dy’ Py(u')[1+ be anP.(p’) }*. 
= n 


If only even harmonics are included in > a, (corre- 
sponding to symmetric deformations), £:° will vanish for 
odd J. The number of terms to be taken in the sum 
> £:° will depend on the number of harmonics included 
in >> a,P, and the order of approximation desired for 
a power series in the deformation parameters dp. 

The potential energy of deformation is given by 


AU =U*+U*—4nRPO—3Z*e"/5Ro, 


(36) 
t= AU/(4eR@O) = (€*—1)+2x(E—1), 


AT Ri. Bs 
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where £*= U*/(4rR(?O) and 2x= (3Z%e?/5Ro)/ (4rR(?O). 
Classical instability with respect to second harmonic 
(P2) deformations sets in for x=1. Since the value of 
x for iooFm*** is in the neighborhood of 0.815, it is 
clear that large amplitude deformations must be 
investigated. This may be done by developing Eqs. (24) 
and (35) into a multiple power series in the a,. We shall 
again assume that a,=0 for n>2; then a straight- 
forward calculation® gives the following results for 


38 36 
(nl ig te 
5 3X5X7 °X7 SX7X11 


+0.053162a2°—0.088832a2’7+-0.0043574a,5- - -, 


a»® 


1 4 157 
§*=1—-a?— — ae+ —_ ast 


5 3xX5X7 3x72 


— 0.04241 1a2°+0.0057942a2’+0.0027802a,%---, (38) 
where do has been eliminated with the aid of Eq. (15). 
Through substitution of Eqs. (37) and (38) in Eq. (36), 
the potential energy of deformation is obtained as a 
function of a2. The resulting expression for AU (a2), 
which has been previously denoted by V (az) in Sec. 2, 
will be used to calculate the penetration factor. 


5. APPLICATION TO THE SPONTANEOUS 
FISSION OF FERMIUM 


The penetration factor for spontaneous fission is 
obtained from Eq. (4) on substituting the effective-mass 
expression of Eq. (23) and the potential energy of 
deformation given by Eqs. (36), (37), and (38). Since 
the effective mass and the deformation energy are 
both expressed as power series in the deformation 
parameter d2, the applicability of the formulas is 
limited to nuclides for which the value of a2 at the exit 
of the barrier is small enough to ensure good con- 
vergence. No known nuclide satisfies this condition at 
the present time ; however, faute de mieux, the formulas 
will be applied to 100/m*** whose spontaneous fission 
half-life of 3.5 hours is the shortest that has yet been 
measured.’ 

The deformation energy is expressed in terms of 
4rR°O and x for the nuclide in question. In terms of 
the usual parameters ro and y of the Weizsicker 
semiempirical mass formula, we have: Roy=1A}, 
4rRPO=yA!, and x= (Z?/A)/(10yro/3e?). The values 
of ro and y are not well fixed. The barrier depends 
sensitively on « and thus on yro, which is uncertain by 
about 3%. The value of x appropriate to Fm*® is 
about 0.815. Two further difficulties arise in attempting 


6 These terms were first calculated by one of the authors 
(R.D.P.) in collaboration with J. K. Knipp; an error in the earlier 
work, first noticed by M. E. Rose, has now been corrected. 

7Ghiorso, Harvey, Choppin, Thomson, and Seaborg, Phys. 
Rev. 98, 1518 (1955). 
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to apply the formulas; one of these is inherent in the 
liquid-drop model and the other is a result of approxima- 
tions made here. It has been mentioned in Sec. 1 that 
the liquid-drop model activation energies or barrier 
heights fall off more rapidly with increasing Z?/A than 
experiment indicates. The barrier height for the Fm*** 
fission should be about 3.0 Mev according to the 
calculations of references 1 and 2 with a reasonable 
choice of y and 79. In view of the observed trend of 
fission thresholds with Z?/A, this barrier height is 
undoubtedly too low. The second difficulty arises from 
our neglect of the deformation parameters a, for 
n>2; since the saddle path is not followed, the barrier 
obtained is theoretically too large. A barrier height 
close to 8 Mev is obtained for Fm*** from the a2 terms 
given in Eqs. (37) and (38). 

The absence of threshold data for photofission and 
neutron-induced fission of the highest Z elements makes 
it difficult to estimate the true barrier height. Some 
attempts*’ to use spontaneous fission half-lives to 
estimate fission thresholds have been based on a semi- 
empirical formula which gives fairly good results in 
the neighborhood of Z=92. The extrapolation of this 
formula to Z~100 is very questionable, however, in 
spite of some interesting correlations with slow neutron 
fissionabilities. The barrier height estimates of reference 
8 give 4.9 Mev for Fm***; this value, which is probably 
too large, includes an uncertain allowance for the 
induced fission threshold being below the top of the 
barrier. 

Because of the sensitive dependence of the penetra- 
tion factor on the height of the barrier, no reasonable 
value of the half-life can be expected from a barrier 
whose height is not approximately correct. We have 
therefore proceeded by treating x as an ad hoc parameter 
whose value is adjusted to give the theoretical barrier a 
reasonable height for the Fm isotopes. Although the 
height of the barrier is made empirical, its width and 
general shape are determined by Eqs. (37) and (38). 
It is found by comparison with the saddle point 
parameters of reference 2 that the adjusted barrier is 
somewhat too wide for its height, and that it is therefore 
better to underestimate than overestimate the height. 
In view of these uncertainties, we shall not attempt to 
assign a definite barrier height or x value to the Fm 
isotopes, but we shall assume that the barrier heights do 
lie between the liquid-drop value of 3.0 Mev and the esti- 
mate of 4.9 Mev from reference 8. It should be noted that 
uncertainties in the liquid-drop values arise from zero- 


point effects, which have not been taken into account, 
and also from a possible nonspherical shape of the 
nucleus before undergoing fission. Further uncertainty 
in the barrier for any specific nuclide comes from 


8G. T. Seaborg, Phys. Rev. 88, 1429 (1952); R. Vandenbosch 
and G. T. Seaborg, Phys. Rev. 110, 507 (1958). 

9J. R. Huizenga, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 208. 
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possible effects of shell structure on the ground state 
energy, similar effects being absent from the activated 
state. 

The considerations of the preceding paragraph might 
appear to preclude the possibility of a significant 
comparison between the theoretical formulas of this 
paper and experiment. While such a comparison would 
not be very meaningful for the half-life of a specific 
nuclide, e.g., Fm*®*, we are nevertheless able to make a 
reasonably reliable estimate of the variation of the 
penetration factor and half-life produced by a variation 
in the barrier height for nuclides of the highest Z values, 
e.g., the Fm isotopes. If JT denotes the spontaneous 
fission half-life and r=logio7’, then the change 6dr 
associated with a change in barrier height de can be 
written as: 6r=kée, where k is defined” as the spon- 
taneous fission hindrance factor. In general k will be 
expected to vary with Z?/A and this variation has been 
studied in reference 10; we shall now calculate & for 
the fermium isotopes (Z?/A = 39), 

The evaluation of the penetration factor is straight- 
forward when the choice of x has been made. The 
values of x were selected to give barrier heights of 3.0 
Mev and 4.9 Mev. Since the effective mass has been 
determined through terms in a»! and since the deforma- 
formation energy expansion begins with the a,” term, 
consistency requires that terms through a.° in Eqs. 
(37) and (38) be included in the integrand of the 
penetration integral. The additional terms in a2’ and 
a* have been used only to fix more accurately the 
upper limit of the integral, which corresponds to the 
exit of the barrier. The exit values of a are so large 
(~0.8 to 0.9) that the convergence is not satisfactory. 
Some indication of the error that can arise in this way 
is given by dropping the a,° term in the deformation 
energy and also by omitting the a‘ term in the effective 
mass. The ratio of the penetration factors or reciprocal 
half-lives corresponding to barrier heights of 3.0 Mev 
and 4.9 Mev is found to be 107-4+!-6 where the limits of 
error correspond to the convergence uncertainties 
mentioned above. The resulting value of the hindrance 
factor is 3.7+0.8 per Mev—i.e., an increase of 1 Mev 
in the barrier height corresponds to an increase of 
10°? in the half-life. This result disagrees with the 
half-life formula proposed in reference 2, which gives a 
constant hindrance factor of 7.85 per Mev. While the 
latter formula has received some confirmation for the 
uranium isotopes, our results indicate that it must 
fail badly for higher Z values. 

The hindrance factor has been deduced from experi- 
mental data in an ingenious way by Swiatecki.!° He 
finds that deviations of individual 7 values from a 
straight-line graph of 7 vs Z*/A are correlated with 
deviations of the nuclear masses from the Weizsicker 
semiempirical mass formula. The latter deviations 
are probably associated with shell-structure effects 


1 W. J. Swiatecki, Phys. Rev. 100, 937 (1955). 
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that are presumably absent in the activated state 
at the top of the barrier; hence the mass fluctuations 
correspond to fluctuations in barrier heights and these 
are connected with fluctuations in the _ half-lives. 
A study of 28 spontaneous fissions of elements from 
Z=9% to Z= 100 has shown a variation of the hindrance 
factor with Z*/A which is well represented by”: 
k=42.5—Z*/A per mMU. Our calculated value of & 
for the fermium isotopes is in good agreement with 
this formula. 
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APPENDIX 1 


The calculation of the velocity field for the liquid 
drop was begun in Sec. 3. Equation (16) is used to 
determine the coefficients b, of the velocity potential ; 
any b, can be written as b,=G2 > mao Bn'™a2™. One 
obtains the &th order approximation by terminating 
the sum with m=k. Equation (16) is an equation in 
two different sets of linearly independent functions; 
one set is the set of Legendre polynomials. All products 
of Legendre polynomials can be removed by the 
combination laws; one then equates the coefficients of 
the separate P,(u) for the left and right sides of Eq. 
(16). The other set of independent functions is the set 
of powers of a2; this set also leads to equating of 
coefficients for each member of the set. The 6,‘” are 
chosen to satisfy these requirements for the two linearly 
independent sets. 

Two combination laws are used in reducing the left 
side of Eq. (16) to a linear combination of the P,,(u). 
The two are 


3 (m+1)(n+2) 


"2 (2n-+1)(2n+3) 


n(n+1) 


(2n—1)(2n+3) 


P. 2 


3 n(n—1) 
-+- a 
2 (2n—1)(2n+1) 


> 
n—2y, 


2n+1 
ot+—————__P,, 
(2n—1)(2n+3) 


P}P,)= 


tl n+2 


2n+1 2n+3 


When all powers of a2 greater than a,* are discarded 
from the reduced form of Eq. (16), the coefficient of 
each P,,(u) is reduced to a finite number of terms. For 
large N, Py(u) in the original form of Eq. (16) con- 
tributes to P,,(u) in the reduced form through combina- 
tions such as [@2P2(u) |"Pn(u); in the &th approxima- 


Aw me. SDs 


PRESENT 


tion these products contribute to the coefficient of 
P,(u) only when N <n+2kh. 

We now calculate the 6,’s to the second approxi- 
mation. In this approximation 


R™(u) > 14+maot+marP2(u)+3m(m—1)a"[P2(u) f, 


and 


dig= — 31+ (a2/7) Jaotir. 


Equating the coefficients of Po in the reduced form of 
Eq. (16), one gets 


2b2(— 2a2)+4b,a2"[ 2/(5X 7) |= do. 


Since 8B, =0, bya is of order of a2* and is therefore 
dropped. The resulting equation, 


b= 40.[1+ (a2/7) |, 


checks the first-order result for 6.. Equating the coeffi- 
cients of P»2 yields 


1 1 1 
2( —-d2— a) +4bi(-0.) = da, 
7 5 7 


and, using the first-order result for b,, one obtains 


1 1 1 1 
2a| “(14+ 02) +8:% 07 1 Core a) 
2 7 J 7 > 


2x5x7 


which is an identity in @2 to quadratic terms if 6B: 
=54/(5X7*). Equating P, coefficients leads similarly 
to the value of 6,° and equating Pe coefficients leads 
to the first nonvanishing term (85) in 6s. On equating 
P, coefficients for n>8, the corresponding 6, are 
found to vanish in second order. The second-order 


54 
a.+——a? }, 
5x7? 


459 
7 eye A fee G | | 


result is 


1 
b= (—+ 
2 27 





b,=0 for n>8. 

In the higher orders of approximation it is found 
that (1) the &th order equation for the Po coefficient 
merely checks the value of }. found in the (k—1)th 
order, (2) the first nonvanishing term (8,') in b, 
appears in the /th order equation for the coefficient of 
P,, and (3) with each new order there is a single, new, 
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TABLE I. Coefficients of the velocity potential. 





} 0 
1/(2X7) —27/(2X5 X7) 
54/(5 X72) 459/(5 X72 X11) 

—0,033439 —0.92474 

0.133007 0.70465 


) 
45/(7 X11) 0 
—0.67367 —1.05734 


2.8667 1.99330 2.0834 


nonzero b,. In the &th order approximation, 
k 
b,= de } Bri” d2™, 
4(n—2) 


and when n>2k+2, b, is zero in the kth order. 
results to fourth order are given in Table I. 


The 


APPENDIX 2 


We wish to evaluate formula (33) for Uy%. The 
integrations over r2 and 7; are carried out and we then 
substitute 1+ o+a2P2(u) for R(u). Expanding in 
powers of a: and neglecting terms beyond third order, 
it is readily found that the terms in @2 and a,” vanish 
[as may also be seen by inspection of Eq. (33) ] and 
that the a,* term is given by 


1 


du Pi(u) 


U\°=4$n°"p*a2' 


os (21+1) 


even l 0 


x f du! Pi(u')LPa(u)— Pau’)? 


=e 


arias f inf ay! & (21+-1) (w—p’) 


x Pi(u) Pilu 2(u)— Po(u’) P. 


It is readily seen that 


N 


DL (21-+1) (ww?) Pi(u) Pilv’) 


l=0 (even) 


_ (+1) N+2) 


—[Py 
2N+3 


+2(u)Pw(u’) — Py (u) Prio(u’) J. 


The a2* term is then proportional to 


_ (W+1)(N+2) 
lim - — “fa “ff du’ Pr+o(u)Pw(u’) 
N-0o 2N+3 


— Py(u)Pw+2(u’) J[P2(u)— Po(p’) P. 


A typical term in the integrand is of the form: Py42(u) 
XPw(p’)yemy”". We set w2"Pwi2(u) => AmPa(u) and 
p?"Py(u’)=> BiPx(u’) and note that, when N is 
large, L and M are large even integers and the coeffi- 
cients Ay and By; become independent of NV. Thus one 
obtains a finite number of integrals of the form 


(N+1)(V+2) 
2N+3 


(N-+1)(N-+2) 
-f dp Pu (wu) LP r4i(u)— Pr-1(u) J. 
~ (2N+3)(2L-+1) 


4 
‘aePatn f a Pu 


The integral fo'Pu(u)Px(u)du with M even and K 
odd can be readily evaluated in closed form and, when 
M and K are both large and of order N, can be seen 
to vanish as N“! as N—> «. The a,’ term therefore 
vanishes. A similar proof can be given to show that 
higher order terms also vanish. 
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6-y Correlations in the First Forbidden Transition* 
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A discussion is given of the theory of §-y correlations in the unique and nonunique first forbidden transi- 
tion. In particular, numerical results are presented for the Coulomb corrections to the 8-y directional 
correlation and transverse 8 polarization—y correlation. The energy dependence of the contribution associ- 
ated with violation of time-reversal invariance is given. 


INTRODUCTION 


T is the purpose of this article to show what kind of 
information can be obtained from various 8-y cor- 
relation and transverse polarization experiments. In 
particular, the Coulomb corrections are given for these 
processes. Some features of the 6-y directional correla- 
tion were discussed many years ago! while the parity 
nonconserving processes have been discussed by Alder, 
Stech, and Winther,’ Curtis and Lewis,’ and Morita 
and Morita,‘ and by the present authors.® The Coulomb 
corrections have been independently investigated by 
Iben.® 
We shall discuss the first forbidden 8-decay transition 
probability in terms of an expanison in powers of p, the 
nuclear radius. (Actually the lepton wave functions are 
expanded.) The orders of magnitude of successive 
terms in this expansion are as follows: 


Allowed transition: 


1+aZp+:::, (1a) 


Nonunique first forbidden: 


aZ\? aZ 
ae 
2p 2p 


Unique first forbidden: 


1+aZp+:-:-. 


(1b) 


(1c) 


Here p is in units of electron Compton wavelengths, so 
these expansions converge rapidly. According to the 
usual definitions, the second term in any of the expan- 
sions (1) will include contributions of “higher forbidden- 
ness.”? Thus in (1a) the aZp term involves allowed and 
* Supported in part by the National Science Foundation. 

+ On leave from Tokyo Metropolitan University, Setagaya, 
Tokyo, Japan. 
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Gamma-Ray Spectroscopy, edited by K. Siegbahn (Interscience 
Publishers, Inc., New York, 1955), p. 568. 
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second forbidden contributions. The second and per- 
haps higher terms become of interest if the first term 
in the expansion is unusually small due to small nuclear 
matrix elements (e.g., /-forbiddenness in the allowed 
transition), if the energy of the decay is very high, or 
simply if a very accurate experiment is performed. A 
high-energy decay causes difficulty because successive 
terms in the expansion generally involve one higher 
power of Wo, the end-point energy, in units of the 
electron rest energy. 

The second term in the expansion for the allowed 
transition (la) and nonunique transition (1b) also 
contains the first nonzero contributions to the B-y 
directional correlation and transverse 8 polarizations. 
The magnitude of these contributions yields information 
about the rapidity of convergence of the expansions 
and about nuclear matrix elements. 

In this article, we confine ourselves to the leading 
term in the expansion (1) which contributes to an 
observable. We will include, however, all Coulomb 
corrections and nuclear finite size effects. This approxi- 
mation is seen to be somewhat better for the allowed 
and unique transitions than for the nonunique. Indeed, 
because of the structure of the expressions in the latter 
cases, we must also keep in mind the possibility of 
cancellation of nuclear matrix elements in the leading 
terms. 

We shall assume that the (local) V and A inter- 
actions’ and the two-component theory of the neutrino, 
Cy=Cy’' and C4=C4’,"° characterize the B decay. 


THE NONUNIQUE TRANSITION 
In a previous Letter"! we discussed the accuracy and 
utility of the “¢ approximation” for the nonunique first 
forbidden transition. In the ¢ approximation only the 


M. Morita, Phys. Rev. (to be published); see also, for example, 
Appendix A of reference 5. 

§ The first term in the expansion may also contain such higher 
forbidden contributions but these are small corrections to the 
magnitude of the term and introduce no new energy dependences. 
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TABLE I. The numerical coefficient for the 6-y correlation: 6 is the ratio of the matrix element for the electric quadrupole transition 


to that for the magnetic dipole transition, Ao= (1+6)-!, Ai=(1-+-2v35—6?)Ao, Ae= (1+2v35/5+ 267) Ao, As= (1+105/v3 — 
ail pinion )Ao. See shee (8) for the definition of of Gr’ abi 
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leading term for any observable is kept in the expansion 
(1b) in descending powers of £=aZ/2p. 

In this approximation the energy spectrum has the 
allowed shape. The shape correction factor is 


C(W)=|V 2+ ¥|2, 


where V and FY represent certain combinations of 
nuclear parameters : 


V=£'00+ 2éwo(1+y1)7, 


(2) 


Y= &’yo— 2é[uo(1)+40(1) J(1+y1)7, 


where y,=[k?—(aZ)?}!, and the subsidiary nuclear 
parameters have the significance: 


16+ fenc—2, 


moo=Ca fork 1), 


nt0=Ca f ivsR(—1), mo(1)=Ca f ioXxR(), (4) 


enyw=—Cr f iaR(—1), nvo(1)=—Cr f rR(1). 


These parameters can all be taken as real if there is 
time reversal invariance. The energy independent 
quantity R(x) entering in the matrix element accounts 
for finite nuclear size effects'? (x is an electron angular 
momentum quantum number). The parameters 
Uo,***,Yo are defined so that they may be of order 
unity. One of the interesting unsolved problems of 
forbidden 8 decay is to determine the magnitude of the 
parameter é’ relating the relativistic to the non- 
relativistic matrix elements.!!:% 

Certain other observables in the nonunique decay 
depend just on these same parameters V and Y. It can 
be shown that for every observable of the type that 
normally occurs in the allowed transition [i.e., that 
occurs in the leading term of (1a) ], the expression for 
the same quantity in the nonunique first forbidden 
transition can be obtained in the £ approximation by 


12 See Sec. 3A of reference 5. 
13 Crudely perhaps, ¢=¢’. It is however, indicated in reference 
11 that this relation probably does not hold for low Z. 


58/21) Ao, 


Goi(1) Gui) 

0 —Ao/VI 

0 —5A2/6v2 
—$A2(5/3)! —As/3v2 

0 A2/2v2 

0 —1/2v2 
—1/\/6 —1/6v2 
“3427 — Ay/7v2 


Examples 


‘wel (?) 
agin"? 
7gAul 
soHg™8 (?) 
69 Tm!” 
17C}8, 9K, 59Pr™42, 
58C ell 


7oAuls 


using the substitution: 


CyMr— nV, 
(S) 
CuMor— nV. 


For these observables, as in the allowed transition, 
there are then no Coulomb corrections. In (5), Cr, Mr, 
Cat, and Mgr are coupling constants and matrix 
elements for the Fermi and Gamow-Teller transitions, 
respectively. Thus, for example, the measurement of 
circular y polarization—§ correlation is defined by 


_N(R)—N(L) 


w(p/W SA, 
vit 


(6) 


where .V(R) and V(L) are the numbers of y rays with 
right and left circular polarization, respectively. Here 
p and W are momentum and energy of the # ray, 
respectively. w depends on the relative magnitude of 
V and Y. We have, in the £ approximation," 


w=[2G(1) Re(VY*) (W)-, (7) 
Here C(W) is given by (2), and, for the transition 
Jo—(B) > Ji— (vy) > J, 


Gy (n) = (—1 )J1-JOoW (TT ;nJo)(2J,+1)! 

x [> LL’ (-— 1 LtL' FO (LL’JoJ )bz*6z, os | Ot | +i 
where 
FALL JSeF3) 


= (—1)4-Y>1[ (2, +1) (2L+1)(2L'+1)}! 
XC(LL'n, 1-1)W (JJ, LL’ 


The F coefficients, F,(LL’,J2J;), are tabulated by 
Alder, Stech, and Winther. The 6,,s are reduced 
matrix elements for 24-pole y-ray emission.{ Numerical 
values of G)y-() are listed in Table I for some 8 decays. 

Similarly, the longitudinal 6~ polarization with or 


(8) 


;nJo). 


4 F, Boehm and A. Wapstra, Phys. Rev. 109, 456 (1958). 

t Note added in proof.—Concerning the definition of 6, a sign 
ambiguity is pointed out by Biedenharn and Rose [Sec. II-F of 
their paper, Revs. Modern Phys. 25, 729 (1953) ]. We define the 
reduced matrix element for the y-ray transition from the J; to Jz 
states as follows: 

6L= (J; || L\|J2), 
and the ratio 6 is 
6=6141/5L. 
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TABLE IT. A; as function of Z and electron momentum p. The 
units are A=m,=c=1. The nuclear radius is taken to be p=1.14 
X10-%Ai cm. The values of A used were 43, 93, 148, 200, and 
258, respectively. The same numbers apply to electron and 
positron decay. If a different nuclear radius is used, all the 
numbers in any column should be multiplied by a constant 
according to Eq. (14). The change would be very unimportant. 


20 40 


1.592 
1.265 
1.117 
1.038 
0.991 
0.962 
0.943 
0.930 
0.915 
0.908 
0.904 
0.903 
0.902 
0.903 
0.904 
0.905 
0.907 
0.908 
0.912 
0.916 
0.920 
0.923 
0.930 
0.936 
0.941 
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without a y-ray coincidence, Pz? or Pz, in the £ approxi- 
mation is seen by (5) to be 


P~Y=—p/W. (9) 


Angular dependence between 8 and y enters to an 
order 1/€ smaller than this, as does different energy 
dependence. 

The 8-y correlations which are very small (aZp) 
corrections in the allowed transition occur as small 
(i.e., 1/£) effects in the nonunique first forbidden transi- 




















Fic. 1. \: as a function of Z and electron energy W. The units are 
h=m,=c=1. Negative values of Z apply to positron decay. 
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tion. In the latter case, in the approximation, the 
6-y directional correlation has the form 


N=1+ (3 cos*@—3), 


R; Wiz I 
(2) defo) 
W/C(W) pro / Rs 


The X,’s here, and in (21) and (22) below, contain 
Coulomb corrections of order (aZW/p). If these are 
neglected, \;=1. In particular, 


(10) 


where® 


(11) 


Ae=A12A [cos(@2.—6;)+y sin(6.—6;)/(v2+2y1) ], (12) 
and 
\s=$rtA[y7 sin (82—61) — cos(82—81)/(y2+2y1) J, (13) 


where 


A= (24-72) Fi(Z,W)/2(1 +71) Fo(Z,W) 
121 (1+2y1)\? 
r'(i+2y2) ) 
ee 3 


4 (2+-2) 


= (app)tor-ar9( 
2(1+71) 


, (14) 
T'(yi+1y) 


A=}(34+72—1)(24+271)*(24+72)-4, 


6, =argl (yi. +iy)+39(1e—k), 


(15) 


and 

y=aZW/p. (16) 
Numerical values for \; and ): are presented in Tables 
II and III, respectively. Curves for \; have been given 
by Davidson [the actual numbers shown by him 
differ from ours because the size of the nucleus has 
changed, and he made an (a@Z)? approximation ]. 
Curves for \2 are given in Fig. 1, and for WA3/pAz in 
Fig. 2. 

In Eq. (11), Rs and Js; are energy-independent 
quantities. If the time-reversal assumption is correct 
for the weak interaction, 73; vanishes. The detailed 
expressions are 


M3= (2)4{Go2(2)[z0(—2)V_}* 
—2Gy1(2)[(1—4u0(—2))¥* ]} 


—Gi2(2)[z0(—2)¥*], (17) 


R;=ReM3, I;=3 ImM;, (18) 


where G,,'(m) was defined in (8). Some numerical 
values of G),’(2) are listed in Table I. It is seen that to 
describe ¢€ we need two more matrix element ratio 


18 J. Davidson, Phys. Rev. 82, 48 (1951). 
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TABLE III. d2 as a function of Z and electron momentum /. See caption of Table II for units. 
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93 148 


The negative Z values apply to positron decay. 
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1.068 1.088 
0.986 0.931 
0.950 0.863 
0.932 0.830 
0.922 0.812 
0.917 0.802 
0.913 0.796 
0.911 0.793 
0.910 0.791 
0.910 0.791 
0.910 0.794 
0.911 0.796 
0.913 0.798 
0.914 0.801 
0.915 0.803 
0.916 0.806 
0.917 0.809 
0.918 0.811 
0.921 0.817 
0.924 0.822 
0.926 0.826 
0.928 0.831 
0.931 0.839 
0.934 0.845 
0.937 0.851 
0.939 0.856 
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parameters, in addition to V and Y, 


nag, f B,,R(—2), (19) 


(20) 


uo(—2)=7 Ca f ioxeR(—2) 


The transverse 8 polarization in the plane of 8 and y 


(in the direction [p.Xp, |Xp-) is*® 


p\ Rs 
Pry= —§ sinO cos6\6{ — }—— 
w/c(W) 


Wrr\ Ls) 
x|1+402(—") | 21) 


and the transverse 8 polarization perpendicular to the 
plane of 6 and y (in the direction p.Xp,) is'® 


, pb Rs 
Pri= (9/8)aZ sin cos#\s— 
W C(W) 


Wro\ Is 
x| 1+402( )e I (22) 
prs 7 Rs 


16In the case of very low Z nuclei, where this leading term 
becomes fairly small because of the coefficient aZ, it may be 
necessary to look for the (1/£) correction terms which have no 
aZ coefficient. This additional contribution to P7, among many 
other terms is 
sinO cos6\10(p?/W )[14/C(W)], 


0.419 
0.429 
0.437 
0.445 
0.460 
0.472 
0.483 
0.493 


LF 
1.024 
0.981 
0.960 
0.947 
0.939 
0.935 
0.931 
0.928 
0.927 
0.927 
0.928 
0.929 
0.930 
0.931 
0.932 
0.933 
0.934 
0.936 
0.939 
0.941 
0.943 
0.946 
0.950 


1.028 1.247 
1.003 1.054 
0.993 0.966 
0.987 0.920 
0.984 0.893 
0.982 0.877 
0.981 0.867 
0.980 0.860 
0.979 0.853 
0.979 0.851 
0.979 0.851 
0.979 0.852 
0.980 0.853 
0.980 0.855 
0.980 0.857 
0.980 0.860 
0.980 0.862 
0.981 0.864 
0.982 0.869 
0.983 0.874 
0.983 0.879 
0.984 0.883 
0.985 0.891 
0.986 0.898 
0.986 0.952 0.904 
0.986 0.954 0.909 


1.081 
0.943 
0.869 
0.826 
0.799 
0.783 
0.772 
0.760 
0.756 
0.756 
0.757 
0.760 
0.763 
0.767 
0.771 
0.775 
0.778 
0.788 
0.796 
0.805 
0.812 
0.826 
0.838 
0.849 
0.859 


Here, in both expressions, R; and J; are the same as in 


e, (11), and C(W) is as in (2). Also, 
As=ArbL (vot 1+y1)/(3+72—-71) JA cos(62—61) (23) 


and 


s=$L(rity2t3)/(1+-71)(1+yvitv2) Is. (24) 


As is plotted in Fig. 3. The Coulomb coefficients of the 
time reversal violating term are essentially the same in 
(21) and (22). That is, 

Whz/ prAo= Wo/ prAs= tan (82-81) /aZ. (25) 


This quantity is shown in Fig. 4. 


Fic. 2. Whds/pr2 as a 
function of Z and W. 











where, 
A190 = 612A (1 + 71) 1(27; + 1) Wy cos (6.—0;)+y sin (@.—6;) ]. 


1,/C(W) is of order of less than (1/)? (see Sec. 4 of reference 5) 
and vanishes, if time reversed assumption is correct.’ 
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z=0 


z= 60 
Z=-80 
Z= 80 


Fic. 3. \¢ as a function of 
Zand W 


THE UNIQUE TRANSITION 
The energy shape correction factor is 
C(W)=1/12[g?| zo(— 1) |?-+- p?A1| 2o(— 2) |? ], 


where q is the neutrino momentum (¢=W »—W), and 


(26) 


(27) 


Zo(— )=9iCa f BuR( 1), 


and A, is defined in Eq. (14) and tabulated in Table IT. 
The difference between 2o(—2) [Eq. (19) ] and 2o(—1) 
should be very slight.'7 The more commonly given 
expression for C,'® 


C= (Plot 9L,)[6(1 +71) 


differs from (26), in that certain aZp terms [see expan- 
sion (1c) ] are retained in (28). Terms of order aZp due 
to higher forbidden contributions and finite nuclear 
size effects are not retained in (28), however, so there 
is little to choose between (26) and (28). This is just 
to say that the accuracy of (26) is the same as that of 
the ordinary allowed transition expression. 

Letting zo(—1)=zo(—2), the B-y correlations in the 
unique first forbidden transition are, briefly,’ 


(28) 


(29) 
(30) 


PL =—p/W, 
€= — (F)'Ga2(2)p°di/(P+P"Ar), 
(5g?-+3d1~")G22(1) — 3d1p?(5 cos’*®@—3)Go2(3) 
“10g? + Asp?) e(§ cos#—3)] 





(31) 


There are no transverse 6 polarization—+y correlations 
in the unique forbidden transitions. 


DISCUSSION 


As far as general properties of the @ decay are 
concerned, in principle, a test of time reversal invariance 

17 See Sec. 3D of reference 5. According to Sec. 3A of reference 
5, and the results of Matumoto and Yamada, Progr. Theoret. 
Phys. 19, 285 (1958), 
[:20(—2)—20(—1)/zo(—1) = {((R(—2)—R(—1) /R(—1) }rmp 

=0.04(aZ)* 

for a uniform distribution of charge in the nucleus. 

18M. E. Rose, in Beta and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p. 884. 
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Fic. 4, Whz/ prs 
=W)bo/prAs as a function 
of Z and W. For any Z 
in the case of positron 
decay, the curve lies very 
close to the Z=0 curve. 














of the 8 interaction can be made by searching for the 3 
term in the nonunique decay. A careful energy- 
dependence measurement is needed to distinguish the 
two terms R; and J;. From Fig. 2 it is seen that the 
difference in energy dependence of the two terms is not 
large, in the B-y directional correlation. The situation 
is more favorable in the case of transverse polarization, 
Fig. 4. This experiment is, however, much more difficult 
than the directional correlation. In either case, even 
if there is no deviation from the energy dependence of 
the first term, namely, \2(p?/W) for € or \6(p/W) for 
either Pr, or Pr, limits on the accuracy of time- 
reversal invariance could not be deduced without some 
information about the unknown nuclear parameters. 
This is true because J; involves a different nuclear 
parameter combination than R;. Therefore many ac- 
curate experiments for various quantities in the same 
decay would have to be done to get some relations 
among the involved unknown nuclear parameters, as 
discussed below. If there is a different energy depend- 
ence than A2(p?/W’) for € or \6(p/W) for the transverse 
polarization of the 6 ray, it would have to be shown 
that contributions from the term of order unity in 
(1b), like R3” in (33) below, could not be responsible. 
It seems that these measurements do not offer a 
possibility for a clear cut check of time reversal 
invariance. 

Up to the present time, it has not been possible to 
determine nuclear matrix elements reliably in the non- 
unique decay. For the study of nuclear matrix elements 
it is convenient to consider the four parameters V, Y, 
zo, and “#o(—2). In the approximation, the ratio V/Y 
can be determined from observables of the type that 
occur in the allowed transition. Thus the circular y-ray 
polarization, Eq. (7), yields a quadratic expression in 
V/Y. Measurement of the 6-y correlation by means of 
resonance fluorescent scattering of the y would be 
useful to fix the quantity V/Y. The theoretical expres- 
sion for this process may be obtained by the substitution 





B-y CORRELATIONS 


of (5) in the allowed transition expression.” Other B-y 
correlations discussed here involve the combination R3 
(and also /J3). Clearly, measurements that can be 
wholly described within the & approximation will not 
yield enough information to determine simple matrix 
element ratios. Such measurements can be used, how- 
ever, to determine spins, and in special cases we may 
obtain Jimited information about matrix elements. In 
a 0-1 8 decay, for example, 2o(x) and V vanish. Measure- 
ment of the 6-y directional correlation would yield a 
value for Re{[1—30(—2) ]¥*}/| Y|*. In this case the 
circular polarization coefficient is just w= —V2G,;(1), 
depending only on the mixing of different multipole 
vy rays. In a 3-3 B decay, the quantity 


Re{[1—40(—2) ]¥*}/| ¥|2 


could be deduced by combining measurements of these 
two quantities since zo(x)=0. 

The situation becomes more promising if, in addition, 
deviations from the £ approximation or lack of them 
can be measured for the same decay. As illustration, 
we note that very accurate measurements of the 
deviation or its lack from the allowed shape energy 
spectrum, give values for, or upper limits on, the 
constants, a, b, and c,° defined by 


C(W)=k[1+alW+ (6/W)+cW?]. 


The constants, a, 6, and c, are functions of unknown nu- 
clear parameters. The a and arise from the £-order term 
of (1b) and so should be of order 1/£ for heavy nuclei.” 
(In a case where a and 6 are comparable with unity, 
like RaE, the expressions in this paper are not sufficient.) 
By including the next term of the & expansion, the B-y 
directional correlation coefficient has the form® 


i? PR; : 
‘W C(W) 


(32) 


Wiz Ts 
aZ— _+RI+WR,"| (33) 
pro Rs 


where R;’ and R;” are energy independent to order 
(aZW’/p)? and are of order 1/£. C(W) must be defined 
by (32). Here some 1/€ terms are neglected, which 
vanish if time reversal invariance is correct. In addition, 


1S. B. Treiman, Phys. Rev. 110, 448 (1958); Frauenfelder, 
Jackson, and Wyld, Phys. Rev. 110, 451 (1958); R. R. Lewis and 
R. B. Curtis, Phys. Rev. 110, 910 (1958); Morita, Morita, and 
Yamada, Phys. Rev. 111, 237 (1958); M. Morita and R. S. Morita 
Phys. Rev. 111, 1130 (1958); C. C. Bouchiat, Phys. Rev. 112, 
877 (1958). 

2” The measurement of longitudinal polarization of the y ray 
can help to check the numerical values of a and b as discussed in 
references 5 and 11. 
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one can, in principle at least, look for deviations from: 
(1) the p/W energy dependence in longitudinal polariza- 
tion [see Eq. (3-20) of reference 5], (2) isotropy in the 
longitudinally polarized 8-y correlation [see Eq. (4-20) 
of reference 5], (3) p/W energy dependence in the 
circularly polarized y-8 correlation [see Eq. (4-18) of 
reference 5], or (4) \6(p/W) energy dependence of P7,, 
or Py, [where expressions similar to (33) apply ]. 

Let us consider the simplest case, a 0-1 8 decay. 
Here we introduced the two nuclear matrix element 
parameters Y and uo(— 2). When we examine deviations 
from the £ approximation, we find that other parameters 
such as mo(1) and m(—1) occur explicitly.’ These 
parameters differ only in the finite size effect function, 
R(x). It would seem a reasonable procedure to calculate 
R(x) for a particular charge distribution and then to 
assume approximate relations between the various 
u(x), v(x), and «(x) that occur.” If this is done we will 
have two parameters, say Y and wu. Measurement of the 
B-y directional correlation, « (and thus R3), gives us 
one relation. Measurement, then, of one of the devia- 
tions from the £ approximation such as a of (32) or 
R;" of (33) would suffice in principle to determine the 
nuclear matrix elements (the parameter 7 is fixed by 
the ft value). In this discussion we have ignored the 
case of no time-reversal invariance. In that case we 
would have one additional parameter. 

In other 6 decays, we must consider more nuclear 
parameters. The problem of determining them experi- 
mentally is similar, but correspondingly more difficult. 

In this article the two-component theory of the 
neutrino has been assumed. To remove this assumption, 
the following changes should be made: C,C;*—> 4K,; 
=}3(C,C;*+C,'C;*) in the expressions for C, €, and Pr, 
and CCj*¥—3L,;=3(C.C/*+C/C;*) for P,, Pr’, and 
Pr, where i and 7 stand for either V or A. 

All the results in this article are shown for the B- 
decay. The corresponding expressions for the 8+ decay 
are obtained by making transformations: (Z,P,,Pri,, 
P17,Ca,Cy)—> (—Z,-— P,,- Pry,- P17,+C4*,—¢ 'y*). If 
the two-component theory of the neutrino is not 
assumed, the transformation is (Z,Kj,Lj;,)— (—Z, 
+K y*,FLx*), where the upper sign applies to the case 
with i=j and the lower sign to ij. 
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The disintegration of I'(4.2 days) has been studied with the help of magnetic spectrometers and scin- 
tillation spectrometers. The disintegration occurs 71% by electron capture and 29% by positron emission. 


Three positron groups were found having end-point 


energies of 2130 (46.0%), 1531 (46.4%), and 786 


(7.5%) kev. The most energetic positron group has a shape characteristic of AJ = +2, yes. Positron-gamma 
coincidence experiments show that this group goes to the ground state. Gamma rays of energies 2700, 2300, 
2100, 1700, 1520, 1350, 723, and 603 kev together with annihilation radiation and Te K x-rays have been 
found and the relative intensities measured. A disintegration scheme, consistent with the levels of Te! as 
determined from the decay of Sb‘, has been established. No beta rays were found, showing that a transi- 
tion to Xe™ is highly improbable. The former work on I'*3(13.5 hours) has been substantiated and, in 
addition, it seems highly unlikely that any positrons are emitted from I'™. 


A. IODINE-124 
I. Introduction 


HE characteristics of the distintegration of I'*4 

were studied by Mitchell, Mei, Maienschein, and 
Peacock! (hereafter referred to as I). They produced 
I'* by bombarding unseparated antimony with alpha 
particles from the cyclotron. Thus, their sample con- 
tained I'** and I” as well as I'*. They measured, in a 
magnetic spectrometer, the distribution of positrons 
from I'*4 together with internal conversion electrons and 
also photoelectrons produced by gamma rays in a radi- 
ator. The disintegration of I'* gives the states of Te! 
which are also produced by the decay of Sb!*. The 
results of the investigation showed gamma rays at 0.603, 
0.73, 1.72, and ~1.95 Mev, which are essentually the 
strong lines seen in the decay of Sb’. The positron 
distribution showed three groups with end-point energies 
of 2.20, 1.50, and 0.67 Mev, the highest energy group 
having a unique first forbidden shape. It was evident 
that the difference between the end points of the two 
higher energy groups agreed with neither the 0.603-Mev 


1000, 


159 kev 
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Fic. 1. Scintillation spectrogram of gamma rays of 
- I'* (low-energy region). 
{Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
1 Mitchell, Mei, Maienschein, and Peacock, Phys. Rev. 76, 1450 
(1949). 


nor the 0.723-Mev gamma-ray energy. The scheme was 
drawn up showing the most energetic group going to 
the first excited state of Te!™. 

In the interim, Stevenson and Deutsch? looked for 
coincidences between the high-energy positron group 
and gamma rays and could find none, implying that the 
highest energy group goes to the ground state. Marquez 
and Perlman’ found that I'** decayed 70% by electron 
capture and 30% by positron emission. Recently, the 
spin‘ of I'* has been found to be 2. This makes it appear 
very likely that the highest energy positron group goes 
to the ground state. Finally, some difficulties were found 
in standardizing I'** for therapeutic® use on the basis of 
the scheme given in I. In view of these facts, and since 
techniques in nuclear spectroscopy have improved 
greatly in the last ten years, it was decided to reinvesti- 
gate the disintegration of I'4. 


II. Preparation of Sources; Apparatus 


Sources were prepared by bombarding separated Sb”! 
(99.4%), as the metal, with 23 Mev alpha particles in 
the cyclotron. A small amount of KI, of known iodide 
concentration, was added to the active material to act 
as carrier. Nitric acid was added to the mixture and 
the iodine was distilled over. The iodine was purified 
by repeated oxidations and reductions and extractions 
into CCl, and water. The purified source was layed 
down as Nal on thin Zapon and covered by a thin 
(<10 microgram/cm*) Zapon film. 

The particle spectrum—positrons and internal con- 
version electrons—was measured with the help of a 
magnetic lens spectrometer and a 180° magnetic spec- 
trometer. The gamma-ray measurements were carried 
out with a scintillation spectrometer using either a 1-in. 
by 1-in. or a 3-in. by 3-in. NaI (TI) crystal. The scintilla- 
tion spectrometer had previously been calibrated for 


2D. T. Stevenson and M. Deutsch, Phys. Rev. 83, 1202 (1951). 

§L. Marquez and I. Perlman, Phys. Rev. 78, 189 (1950). 

‘Garvin, Green, and Lipworth, Bull. Am. Phys. Soc. Ser. II, 2, 
383 (1957). 

5 Newbery, Dyson, Francois, and Mallard, Phys. in Med. and 
Biol. 2, 72 (1957). 
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intensity. Beta-gamma coincidences were investigated 
with the help of a fast-slow coincidence scintillation 
spectrometer. 

In all experiments, there was some I’ present from 
Sb"! (a,2) 8, This was present in the early part of 
the various runs but died out with a half-life of 13.5 
hours. Intensity measurements were made on I after 
the I had disappeared. The half-life of I'* was found 
to be 4.2+0.2 days. 


III. Results 
(a) Gamma-Ray Spectrum 


The gamma-ray spectrum was measured using a 
scintillation spectrometer in conjunction with a 100- 
channel analyzer. In some instances a 1-in.X1-in. 
Nal(TI) crystal was used which had been calibrated 
for intensity work. For the high-energy gamma rays, 
a 3-in.X 3-in. crystal was used. A copper plate, 0.254 cm 


TABLE I. I energies and relative intensities of gamma rays. 





Probability per 
disintegration 


Relative 
intensity 


0.88 
0.46 
603 1.00 
723 0.17 


Energy 
(kev) 








27 (x-ray) tee 
11 0.29 
0.62 
0.11 


0.02; 0.018 
0.01 


0.03 


1326 
1350; 1361 
1370 


0.02 
0.08 
0.01 
0.01 
0.01 
K capture 0.64 
Lecapture 0.07 
Total electron capture 0.72 


0.03 
0.13 
0.02 
0.02 
0.01 


1520 
1700 
2100 
2300 
2700 


® From gamma-gamma coincidences. 


thick, was placed directly below and in contact with the 
source so that annihilation radiation would be produced 
at a standard position. Corrections to the gamma-ray 
intensities were made for absorption in the copper. The 
intensity of the K x-rays was measured without the 
copper and was checked by an intercomparison with 
Cs!87, The results are shown in Figs. 1 and 2 and the 
gamma-ray energies and intensities are given in Table I. 
The error in the intensities is approximately 10 %. 

The relative intensities were determined in tems of 
the line at 603 kev. In order to determine the number 
of electron captures, the flouroescent yield correction 
was applied to the K x-ray intensity of tellurium. In 
addition, the contribution from Z capture was also taken 
into account. Using the calculations of Brysk and Rose® 
or of Zweifel,’ the value of L/K for Z=52 is 0.115. Thus 

6H Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, 1955 (unpublished). 

TP. F. Zweifel, Proceedings of the Rehovoth Conference on Nuclear 


Structure, edited by H. J. Lipkin (North Holland Publishing 
Company, Amsterdam, 1958), p. 300. 
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Fic. 2. Scintillation spectrogram of gamma rays of 
I’ (high-energy region). 


on the basis of Z¢0;= 1.000, the K capture is 1.030, the 
L capture 0.119, and the total electron capture 1.149. 
The probability of positron emission is given by the 
intensity of annihilation radiation, 0.46. The proba- 
bilities per distintegration are thus given in column 3 of 
Table I. It will be seen at once that the disintegration 
of I takes place 71% by electron capture and 29% 
by positron emission, in agreement with Marqez and 
Perlman.’ 

The energies of the lines given in Table I agree with 
those of the stronger lines seen in the decay of Sb™. 
The latest and most definitive work on Sb! appears to 
be that of Zolotavin, Grigoryev, and Abroyan.® A com- 
parison between their scheme and that derived from 
the present work on [4 will be given below, but it is 
interesting to note here that the high-energy lines be- 
yond that at 1700 kev have been found. 


(b) The Positron Spectrum and Conversion Lines 


The particle spectrum (positrons and internal con- 
version electrons) of the active material was meas- 
ured in a magnetic lens spectrometer without a baffle 
to separate positrons from electrons and also in a 180° 
spectrometer. The spectrum was measured shortly after 
bombardment, in which case the internal conversion 
lines for the gamma ray of I'* at 159 kev were seen, 
and again later after the I'* had died out. Numerous 
experiments both on the positrons and the intensity of 
annihilation radiation showed that the contribution of 
positrons from I, if any, is negligible. Figure 3 shows 
the particle distribution for a source of I. In addition 
to the particle distribution, a K line and an Z line will 


8 Zolotavin, Grigoryev, and Abroyan, Izvest. Akad. Nauk 
S.S.S.R. Ser. Fiz. 20, 289 (1956) [Columbia Tech. Transl. 20, 271 
(1956) ]. 
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Fic. 3. Positrons and internal conversion electrons from I. 


be seen for the gamma ray at 603 kev and internal 
conversion lines for the gamma-ray complex at 646, 
713, and 723 kev. 

A Fermi analysis was made of the positron distribu- 
tion. A typical analysis of the data from the 180° spec- 
trometer is shown in Fig. 4. The highest energy group 
(end point 2130 kev) does not have an allowed shape 
and can be fitted with a unique first forbidden (AJ= 2, 
yes) shape. This group goes to the ground state of Te™, 
as will be shown in the beta-gamma coincidence experi- 
ments, and the assignment is therefore consistent with 
the spin and parity (2-) of the ground state of I'™. 
Two lower energy groups were found as is shown in 
Fig. 4 and Table II. The results obtained using the 
magnetic lens spectrometer are substantially in agree- 
ment with the values shown in Table II. Owing to the 
many subtractions involved, it is difficult to say whether 
there are any positrons emitted to the higher energy 
states of Te!‘. If such transitions exist they must be 
of very low abundance. 








1.0 1.5 2.0 2.5 


Fic. 4. Fermi analysis of positron distribution from I™, For the 
highest energy group a=C,® (first forbidden unique); otherwise 


a=1. 
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On reversing the field of the 180° spectrometer, in 
order to look at the electron emission, only the internal 
conversion lines for the 159-kev gamma ray of I'* and 
the 603-kev line of I'** were found. There appeared to 
be no beta-ray emission connected with the 4.2-day 
disintegration of I. This is of interest since I lies 
between the two stable isotopes Te! and Xe™. 

The internal conversion lines shown in Fig. 3 are the 
K and L lines for the gamma ray at 603 kev and lines 
for the 658, 713, 723 kev complex. Since the internal 
conversion coefficient for the gamma ray of energy 603 
kev has been measured by Langer, Lazar, and Moffat? 
and by Zolotavin et al.,* from the decay of Sb'*4, no 
attempt was made to make a precision determination 
of this quantity. A rough check was obtained by meas- 
uring the ratio of the number of electrons under the K 
line to the total number of positrons and comparing 
this with the ratio of the intensities of the 603-kev 
gamma-ray line and that of annihilation radiation. 
The result for the internal conversion coefficient is 
ax= 7X 10~ which is to be compared with ax= 3.4X 10-* 
by Langer, Lazar, and Moffat and ax=4.26X10- by 
Zolotavin et al.’ It is to be remembered that the method 


TABLE IT. Distribution of positrons from I, 


Probabil- 
ity per 
disinte- 
gration 


0.131 
0.133 
0.022 


Relative 
abundance 
(percent) 


2130420 46.0 


1531+30 46.4 
786+50 7.5 


Energy 
(kev) log ft 
7.61 
7.34 
7.68 


log[ (Wo? —1) ft] 


9.11 


used here depends on measuring the intensities of two 
gamma rays with a scintillation counter and is not ex- 
pected to yield as accurate results as the more direct 
method used by the other authors. 


(c) Positron-Gamma Coincidence Experiments 


In order to test the disintegration scheme further, 
positron-gamma coincidence experiments were carried 
out using two single-channel scintillation spectrometers, 
one equipped with a NaI(TI) crystal and the other with 
an anthracene crystal. Coincident pulses were observed 
with the help of a fast-slow coincidence circuit. The 
channel measuring gamma rays was set on the gamma 
ray at 603 kev and that observing positrons (anthracene 
crystal) was set at various places, some beyond 1530 kev 
and some between 800 kev and 1530 kev (second group). 
The results are shown in Fig. 5 in which the number of 
coincidences per recorded gamma ray is plotted against 
the dial setting of the scintillation spectrometer meas- 
uring positrons. The number of coincidences beyond the 
end point of the second group is very small and can be 
accounted for as being the result of coincidences between 


9 Langer, Lazar, and Moffat, Phys. Rev. 91, 338 (1953). 
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Compton electrons of gamma rays in coincidence with 
the 603-kev gamma ray. This experiment shows that 
the most energetic positron group goes to the ground 
state and that the next most energetic group goes to 
the state at 603 kev. 


(d) Gamma-Gamma Coincidence Experiments 


No systematic study of gamma-gamma coincidences 
has been made in this report on I, It is felt that the 
angular correlation work of Lindqvist and Marklund” 
on the gamma rays of Te!‘ produced from the disinte- 
gration of Sb! gives the essentials of the decay scheme. 
The gamma ray at 1520 kev was first seen in the decay 
of Sb by Dzhelepow and Zhukovsky" and also seen in 
I'4 by Girgis and van Lieshout.” Since neither of the 
above was able to fit this gamma ray into the scheme 
in an unambiguous fashion, the present authors per- 
formed certain gamma-gamma coincidence experiments 
involving this line. 

From energy considerations alone it appeared not to 
be possible to fit this line into existing energy states. 
A group of experiments was arranged to perform posi- 
tron-gamma coincidences between the line at 1520 kev, 
observed in a 3-in.X3-in. crystal, and positrons, ob- 
served with an anthracene crystal, using a relatively 
broad energy region. No positron-gamma coincidences 
were observed, indicating that the line at 1520 kev arises 
from electron capture and comes from a state high in 
the disintegration scheme. 

Gamma-gamma coincidences were measured with the 
help of a 3-in.X3-in. crystal for the high-energy lines, 
in order to resolve the 1520-kev line from the much 
stronger 1700-kev line, and a 1}-in.X 1}-in. crystal for 
the low-energy lines. Since the line at 723 kev is not in 
coincidence with that at 1700 kev, one channel was set 
on the peak of that line and the other channel was 
swept through the high-energy region. The results are 
shown in Fig. 6(A) in which it will be seen that the line 
at 723 kev is in coincidence with that at 1520 kev and 
also with one at ~ 1300-1400 kev. The latter is to be 
expected from the decay scheme of Zolotavin e/ al.* The 
fixed channel was then set on the line at 603 kev and 
the same high-energy region was investigated. Tt was 
found that there are coincidences between the line at 
603 kev and that at 1520 kev [Fig. 6(B) ], although 
they are somewhat swamped by the large coincidence 
rate between the 603-kev and the 1700-kev lines. It 
would, therefore, appear that the line at 1520 kev ends 
on the level at 1326 kev, from which the line at 723 kev 
follows, and comes from a level at approximately 2850 
kev. Any direct transition from this high state to the 
ground state would probably not be resolved from the 
line at 2700 kev seen in the scintillation spectrum. From 


10 T, Lindqvist and I. Marklund, Nuclear Phys. 4, 189 (1957). 

1B. S. Dzhelepow and N. N. Zhukovsky, Nuclear Phys. 6, 655 
(1958). 

2R. K. Girgis and R. van Lieshout, reported in Strominger, 
Hollander, and Seaborg, Revs. Modern Phys. 30, 585 (1958). 
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Fic. 5. Positron-gamma coincidences in I, 


a comparison of the coincidence data and the singles 
spectrum, it is estimated that the line labeled as 1361 
in the decay scheme is approximately the same intensity 
as that labeled 1370. The energy values are taken from 
Zolotavin et al. 


IV. Disintegration Scheme 


The main features of the levels of Te! are reasonably 
well known from work on Sb". Some of the many weak 
gamma rays, recently discovered, have added compli- 
cations to the level system" which are difficult to sub- 
stantiate with present-day techniques. The main prob- 
lem here is to see whether the results obtained from the 
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Fic. 6. Gamma-gamma coincidences (A) between the 723-kev 
and the 1520-kev line; (B) between the 603-kev and the 1520- 
1700-kev group. 
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disintegration of I'** agree with the levels of Te! as 
determined from the disintegration of Sb’. It is, of 
course, not to be expected that the relative intensities 
of the various gamma rays will agree. 

Figure 7 shows the agreement of the results obtained 
herein with the scheme of Zolotavin et al.’ It is to be 
noted that the most energetic positron group goes to 
the ground state and that the end-point energies of the 
next two groups are consistent with the energies of the 
levels of Te!*. The gamma rays seen in this experiment 
are shown by solid lines. Lines, unresolved in these ex- 


TABLE ITI. Values of probability of electron capture and positron 
emission together with values of log ft for I'4.* 


Electron capture 
plus positron 
emission (percent) 


Level 
(kev) 


2850 
2700 
2296 
1972 
1326 
603 
0 


log ft log([ (We? —1) ft] 


6.6 
6.8 
6.9 
8.2 


So 


Aes SO CON 
ows 


tn Ge 00 


© f 
a 
6 


We 


9.1 


* For the lowest three levels the figures given are for e+8*, and f =f,+/x; 
otherwise figures are « only and f =fx. 


periments but resolved by Zolotavin ef al., are shown 
by dotted lines. The spin assignments are based on the 
work of Lindqvist and Marklund and of Zolotavin et al. 
The line at 1520 kev is placed in the scheme as a result 
of the coincidence experiments mentioned above. The 
values of the probability of electron capture and posi- 
tron emission (given in percent of total disintegrations) 
from I'** to the various levels of Te!** were calculated 
with the help of Table I and Table II, and are shown, 
for each of the levels involved, in Table III along with 
the values of log ft. 


B. IODINE-123 

Since I! is produced by the Sb"! (a,2n)I'* reaction, 
the properties of this isotope were reinvestigated here 
with substantially the same results found in I. 

The only radiation associated with the decay of I'” 
(13.5 hr) is a gamma ray of energy 159 kev. Positrons 
were looked for by measuring the positron spectrum of 
the ['*-[!** mixture as a function of time and also by 
measuring the relative intensity of the gamma ray at 
159 kev to annihilation radiation of the mixture. Both 
the annihilation radiation and the positron spectrum 
decayed with the half-life characteristic of I’. The 
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evidence tends to support the supposition that I'** de- 
cays entirely by electron capture. 

The energy of the gamma ray determined from the 
internal conversion spectrum and from the photoline 
as seen in the scintillation spectrum is 159+1 kev. The 
K/(L+M) ratio for the internal conversion line is 
6.6+0.1. 
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Spacings of Nuclear Energy Levels 


LAWRENCE DRESNER 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 
(Received September 29, 1958) 


A simple statistical model is suggested in terms of which the general features of the level spacing distri- 
bution can be understood, and which involves no special assumptions, other than that of Porter and Thomas. 


INTRODUCTION 


N the last few years a wealth of experimental data 
concerning the widths and spacings of nuclear 

energy levels has become available.' The initial theo- 
retical response to the information these data supplied 
was directed toward the understanding of the statistical 
properties of the neutron widths’; and these investi- 
gations culminated in the very successful paper of 
Porter and Thomas.’ These authors inferred a normal 
distribution for the reduced neutron width from the 
plausible assumption of a highly complex, rapidly 
varying wave function for compound nuclear states, 
which is not highly correlated with the wave functions 
of nearby states. In their paper, Porter and Thomas 
show their inference to be strongly supported by 
experimental evidence. 

With the success of this simple approach in mind, 
Wigner suggested an analogous examination of the 
distribution of level spacings.‘ In particular, he pointed 
out that the distribution of spacings between adjacent 
eigenvalues of matrices whose elements were randomly 
chosen would show a deficiency of small spacings, 
contrary to the expectation if the eigenvalues them- 
selves were uncorrelated. This so-called “level re- 
pulsion”’ effect has been observed experimentally in 
connection with the nuclear resonance levels.’ Blumberg 


* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 

1 J. A. Harvey and D. J. Hughes, Phys. Rev. 109, 471 (1958), 
and references cited therein. 

2J. A. Harvey and D. J. Hughes, Phys. Rev. 99, 1032 (1955), 
and references cited therein. 

3C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

4E. P. Wigner, Oak Ridge National Laboratory Report ORNL- 
2309, November 1, 1956 (unpublished), p. 67. 

5 J. A. Harvey, Phys. Rev. 98, 1162 (1955); I. I. Gurevich and 
M. I. Pevsner, J. Exptl. Theoret. Phys. U.S.S.R. 31, 162 (1956) 
(translation: Soviet Phys. JETP 4, 278 (1957)]; also Nuclear 
Phys. 2, 575 (1957). 


and Porter’ demonstrated the level repulsion effect 
numerically by diagonalizing random matrices of fairly 
large order, all of whose elements had the same normal 
distribution. Rosenzweig? made more accurate nu- 
merical calculations of the same type and obtained a 
rather detailed histogram which agreed very well with 
the distribution of spacings originally suggested by 
Wigner [see Eq. (8) ], except for the largest spacings. 

It is the purpose of this paper to indicate a simple 
statistical model in terms of which the general features 
of the level spacing distribution can be understood, 
and which involves no special assumptions, other than 
that of Porter and Thomas.’ 


THEORY 


Nuclear resonance states are determined by the 
zeros of the function® 


OX 
- f (—+0.x nas, (1) 
g\ On 


where E is the energy of the bombarding particle; X 
is a solution of the Hamiltonian equation HX=EX 
inside the nuclear surface, S, in configuration space; 
n is the outward normal to S; ®, is a channel wave 
function in channel c; and b, is a real arbitrary constant. 
By appropriate choice of b, the level shift may be made 


fe(E) 


6S. Blumberg and C. E. Porter, Phys. Rev. 110, 786 (1958). 

7™N. Rosenzweig, Phys. Rev. Letters 1, 24 (1958). 

+ Note added in proof.—Professor E. P. Wigner kindly pointed 
out to the author that this slight disagreement arose from a failure 
to account for the dependence of the local average level spacing 
on the eigenvalue (energy). When Rosenzweig’s results were cor- 
rected for this effect the disagreement for large spacings was 
removed. 

8R. G. Sachs, Nuclear Theory” (Addison-Wesley Publishing 
Company, Inc., Cambridge, 1955), p. 291. 
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to vanish locally, and the roots of f.(£) are the real 
resonance energies. 

According to the argument of Porter and Thomas, 
it is the integral 


reas Xx Vr6 (2) 


evaluated at a root F) of f., which is normally dis- 
tributed. By a trivial extension of their argument one 
might infer that f.(£) is a random function distributed 
normally at every energy. That is to say, the integral 
in Eq. (1) can be decomposed into contributions from 
many “cells” of the nuclear surface S. Each cell has 
an effective area of about one neutron wavelength 
squared. In view of the assumption of Porter and 
Thomas mentioned in the first paragraph, the contri- 
bution from each cell is randomly distributed and 
independent of that from other cells. Using the central 
limit theorem, one then infers that f,(£) is normally 
distributed at every energy. 

Our problem thus is reduced to finding the distri- 
bution of intervals between successive zeros of a random 
function. This latter problem, while formidable, has a 
considerable literature, having been studied in oceano- 
graphic? and communication” applications. It proves 
convenient in these applications to define a random 
function f(X), which is normally distributed at every 
X, by the trigonometric sum 


N 
f(X)= F.C, cos(wnX—4,), (3) 


n=l 


where ¢, is a random phase uniformly distributed in 
the interval (0,27). It furthermore proves convenient 
to define the correlation function 


¥(r)=(f(X) f(X+17))corr=3 ¥ Cx2 cos(war), (4) 
n=l] 





0.5 1.0 1.5 2.0 
tr) 


Fic. 1. The correlation function for resonance levels. 





9 M. S. Longuet-Higgins, Proc. Roy. Soc. (London) A246, 99 
(1958). 

S. O. Rice, Bell System Tech. J. 23, 282 (1944), and 24, 46 
(1945). 
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where the notation ( corr denotes either an average 
over all X, or an average with respect to the phases ¢,. 
The finiteness of the sums is unimportant since in all 
applications of Eq. (3) it is possible to let N— © at 
an appropriate point in the analysis whence sums are 
replaced by integrals, etc. 

For random functions of the type described, Rice" 
has proved the following properties for p(r), the 
probability of finding an interval r between two suc- 
cessive roots: 


p(0)=0, (Sa) 


hee 
dr r=0 8 —p” T . 
0 y } 
(r= f rplo)dr=a( — -) . 
0 yp” T=0 


The first of these equations shows the root (or level) 
repulsion effect is a rather general property of random 
functions, depending essentially only on the require- 
ment that ¥(r) exist. For this condition requires that 
the sum >,~1. C,2 converge even when V — ~, and 
this results in a suppression of indefinitely high- 
frequency components, and can be thought of roughly 
as introducing an upper limit for w which is approxi- 
mately equal to the reciprocal of the extension in 7 of 
the correlation function. Such a frequency cutoff 
inevitably suppresses periodic behavior of wavelength 
less than 22/w, and leads to a vanishingly small pro- 
portion of double roots of f(X). Equation (5c) moreover 
states that the mean separation of roots is just m/w, 
where w is the root-mean-square angular frequency 
obtained from w, with C,? as a weight. Finally, if the 
correlation function has a finite extension, adjacent 
roots of f(X) separated by very large intervals must be 
uncorrelated in position. Consequently the interval of 
separation 7s must have a probability of occurrence 
which decreases exponentially with 7 for very large r. 
A proof of this has been given by Kuznetsov ef al." 

Finally, Longuet-Higgins® has given an approxi- 
mation to p(r) valid for 77m, where 7» is the median 
of the distribution #, v7z.: 


(r) & y(r) 
p(r) ~— — arc cos( - ‘), (6) 
2x dr’ y(0) 


and for which the first two exact results (5) hold. This 
result can be inverted’ to give an approximation to the 
correlation function also valid for T< rm, v72., 


y(7) 2x ¢’ ad 
~ —J] dr’ r""\dr"’ |. | 
a co — f Jv (7 


1 Kuznetsov, Statonovich, and Tikhonov, J. Tech. Phys. 24, 
103 (1954) (translation: N. R. Goodman, Scientific Paper No. 5, 
Engineering Statistics Group, New York University College of 
Engineering, 1956). 


(5b) 
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It can also be shown that the median of p(r), 7m, is 
approximately at the first minimum of the correlation 
function, ¥(7),° so that Eq. (7) determines the cor- 
relation function at best up to the neighborhood of its 
first minimum. Finally it is of interest to note that p(r) 
is independent of the variance of f(X), which is entirely 
determined by its normalization. This point has been 
remarked on by Rosenzweig.” 


CONCLUSIONS 

Besides the level repulsion effect, which is observed, 
the only other prediction of this work which is im- 
mediately amenable to test is that the distribution of 
level spacings is asymptotically a negative exponential. 
Examination of Fig. 7 of reference 1 shows that for 
7/(r) exceeding about 3 the experimental data are 
fairly well fitted by an exponential curve. On the other 
hand, reference to Fig. 9 of the same article shows that 
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Wigner’s distribution, 


oe eo 


predicts too few large spacings, a fact also noticed by 
Rosenzweig.t However, Wigner’s distribution is a good 
fit for r<(r)~7», and in this range predicts a correla- 
tion function of the form 


y(r) / ar T 
=cos| 2x erf{ —— } —xr— 
y(0) ; 2 ‘ S ) (r) 


Plotted in Fig. 1 is ¥(r)/Y(0) vs r/(7). The solid portion 
of the curve is derived from Eq. (9), the dotted portions 
of the curve are merely illustrations of possible be- 
haviors which, however, become vanishingly small for 
t/(1)2- 


tTS(r). (9) 
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Scintillation Studies of Some Neutron Deficient Isotopes of Lutecium* 


L. T. Dittman, R. W. HENry,f N. B. Gove, anp R. A. BECKER 
Physics Department, University of Illinois, Urbana, Illinois 
(Received July 23, 1958) 


Lu”, Lu!”?, Lu!’’, and Lu! activities were produced by bombarding Lu.O; with bremsstrahlung from 
the University of Illinois betatrons. Gamma rays of energy 0.083, 0.190, 0.245, and 2.04 Mev were associated 
with the decay of Lu'”. A gamma-gamma coincidence experiment showed that the 2.04-Mev gamma ray 
was coincident with the three low-energy transitions. Gamma rays of energy 0.079, 0.113, 0.181, 0.203, 
0.325, 0.370, 0.525, 0.820, 0.900, and 1.09 Mev were associated with the electron capture decay of 6.7-day 
Lu!”, the isotope studied in the most detail. Levels of energy 0.0787, 0.2602, 0.3731, 0.5769, 0.9015, 1.082, 
and 1.99 Mev above the ground state have been assigned to Yb!” by gamma-gamma coincidence measure- 
ments and energy considerations. Gamma rays of energy 0.022, 0.079, 0.113, 0.145, 0.176, 0.274, 0.335, 
0.440, 0.550, and 0.640 Mev were assigned to transitions between levels of Yb'”* while gamma rays of energy 
0.077, 0.084, 0.113, 0.176, 0.230, 0.275, 0.990, and 1.245 Mev were associated with the decay of Lu'™. A 
summary of all gamma-gamma coincidence experiments involving Lu!” and Lu'” is included in this paper. 
The 0.084-Mev transition associated with the decay of Lu!” was interpreted to be the first excited level of 
Hf, A rough calculation of the K-conversion coefficient of this transition yielded ax ¢ 2.5. 


I. INTRODUCTION 


ILKINSON and Hicks! were the first experi- 

menters to make a survey of neutron-deficient 
lutecium isotopes. In that work the nuclides were 
produced by bombarding thulium with alpha particles 
of various energies, and by bombarding ytterbium 
with 10-Mev protons. After chemical separation 
Wilkinson and Hicks identified half-lives of 1.70.1 
days with Lu'”, 8.5+0.2 days with Lu’, 6.7+0.05 
days with Lu”, 4.0+0.1 hours with Lu’, ~1.4 
years with Lu’®, and 165+5 days with Lu’. On the 


* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 

+ National Science Foundation Predoctoral Fellow. 

1G. Wilkinson and H. G. Hicks, University of California 
Radiation Laboratory Report UCRL-429, 1949 (unpublished). 

2G, Wilkinson and H. G. Hicks, Phys. Rev. 81, 540 (1951). 


basis of absorption techniques these workers listed 
gamma rays at ~2.5 Mev belonging to Lu”, ~1.2 
Mev belonging to Lu'”!, ~1.2 Mev belonging to Lu”, 
~0.22 and ~0.8 Mev belonging to Lu'”, and ~1 Mev 
belonging to Lu’. In addition, they reported a @- 
group of end point 0.6 Mev in Lu’, 

More recently Mihelich, Harmatz, and Handley’ 
have made a survey of neutron-deficient rare earth 
isotopes, including lutecium isotopes. These workers 
observed the conversion electrons with permanent- 
magnet spectrographs, obtaining information about the 
low-energy transitions. From K/L and L/M conversion 
ratios Mihelich et al. were able to assign the multi- 
polarity of certain of these. This enabled them to 
interpret certain transitions as being between rotational 


3 Mihelich, Harmatz, and Handley, Phys. Rey. 108, 989 (1957), 
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states. Such an interpretation was given to gamma rays 
of 0.0842 and 0.2778 Mev in Yb'”, 0.07865 and 0.2602 
Mev in Yb'”, 0.0766 Mev in Yb", and possibly 0.0788 
Mev in Yb'®. In addition, half-life measurements by 
Mihelich ef al. were in agreement with those previously 
found by Wilkinson and Hicks. 

Other investigators have studied certain aspects of 
the individual isotopes. An 0.0841-Mev transition has 
been observed in Yb'”, following the @~ decay of 
Tm!”4.> This agrees with the result given by Mihelich 
et al. for the first excited state of Yb!”, following the 
electron capture decay of Lu'”. Nethaway ef al.® 
investigated the 8~ decay of Tm!”, observing gamma 
rays of 1.79, 1.44, 1.09, and 0.076 Mev associated with 
Yb'”. Two other less prominent gamma rays of 0.40 
and 0.18 Mev were also mentioned by these workers. 
By means of Coulomb excitation, Heydenburg and 
Temmer’ observed levels in Yb at 0.078 and 0.110 Mev. 
The 0.078-Mev peak was considered to be a composite 
of radiation which they assigned jointly to Yb'”, 
Yb!”, Yb!¥, Yb! and Yb!"6. The 0.110-Mev transition 
was assigned to Yb!”. 


¢ Pohm, Lewis, Talboy, and Jensen, Phys. Rev. 95, 1523 (1953). 

5 Graham, Wolfson, and Bell, Can. J. Phys. 30. 459 (1952). 

6 Nethaway, Michel, and Nervik, Phys. Rev. 103, 147 (1956). 

7G. M. Temmer and N. P. Heydenburg, Phys. Rev. 100, 150 
(1955). 
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In the present investigation, LuzO; was bombarded 
with bremsstrahlung of peak energy 250 Mev from the 
University of Illinois 300-Mev betatron, in order to 
produce activities associated with Lu’” and Lu'” by 
(y,5) and (y,3) reactions, respectively. Comparison 
with previously known data gives no evidence that 
Lu” activity was produced in observable amounts. 
Lu'® and Lu" activities were produced by (7,2) and 
(y,n) reactions, respectively, using bremsstrahlung of 
peak energy, 24 Mev, from the University of Illinois 
24-Mev betatron. Coincidence experiments involving 
all the observed isotopes were performed. However, the 
Yb!” gamma rays were studied in the most detail, and a 
proposed partial level scheme will be presented only 
for this isotope. 

II. APPARATUS 


A total activity of the order of one microcurie was 
obtained from a 3.6-day irradiation (at 24 Mev) of a 
one-gram source of Lu,QO3. Irradiations at 250 Mev not 
exceeding 7 hours were made so as not to obtain 
appreciable amounts of long-lived Lu'® and Lu!” 
activities. In addition, one 32-hour irradiation was 
made with a peak bremsstrahlung energy of 16 Mev 
so as to obtain mostly Lu’, a (y,m)-induced activity. 
The low specific activities of these sources precluded 
the use of a magnetic spectrometer. 





NEUTRON-DEFICIENT ISOTOPES OF Lu 


All of the data obtained in the present work involved 
the employment of scintillation techniques in con- 
junction with a RIDL, Model 3300, 100-channel pulse- 
height analyzer and associated scintillation equipment. 
The apparatus and scintillation techniques used in the 
present study are described elsewhere.*® 


III. DATA 


(a) Energies and Lifetimes 

Typical singles spectra of a source irradiated at 250 
Mev and of the source irradiated at 24 Mev are shown 
in Figs. 1 and 2, respectively. In curve A of Fig. 1, the 
peak at 2.04 Mev is considered to be associated with 
the Lu'” decay. The measured half-life of 2.20.7 days 
is in satisfactory agreement with the previously 
measured value of 1.7 days.? The peak at 1.09 Mev 
displayed a half-life of 6.2 1.0 days, and was attributed 
to the decay of Lu!”. This agrees with the previously 
observed value of 6.7 days. Other gamma rays at 0.900, 
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0.820, 0.525, and 0.370 Mev in curves A and B of 
Fig. 1 were involved with the same decay scheme. In 
curve C of Fig. 1, all the prominent peaks are composite 
in nature. Yb!”, Yb!”, Yb!¥, and Yb!” all have gamma 
rays of energy about 80 and 180 kev; hence all con- 
tribute to the 0.081-Mev and 0.181-Mev peaks in the 
figure. The peak at 0.113 Mev is due to the decays of 
Lu”, Lu'®, Lu'™, and Lu!’. The last of these is formed 
via neutron capture by the naturally radioactive Lu'”® 
which is present to the extent of 2.3% in Lu,O;. The 
peak at 0.203 Mev arises because of Lu’? and Lu!”, 
while that at 0.274 Mev is attributed mainly to Lu’. 
The peaks at 1.245 and 0.990 Mev in curve A of 
Fig. 2 were shown (by comparison with the activity of 
the source irradiated at 16 Mev) to be associated with 
the Lu!” decay. All other peaks (the K x-ray excepted) 
in the curves of Fig. 2 are associated with the decay of 
Lu'® unless otherwise noted. A considerable amount of 
the x-ray intensity in curve B originates in the decay 


TABLE I. Summary of observed gamma rays. 





Obs. gamma 
ray energies 
(kev) 


Relative 
intensity 


Previously obs. 
gamma rays 
ev 


References for 
previous data 











2040+40 
245+5 
190+5 
8342 


Lu!” (7,=1.7 days) 


Lu!” (7,=6.7 days) 1090+ 10 
900+:5 
820+7 
525+10 
37045 
325 


203+5 
181+5 
113+3 


79+2 
x-ray 


640+5 


440 
550+10 
335410 
274+3 
17643 
145+5 
11343 


7942 
224-2 
x-ray 


Lu! (T= 1.4 yr) 


1245+5 
990+ 10 
27545 
230+10 
17645 
11343 
84+2 
7742 
x-ray 


Lu! (7,=165 days) 





® The x-ray is arbitrarily assigned a relative intensity value of 1000 units. 


2000 12 
193.5 3 
84.2 3,4,5 
5245 1200 
26-45 


1,2,6 


9.343 


19 
20+6 


19 
29+7 
27 


56+10 
1000* 


a 
~ 


12+3 


— 
i) 


4+2 
342 


150+15 


40+10 
7015 


125+20 


1000* 


2743 
4 
4 


2 
1344 


25+7 
1000* 


8 Henry, Dillman, Gove, and Becker, Phys. Rev. (to be published). 
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of Lu'™. This indicates that many of the K-capture 
transitions of Lu!” are to the ground state of Yb”. 

In Table I is found a summary of the observed 
gamma-ray energies (in kev for convenience) and their 
assignments to specific isotopes. Also included are 
relative intensity measurements, where determined, 
and a summary of previously known information. 


(b) Coincidence Measurements 


In the case of Lu!” (data not shown), the 2.04-Mev 
gamma ray was found to be coincident with gamma 
rays at 0.190 and 0.083 Mev, interpreted*~* as transi- 
tions between rotational states of Yb!”. In addition, a 
gamma ray at 0.245 Mev was also shown to be in 
coincidence with the 2.04-Mev gamma ray. 

Lu!” is the isotope which was studied in the most 
detail. Hence the coincidence data are most extensive 
for this case. Figure 3 shows the radiation in coincidence 
with the 1.09-Mev gamma ray. Curve B indicates that 
the 1.09-Mev gamma ray is coincident with all the 
prominent low-energy transitions except the one at 
().274 Mev. The peak at 0.113 Mev is not relatively as 
intense in the coincidence curve as in the singles 
spectrum because a considerable amount of this peak 
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arises from 6.8-day Lu’. Also, the peaks at 0.079, 
0.181, and 0.203 Mev are partially due to coincidences 
with 1.09-Mev Compton events from the previously 
mentioned 2.04-Mev gamma ray. Curve D shows that 
a 1.09-Mev gamma ray is strongly coincident with 
0.900 Mev and less strongly coincident with 0.820 Mev, 
0.525 Mev, and 0.370 Mev. Coincidences with 0.900 
Mev displayed a rather strong peak at 0.182 Mev as 
well as a peak at 1.09 Mev, as expected. No other peaks 
were observed which could not be explained as origin- 
ating from 0.900-Mev Compton events of higher energy 
gamma rays. 

The selected-sum coincidence method (described else- 
where‘) was also employed for the study of coincidences 
among transitions of energy 0.525 Mev or lower. 
Figure 4 shows an example of this. There, curve B 
shows that 0.370 Mev and 0.525 Mev are in coincidence 
and, although these peaks are weak, they disappear 
completely when one moves off the sum-line energy. 
The two strong peaks in this curve are owing to the 
fact that the 0.181-Mev gamma ray is strongly co- 
incident with 0.900 Mev; thus 0.181-Mev gamma rays 
plus Compton events of the 0.900-Mev gamma ray 
which add up to 0.900 Mev are also recorded. Curve D 
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Fic. 4. Selected-sum coincidence experiments with the Lu!” 
activity. A and C—singles spectra calibrations for curves B and D, 
respectively. B—sum energy =0.900 Mev. D—sum energy =0.525 
Mev. 


Fic. 3. Coincidence experiments with the Lu'” activity. A and 
C—singles spectra calibrations for curves B and D, respectively. 
B and D—coincidences with 1.09 Mev at 2 different amplifier 
gains. 
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of this same figure shows that 0.203 Mev is coincident 
with 0.324 Mev. These peaks arise partially from co- 
incidences between 0.203 Mev and the high side (not 
completely off the peak) of 0.306 Mev. Coincident 
gamma rays of this energy exist in naturally radio- 
active Lu!7®, However, examination of the data reveals 
that the peaks are not entirely due to this cause. A 
summary of all coincidence data, including Lu!” results, 
is tabulated in Table IT. 

Figure 5 illustrates two of the simple coincidence 
experiments performed with the Lu'® activity of the 
source irradiated at 24 Mev. Curve B shows that 0.274 
Mev is coincident with itself. The two gamma rays 
must be very close in energy since the resolution of 
this peak is about that expected for a single gamma ray. 
In curve C it is also to be seen that 0.176 Mev is co- 
incident with itself. Other coincidence experiments 
indicate that the two energies may be about 0.172 and 
0.176 Mev. The results of further Lu!” coincidence 
experiments are tabulated in Table II. 

Simple gamma-gamma coincidence experiments con- 
cerning the decay of Lu'™ were only possible where the 
single channel analyzer was set on either the 1.245-Mev 
or the 0.990-Mev gamma-ray peaks. Coincidences with 
0.990 Mev showed strong peaks at 0.275, 0.230, and 
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Fic. 5. Coincidence experiments with the Lu!” activity. A— 
singles spectrum calibration for curves B and C. B and C—coinci- 
dences with 0.274 and 0.176 Mev, respectively. 











0.176 Mev. Coincidences with 1.245 Mev revealed, in 
addition to the x-ray, a strong peak at 0.077 Mev. 

Lu!” was observed to decay both by electron capture 
and 8 emission. A }-mm thick by 1}-in. diameter 
stilbene detector was used to detect the beta particles. 
The end point of the highest energy beta group was 
observed to be approximately 1.2 Mev. This is the end 
point of the maximum-energy beta transition known 
to be associated with the natural radioactivity of Lu'”®. 
It was concluded that the maximum-energy beta transi- 
tion associated with Lu’ is equal to or less than about 
1.2 Mev. 

The gamma spectrum in coincidence with beta 
particles of energy above 0.25 Mev was also measured. 
Only beta particles above about 0.25 Mev were con- 
sidered in order to eliminate conversion electrons of 
some of the strong low-energy transitions. The two 
highest energy peaks observed were at 0.203 Mev and 
0.206 Mev. These are just the gamma-ray energies 
involved in the decay of Lu'”*. A peak at 0.084 Mev 
was interpreted as being the transition from the first 
excited rotational level in Hf!“ which had been popu- 
lated through the 8~ decay of Lu'™. Since the ratio of 
x-rays to 0.203-Mev and 0.306-Mev gamma rays of 
Lu7* could be measured, and since the 0.084-Mev 
transition was the only other prominent peak, it was 
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possible to make a rough estimate of the K-conversion 
coefficient for the 0.084-Mev transition. After making 
all necessary relative absorption and relative efficiency 
corrections, the result obtained was ax < 2.5. 


IV. DISCUSSION 


(a) Proposed Level Scheme for Yb'” 


The proposed partial level scheme of Yb!” is shown 
in Fig. 6. The numbers in parentheses are assigned 
relative intensities. The accurate energy values of the 
0.9015-Mev, 0.8228-Mev, and 0.5284-Mev transitions 
were determined since they are crossovers of low-energy 
transitions whose energies have been previously 
accurately determined by Mihelich et al.* In agreement 
with Mihelich ef al., we interpret the 0.0787-Mev and 
(0).2602-Mev levels as the first and second excited 
rotational levels, respectively. The ratio of the energy 
of the second excited state to that of the first excited 
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Fic. 6. Proposed partial level scheme of Yb'”. All energies of 
transitions are in kev. The numbers (rounded off) in parentheses 
are the assigned relative intensities. 
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state is 3.31, which is in good agreement with the 
theoretically expected 3.33. The fact that the 0.9015- 
Mev gamma ray was in coincidence with a gamma ray 
at about 0.182 Mev necessitated the postulation of the 
level at 1.084 Mev. The apparent absence of transitions 
from the 0.373-Mev state to the 2+ rotational state is 
unexplained. 

It will be noted that the 0.9015-Mev level decays to 
two members of the same rotational family, as well as 
to several other levels. In the limit of large deformations 
the transition probabilities to states of the same rota- 
tional family obey simple relations.’ If the 0.9015-Mev 
level has a 1+ spin and parity, it can decay to either 
the 0+ or 2+ rotational levels with the same multi- 
polarity transition. Employing the theory given by 
Bohr ef al.,°> we find that the ratio of the reduced 
transition probabilities is B(1-0+)/B(1—-2+)=2.0, 
if K=1 in the 0.9015-Mev state, where B is the reduced 
transition probability and K is the component of the 
total angular momentum on the nuclear symmetry 
axis. This agrees with the experimental ratio 2.1+0.3. 


(b) Discussion of the Lu'”®, Lu'”, and 
Lu'™ Data 


Coincidence measurements confirmed the previously 
observed rotational states of Yb!”, as well as the 0.0766- 
Mev first excited rotational level of Yb'”4. Attempts to 
fit the gamma rays of Yb!” into a level scheme con- 
sistent with the coincidence data were not successful. 

We have detected a previously unobserved first excited 
rotational level of 84+2 kev in Hf!*. For the first 
excited states of even-even nuclei in this region it has 
been observed that for a given neutron number the 
first excited states of isotones of higher Z are slightly 
higher.’ This is borne out in this case by the fact that 
the first excited state of Yb!” is 78.8 kev. 

Finally, it was possible to make a rough estimate of 
the K-conversion coefficient for the transition from the 
first excited rotational level of Hf'“. The result was 
ax <2.5. (Sliv’s value’ is 1.2 for an £2 transition.) 
One possible reason for our high upper limit was the 
assumption in the calculation that all observed x-rays 
were due to conversion of the 84-kev transition. 


§L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57ICCK], issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 
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Data from a standard IGY neutron monitor located on Mount Washington, New Hampshire, have been 
examined for possible increases associated with solar flares. The 0400 and 0900 impact zones have been 
located for both the standard centered dipole and the westward rotated centered dipole approximations. 
No increases 20.25% have been found for the years 1956 and 1957. An additional maximum in the mean 
daily cycle at the time of impact zone passage has not been observed during this period. Possible explanations 


for this result are presented. 


I. INTRODUCTION 


IVE large increases in cosmic-ray intensity have 

been observed to occur in direct association with 
solar flares. The latest increase, February 23, 1956, the 
largest ever recorded, has been analyzed in detail by 
Simpson and the Chicago group,'? among others. The 
characteristics of the earlier events have been discussed 
extensively in the literature and summaries compiled 
by Elliot,’ Firor,* and Singer.’ Detectors for the 
nucleonic component of cosmic radiation have been in 
operation only for the last two events. The increase 
observed with such detectors is an order of magnitude 
greater than with ionization chambers.'~® Since the 
effective primary spectrum for a nucleonic detector is 
peaked toward the low energies,®’ it appears that the 
additional cosmic-ray particles arriving at the earth 
during a solar flare are predominantly of low energy. 
The integral rigidity spectrum in the range 2-20 Bv 
deduced by Simpson! for the flare of February 23, 1956, 
was proportional to N~’, where N= pc/Ze is the 
magnetic rigidity for vertically incident particles. The 
normal spectrum is proportional to V~!*. 

It may be concluded from these events that the 
increase in intensity was due to the acceleration of 
particles to cosmic-ray energies at or near the sun. The 
sharp increase of cosmic-ray intensity observed for the 
February 23, 1956, event!” implies further that the 
initial burst of particles traveled relatively uncompli- 
cated orbits to the earth. Definite impact zones on the 
earth appear to exist for these particles, particularly 
in the case of the event of February 23, 1956. 

The question then arises: Are there also cosmic-ray 
intensity increases associated with small solar flares? 
Since the energy spectrum is very steep for the large 


* Supported by the Geophysical Research Directorate, Air 
Force Cambridge Research Center. 

1 Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956). 

2R. Liist and J. A. Simpson, Phys. Rev. 108, 1563 (1957). 

3H. Elliot, in Progress in Cosmic-Ray Physics, edited by J. G. 
Wilson (North-Holland Publishing Company, Amsterdam, 1952), 
Vol. 1, pp. 455 (and references therein). 

4J. Firor, Phys. Rev. 94, 1017 (1954) (and references therein). 

5S. F. Singer, in Progress in Cosmic-Ray Physics, edited by 
J. G. Wilson (North-Holland Publishing Company, Amsterdam, 
1958), Vol. 4, pp. 306 (and references therein). 

6 Simpson, Fonger, and Treiman, Phys. Rev. 90, 934 (1953). 

7W. H. Fonger, Phys. Rev. 91, 351 (1953). 


events which have been observed, and the increases in 
such cases are much larger for a nucleonic detector, it 
appears that such a detector might be used to investi- 
gate this question. Firort has analyzed the data from 
the Climax neutron detector for possible increases 
related to small solar flares and has found an increase 
of ~1% for flares occurring when the detector was in 
the proper impact zones during 1951-1952. No increases 
greater than ~0.3% were observed when the detector 
was not in the proper impact zones. The mean daily 
variation of intensity for the Climax detector was also 
found by Firor to depend upon the solar flare index. 

The cosmic-ray data obtained from the Mount 
Washington, New Hampshire, neutron monitor during 
1956-1957 have been examined for such increases 
associated with small solar flares. The results of this 
analysis will be presented here. 


II. SOURCE OF COSMIC-RAY DATA 


All the cosmic-ray data used in this study were 
obtained from the neutron monitor operated at Mount 
Washington, New Hampshire, located 6262 ft above 
sea level. This detector is a lead-paraffin pile of standard 
IGY design,’ containing twelve BF; proportional 
counters. It has been shown that such detectors are 
virtually free from meteorological effects with the 
exception of pressure variations,®® for which the data 
are corrected. The absolute counting rate there is about 
2000 min“. Thus, the hourly average, pressure- 
corrected, counting rates used in this investigation have 
a statistical uncertainty of about 0.25%. 


III. CALCULATION OF THE IMPACT ZONES 


The geomagnetic coordinates of a point on the earth 
may be calculated if the geographic location is known, 
following the method of McNish.” A similar method 
has been developed by Lambert." For Mount Wash- 


8 J. A. Simpson, Cosmic Radiation Neutron Intensity Monitor 
(Institute for Nuclear Studies, University of Chicago, 1955). 
9 J. A. Lockwood and H. E. Yingst, Phys. Rev. 104, 1718 (1956). 
104. G. McNish, Terrestrial Magnetism and Atmospheric 
Elec. 41, 37 (1936). 
1 R. H. Lambert, University of New Hampshire, 1955 (unpub- 
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Fic. 1. Times of passage of the 0400 and 0900 impact zones 
throughout the year for the Mount Washington detector. The 
ordinate scale on the left gives time of passage for the ‘“‘standard” 
zone, and on the right for the “‘new”’ zone. 


ington, one finds the following coordinates: 


Field orientation 


Latitude 


Longitude 


Standard centered dipole approximation 55°45'N —1°57’E 
Centered dipole, rotated 45° westward 52°05'N 36°34’E 
The two sets of geomagnetic coordinates are given 
owing to the uncertainty in the geomagnetic field of 
the earth. The centered dipole rotated 45° westward 
has beer suggested by Simpson e/ al.'* on the basis of 
equatorial cosmic-ray measurements and hereafter will 
be referred to as the “new” coordinate system. It should 
be noted that the principal effect of this rotation of the 
dipole is to shift the impact zone about three hours 
earlier, as shown in Fig. 1. Webber" has derived a set 
of geomagnetic coordinates and cutoff energies for 1955 
based upon an eccentric dipole approximation and has 
compared these coordinates with those for 1945. It 
appears that the eccentricity of the dipole has increased 
from 1945 to 1955. The change in cutoff energies 
resulting from the eccentricity of the dipole is not 
significant for this study. The resulting shift of about 
one hour in impact zones is less than the spread in the 
zones introduced by a source of finite size and by 
primaries arriving from other than the vertical direc- 
tion. Firort found a small-flare effect using impact zones 
calculated on the basis of the standard dipole orienta- 
tion which indicates that such an orientation was not 
greatly in error at that time. 

The times at which Mount Washington is in the 0400 
or 0900 impact zones have been determined from Figs. 
3 and 4 of Firor’s paper, and the results are shown here 
in Fig. 1. Since only vertically incident particles have 
been considered and the sun was assumed to be a point 
source, the curve shown in Fig. 1 gives the times at 
which Mount Washington was at the center of the 
impact zone. The zones have a width of from 2 to 6 
hours when it is considered that the neutron detector 
will respond to primaries incident within a cone of 


2 Simpson, Fenton, Katzman, and Rose, Phys. Rev. 102, 1648 
(1956). 
18, W. R. Webber, Suppl. Nuovo cimento 8, 532 (1958). 


AND 


Sj. A. LOCKWOOD 
half-angle about 30° and that the sun subtends a finite 
solid angle at the earth." 

The seasonal variation of the impact zones predicted 
by Firor* and Liist™ is clearly shown in Fig. 1. The 
0900 zone has not been continued through the summer 
months because the energy of the incident particles 
increases above 10 Bev, for which there are relatively 
few primaries expected during a flare compared with 
the 2-5 Bev range. The relative counting rate of the 
neutron monitor is then much lower for this zone. A 
large fraction of the cosmic-ray data used in this study 
has been selected from the summer months of 1956 
and 1957. For these months, the wide separation 
between the zones and the virtual absence of the 0900 
zone make the analysis of the data much simpler. 


IV. REDUCTION OF DATA 
A. Method of Analysis 


The data selected for this investigation have been 
limited to the years 1956 and 1957. To facilitate the 
analysis, flares of magnitude 1 or greater reported’® 
during this period were divided into the following 
categories : 

a. in standard 0400 zone; 
b. out standard 0400 zone. (1) 


“Tn” means the flare occurred while Mount Washington 
detector was in the indicated impact zone, and “out” 
means the flare occurred outside the impact zone. 
The zone is taken 4 hours wide. 
Three distinct types of analyses have been performed: 
First, the days were classified by the following 
scheme based on the categories in (1): 


c. flares in standard 0400 zone; 
d. no flares in standard 0400 zone. (2) 


” 


“Flares in...” indicates that one or more flares 
occurred while the detector was in the proper impact 
zone, and ‘‘no flares” indicates that no flares were 
observed to occur while the detector was in the impact 
zone. 

The mean daily variation of cosmic-ray intensity was 
calculated for the days with and without flares accord- 
ing to the subdivisions in (2). The results are shown 
in Fig. 2, where the arrow locates the center of the 
indicated impact zone. The smooth curve, fitted to the 
data of Fig. 2(a), has been reproduced on Fig. 2(b) to 
facilitate comparison. If a small-flare effect exists, it 
should produce a distortion in the mean daily cycle for 
days with flares which occur while the Mount Wash- 
ington detector is in an impact zone. It is apparent 
from Fig. 2 that no such effect is found here within the 
statistical error. However, the normal daily variation 


4, Liist, Phys. Rev. 105, 1827 (1957). 

18 Solar-Geophysical Data, Part B (U. S. Dept. of Commerce, 
National Bureau of Standards, Central Radio Propagation Lab- 
oratory, Boulder, Colorado, 1956, 1957). 
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for a neutron detector found by Firor ef al.'* is evident. 

Second, a comparison was made of the mean daily 
cycle for days of high and low flare indices. The pub- 
lished daily values of flare index!’ are intended to be 
proportional to the energy radiated per second in the 
H, light by flares occurring on the visible hemisphere 
of the sun. 

The days were classified according to the reported 
flare index as follows: 


00; 


e. flare index <1 
> 200; (3) 


f. flare index 


g. flare index > 500. 


The mean daily cycle was calculated for the days in 
each of these categories (3). Note that this classification 
is completely independent of the previous analysis and 
the subdivision (2) above. The results are shown in 
Fig. 3, where the locations of the centers of the zones 
have again been indicated. The reference curve from 
Fig. 2(a) has also been reproduced to facilitate com- 
parison. 

Third, the average hourly neutron intensity was 
calculated for six hours before and six hours after the 
onset of each flare in category (la), using the method 
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Fic. 2. Mean daily cycle of cosmic-ray intensity at Mount 
Washington for the summer of 1956 and 1957. The cycle shown 
in (a) was for 118 days when no flares occurred in the standard 
0400 zone. The cycle shown in (b) was for 115 days when flares 
occurred in the standard 0400 zone. The smooth curve fitted to 
the data in (a) is reproduced in (b). The center of the impact 
zone is indicated by the arrow. 


‘6 Firor, Fonger, and Simpson, Phys. Rev. 94, 1031 (1954). 
17 Preliminary Report of Solar Activity, High Altitude Observa- 
tory and National Bureau of Standards, Boulder, Colorado, 


INCREASES 





DEVIATION 
& 





PERCENT 








a eee eee es 

1®@ 20 22 24 2 4 6 8 

HOURS LOCAL 
(a) 


10 2 i 16 18 20 22 24 
TIME 





| 


hy 





PERCENT DEVIATION 











i@ 20 2222 4 68 0 2 4 16 
HOURS LOCAL TIME 
(b) 


@ 20 22 24 








PERCENT DEVIATION 











2 4 6 
TIME 


1 20 22 24 2 4 6 18 20 22 24 


8 10 
HOURS LOCAL 
(c) 

Fic. 3. Mean daily cycle of cosmic-ray intensity at Mount 
Washington during the summer of 1956 and 1957. (a) 32 days 
of flare index < 100; (b) 107 days of flare index > 200; (c) 39 
days of flare index > 500. The smooth curve shown is reproduced 
from Fig. 2(a). The centers of the standard and new 0400 impact 
zones are indicated by arrows. 


of superposed epochs. The mean daily cycle obtained 
in the First analysis was used as a correction to suppress 
the diurnal variation. The results are shown in Fig. 4. 
It is evident that no statistically significant increase 
occurs at the zero hour, even when only flares of 
magnitude 2 or greater are considered. As pointed out 
in Sec. ITI, we have concentrated this analysis on the 
summer months of 1956 and 1957. However, similar 
calculations have been made for the spring-fall and 
winter months, and a typical result is shown in Fig. 5. 
The absence of any small-flare effect is again evident. 

A similar analysis of the data has been made using 
the new geomagnetic coordinate system. Two examples 
of the results of these calculations are plotted in Fig. 
4(c) and Fig. 6. No significant effect appears here 
either. 
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Fic. 4. Cosmic-ray intensity six hours before and after the 
onset of solar flares during the summers of 1956 and 1957. (a) 
268 flares of magnitude 1 or greater occurring when Mount 
Washington was in the standard 0400 zone; b) 57 flares of 
magnitude 2 or greater selected from (a); (c) 19 flares of magni- 
tude 2 or greater occurring when Mount Washington was in the 


new 0400 zone. 


B. Method of Averaging 


In studying time variations in cosmic radiation it is 
best to express the results as percentage deviations 
from the mean so that the significance of the changes 
may be readily seen. It is obvious, however, that the 
calculation on such a basis for the mean daily cycle 
requires a great amount of computation. A simplifi- 
cation has been made here which reduces the required 
computation. 

The simplified method consists of finding the average 
intensity for the corresponding hours of each day in 
the data sample. These are then converted to percent 
deviations by division by the total mean of the entire 
sample. This approximation has been carefully ana- 
lyzed. We find that the error introduced is small if the 
variations being studied are small and the data are 
appropriately grouped. 

A large error may be introduced if the daily average 
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intensity deviates > 10% from the mean intensity for 
the period being evaluated. This error may be reduced 
by separating the days into subgroups for which the 
daily average intensity is constant to less than 10%. 
The subgroups are treated by the approximate method 
and the results are then combined by the exact method. 
For example, in combining the results for the summers 
of 1956 and 1957, this method of grouping has been 
employed because the general level of intensity differs 
by ~10% between the two years. By this modification 
of the approximate method, the error introduced was 
< 0.03% in most cases. 


C. Errors in the Analysis 


There are three main sources of error in the results 
presented here. First, an error is introduced by the 
approximate averaging method. This method error is 
about 0.03%. Second, an error arises from the sta- 
tistical uncertainty in the hourly average neutron 
counting rate. The error in the averages used here 
varies as 0.25/4/n %, where n is the sample size. For a 
typical sample size of 50, the data error is ~0.06%. 
Third, there is an error arising from the process of 
rounding off numbers in the calculations. This least- 
count error is about 0.05%. The total error to be 
expected in these results is ~0.15%. The estimated 
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Fic. 5. Cosmic-ray intensity six hours before and after the 
onset of 13 solar flares of magnitude 2 or greater occurring while 
Mount Washington was in the standard 0900 zone during the 
winters of 1955-1956 and 1956-1957. 
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Fic. 6. Cosmic-ray intensity six hours before and after the 
onset of 44 solar flares of magnitude 2 or greater, occurring while 
Mount Washington was in the new 0400 zone during the spring- 
fall 1956 and 1957. 





COSMIC-RAY 


total error for each analysis is shown on the appropriate 
curves in Figs. 2-6. 


V. DISCUSSION 


The relative increases of the cosmic-ray intensity in 
the 0900, 0400, and 2000 impact zones have been 
calculated by Firor* to be approximately in the ratio of 
7:3:1, respectively, assuming a flat rigidity spectrum 
at the source. More detailed calculations by Liist'* for 
the same spectrum also showed the 2000 zone is 
unimportant. However, recent calculations by Liist and 
Simpson,” using a rigidity spectrum deduced from the 
large flare of February 23, 1956, have shown that for 
the summer months the 0900 zone is less significant, 
while the 0400 and 2000 zones merge to produce the 
larger increase in the expected counting rate. In the 
winter months the 0900 zone again becomes significant 
and at middle latitudes the 2000 zone is also important. 
The 2000 zone has not been specifically considered in 
the present investigation. It would, however, contribute 
to any increase found for the 0400 zone in the summer 
months. 

Firor’s calculation of the mean daily variation‘ 
showed a large change in the daily cycle for days of 
high flare index. The expected diurnal variation was 
found for days of low flare index. In Firor’s analysis 
the mean daily cycle for days of high flare index was 
based on only about 20 days. It is interesting to note 
that of the 16 flares occurring while Climax was in an 
impact zone, apparently only one occurred in the 
spring-fall period, and only one in the winter period, 
while the remaining 14 occurred in the summer period. 
Also, it is not certain whether all these flares occurred 
on days of high flare index. 

It does not appear reasonable to attribute the large 
change in daily cycle for the spring-fall and winter 
months to the one flare occurring in each of these 
periods. However, the additional maximum in the daily 
cycle appearing at the time of passage of the impact 
zone might be explained by (a) flares of magnitude less 
than 1+ which are not included in the analysis, and/or 
(b) a solar controlled modulation mechanism of the 
existing cosmic-ray flux. The fact that the increase 
occurred at the time expected on the basis of the 
impact zone theory and showed the correct seasonal 
shift, seems to indicate that (a) is an acceptable 
explanation. On the other hand, recent studies!® of the 
daily variation in cosmic-ray intensity have shown that 
the amplitude and phase of the first harmonic vary 
cousiderably from day to day, and also throughout the 
solar activity cycle. An increase in amplitude of 100% 
and a shift in phase of 180° are not uncommon. Anoma- 
lies in the daily variations seem to be particularly 
enhanced on magnetically disturbed days, and hence 
around days of high flare index. 


18 A. M. Conforto and J. A. Simpson, Nuovo cimento 5, 1052 
(1957). 
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TABLE I. The distribution of flares in the samples analyzed. 





Average number of Fraction of days 
flares per day in with flares 
0400 standard zone in zone 





Days with flares in standard 
0400 zone [Fig. 2(b)] aa 1.0 
Days with flare index < 100 
Fig. 3(a)] 0.5 0.3 
Days with 1" index > 200 
Fig. 3(b) ] 1.9 0.6 
Days with iM index > 500 
anti $)) 1.9 0.6 


It is apparent that considerable caution must be used 
in interpreting these results. In particular, it is clear 
that the flare index is not a good criterion for selecting 
days on which flares occur while the detector is in an 
impact zone. It is preferable to choose specific days on 
which flares occur at the proper time. 

The magnitude of the flare effect measured by a 
cosmic-ray detector depends on the time intervals over 
which the data are averaged. From Firor’s study’ it is 
clear that the increase in cosmic-ray intensity occurs 
shortly after the onset of the flare and does not last 
appreciably more than one hour. If we assume the shape 
of the cosmic-ray intensity increases associated with 
small flares is the same as for the large flare, February, 
1956, we can estimate the amplitude of maximum 
increase occurring during the flare. If / is the percent 
increase based on the hourly average intensity and H 
is the actual maximum percent increase in intensity, 
then the following approximate relation holds: 


LH<A< AH. 


If the intensity returns to normal in a small fraction 
of one hour, the measured increase, 4, may be an even 
smaller fraction of H. Hence the 0.5 1.0% increase 
found by Firor* is indicative of a probable increase of 


several percent in nucleonic intensity. The statistical 
accuracy in the present investigation is such that an 
increase, h, of ~0.25% should be observable, corre- 
sponding to an increase, H, of about 1% in neutron 
intensity. 

In Table I are shown the data on the number of 
flares in the samples on which the curves in Fig. 2-6 are 
based. It is evident from this table that the criterion 
of high or low flare index is not satisfactory for choosing 
days when Mount Washington is in a position to detect 
increases associated with solar flares. That the same 
was true for Climax during a period of low solar activity 
has already been pointed out. The absence of a flare 
effect in Fig. 3 can therefore not be considered conclu- 
sive, although it is in distinct contrast with the result 
of Firor.' 

If the mean daily cycle is compared for days with 
and without flares in the 0400 zone, as shown in Fig. 2, 
no effect of ~0.25% is found. For days with flares 
there were on the average two flares per day. Exami- 
nation of the neutron intensity six hours before and 
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six hours after the onset of solar flares, shown in Fig. 4, 
indicates no increase greater than 0.25%. Since Firor* 
found a correlation of the magnitude of cosmic-ray 
increase with the flare classification, i.e., 1, 2, or 3, 
we separated out the data for flares of magnitude 2 or 
greater. Even on this basis, there was no indication of 
a flare-associated increase. A similar analysis for the 
spring-fall and winter months of 1955, 1956, and 1957, 
typical results of which are plotted in Figs. 5 and 6, 
gives no evidence of a small-flare effect. Since these 
results seem inconsistent with those obtained by Firor, 
possible interpretations will be given in the next section. 


VI. CONCLUDING REMARKS 


An essential difference between the present investi- 
gation and the work of Firor* is in the period selected. 
The analysis by Firor was made during 1951-1953, a 
period of declining and low solar activity, while we 
have limited our study to the years 1956-1957, a period 
of maximum solar activity. Thus, it appears possible 
that the small-flare effect can be detected by the 
present method during periods of lower solar activity, 
but not during the current high solar activity. Two 
possible explanations might be given for this effect. 

First, Meyer and Simpson” found large changes in 
the low-energy particle cutoff and the primary spectrum 
between 1948 and 1956. It was observed that the cutoff 
rigidity increased from <0.15 Bv, as measured by 
Neher,” in 1954 to ~1.5 Bv in 1956, and that the 
primary spectrum was sharply peaked near 2 Bv in 
1956. The shift in cutoff rigidity to the low value had 
probably taken place in 1951-1952." Thus, at times of 
high solar activity, very low-energy particles cannot 
reach the earth. Neher e/ al.*' have reported a rare 
instance of a cosmic-ray increase associated with a 
magnitude 1 flare occurring during a high-altitude 
balloon flight on July 23, 1951, and attribute the 
increase to particles with energies <1 Bev. However, 
primary particles of energy <1 Bev do not contribute 
to the neutron production in a nucleonic detector 
located at mountain elevations because of atmospheric 
absorption. It does not seem, therefore, that the 
absence of a small-flare effect during 1956 and 1957 can 
be attributed to a shift in the low-energy cutoff. 

Second, the presence of solar-produced magnetic gas 
in the earth-sun region might smear out the impact 
zones by scattering the low-energy cosmic-ray particles 
produced in the solar flares. Numerous models of such 
clouds”-** have been considered in the theoretical 

1 P. Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955); 
106, 568 (1957). 

” H. V. Neher, Phys. Rev. 103, 228 (1956). 

21 Neher, Peterson, and Stern, Phys. Rev. 90, 655 (1953). 

2 P. Morrison, Phys. Rev. 101, 1397 (1956). 

% FE. N. Parker, Phys. Rev. 103, 1518 (1956). 

*L. I. Dorman, Cosmic-Ray Variations (State Publishing 
House for Technical and Theoretical Literature, Moscow, 1957). 

26 Cocconi, Gold, Greisen, Hayakawa, and Morrison, Suppl. 
Nuovo cimento 8, 161 (1958). 
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investigations of cosmic-ray intensity-time variations 
to explain the change in cutoff rigidity and energy 
spectrum mentioned above. In most cases some form 
of scattering centers between the earth and sun are 
postulated. Unless these scattering centers are close to 
the earth, as pictured by Parker,” the zones would be 
broadened considerably, and might be entirely absent. 

The existence of well-defined impact zones during the 
early phase of the large flare of February 23, 1956, 
would seem to contradict the above explanation. How- 
ever, it is possible to explain the uniqueness of this 
event in terms of corpuscular streams of solar origin as 
postulated by Dorman.* Dorman has shown that the 
corpuscular streams carry with them a frozen-in mag- 
netic field characteristic of the region of their origin on 
the sun. Streams of the second kind, which originate in 
sunspot regions, may on occasion carry with them a 
magnetic field which is essentially in the plane of the 
ecliptic. In the event that a flare occurred at the source 
of such a corpuscular stream, the flux of accelerated 
cosmic-ray particles would be focused down the body 
of the stream. If the earth were traversing the stream 
at the time of the flare, a large increase in cosmic-ray 
intensity at the earth would result. The fact that the 
cosmic-ray intensity decreased significantly for several 
hours prior to the large flare event of February 23, 
1956, indicates that the earth may have been moving 
into a corpuscular stream at that time. 

If, on the basis of this study, we assume that there 
is no small-flare effect, which is in direct contradiction 
to Firor’s results, then the rare occurrence of flare- 
associated cosmic-ray increases could also be explained 
on the basis of a threshold existing on the sun for 
acceleration and escape of particles with cosmic-ray 
energies. Forbush ef al.?* describe this in terms of a 
tunneling effect. Only on rare occasions will the low- 
energy particles be able to escape from the magnetic 
field of the sun, in view of the estimated dipole moment. 
To account for Firor’s results,‘ the dipole moment must 
be at least an order of magnitude less than had previ- 
ously been determined.* The model proposed by 
Cocconi et al.®> of the cosmic-ray flare effect also 
indicates a threshold. To account for the delay in 
arrival time of the low-energy flare particles at the 
earth during the flare of February, 1956, Liist and 
Simpson? proposed a model in which the propagation 
of the cosmic-ray particles away from the solar-flare 
region is considered as particle diffusion through the 
magnetic-field irregularities of the solar corona. The 
low-energy particles would, in general, take longer to 
travel through this diffusing medium than the high- 
energy particles. On the basis of such a model the source 
size is much larger for these low-energy particles and 
the impact zones would be much broader. Furthermore, 
the diffusing region of the solar corona might, except 


26 Forbush, Gill, and Vallarta, Revs. Modern Phys. 21, 44 
(1949). 
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on rare occasions, be an essentially impenetrable barrier 
for low-energy cosmic-ray particles. It is quite possible 
these conditions at the source would change with solar 
activity cycle to account for the effect found by Firor* 
near the minimum of cycle. 

Additional investigation of this problem during the 
approaching period of lower solar activity is required. 
In particular, it would be desirable to study the hard 
component as well as the nucleonic component of 
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cosmic radiation so that the diurnal effects and flare 
effect may be more effectively separated. 
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Nucleon-Antinucleon Scattering* 


James S. BALtt AND JosE R. Futcot 
Radiation Laboratory, University of California, Berkeley, California 
(Received September 19, 1958) 


By use of the model of the nucleon-antinucleon interaction proposed by Ball and Chew, a calculation of 
the complex phase shifts at 50 and 260 Mev has been made. The values of annihilation, elastic-scattering, and 
charge-exchange cross sections, and the angular distributions for p-p and p-n elastic scattering are obtained. 
A comparison with the experimental data shows reasonable agreement. Finally, the parameters of an optical- 
model potential for antinucleon interaction with complex nuclei are presented. 


MODEL of the nucleon-antinucleon interaction 
at intermediate energies has been presented re- 
cently by Ball and Chew! (hereafter referred to as I). 
They used the Gartenhaus? and Signell and Marshak* 
potentials, with a “black central hole” to account for 
the annihilation, and their WKB calculation of the 
cross sections and angular distributions‘ at 140 Mev 
has proved to be in good agreement with experiment. 
In view of this success we have extended the calcula- 
tion to 50 and 260 Mev, to cover the range where ex- 
perimental data have become available.’ We have 
assumed that these two energies are the extreme points 
between which the model should be reasonably valid. 
At higher energies the details of the annihilation 
boundary condition become more important and a 
partial penetration of the higher waves can be expected, 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

¢ Supported in part by National Science Foundation and in 
part by the University of California Radiation Laboratory. 

{ Visitor from the Argentine Army. 

1 J. S. Ball and G. F. Chew, Phys. Rev. 109, 1385 (1958). 

2S. Gartenhaus, Phys. Rev. 100, 900 (1955). The sign of the 
one-meson contribution has been changed to describe the nucleon- 
antinucleon system. 

3P, Signell and A. Marshak, Phys. Rev. 109, 1229 (1958). 

4J. R. Fulco, Phys. Rev. 110, 784 (1958). 

5 Coombes, Cork, Galbraith, Lambertson, and Wenzel, Phys. 
Rev. 112, 1303 (1958); Chamberlain, Keller, Mermod, Segré, 
Steiner, and Ypsilantis, Phys. Rev. 108, 1553 (1957); Cork, 
Lambertson, Piccioni, and Wenzel, Phys. Rev. 107, 248 (1957); 
Agnew, Elioff, Fowler, Gilly, Lander, Oswald, Powell, Segré, 
Steiner, White, Wiegand, and Ypsilantis, Phys. Rev. 110, 994 
(1958), and private communication; Goldhaber, Kalogeropoulos, 
and Silberberg, Phys. Rev. 110, 1474 (1958); A. G. Ekspong and 
B. E. Ronne, Uppsala University, Institute of Physics, Technical 
note No. 1 (unpublished). 


increasing the annihilation cross section. At energies 
lower than 50 Mev the wavelength of the incident 
particle becomes of the same order as the wavelength 
associated with the barrier and the WKB method of 
calculation breaks down. 

The transmission coefficients and the real phase 
shifts are given in Table I. 

We have modified the singlet-isotopic-spin, singlet- 
spin potential by cutting off the large repulsive central 
region; since this potential produces an unphysical 
bound state in the V-N system.’ For this reason, the 
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TABLE I. Phase shifts (6) and transmission coefficients 
(T=1—R?). 


50 Mev 


260 Mev 
6 


140 Mev 


—54° 
—15° 
~23° 
—18° 
—12° 

10' 


3p 
aF 8 

or 

1So! 5 act ive 
1p} — 10° 
1D} , 6° 
IF} = 
15,3 rT re eee 
ips eee er 
1D» 3° 
IFS a lo 


1$5! transmission coefficient at 140 Mev has been 
changed from that given in I, and is now consistent 
with the values at 50 and 260 Mev. This state is of such 
a small statistical weight that the change in the cross 
sections is negligible. 

The total annihilation and scattering cross sections 
are given in Table II. 


TABLE II. Cross sections (mb) for nucleon-antinucleon 
interactions at different energies. 


50 Mev 140 Mev 
p-p pn pp pm pp pon 
Ctotal 232 168 148 113 101 
73 79 58 OF 
69 40 37 


260 Mev 


Gelastic scattering 91 
aabsorption 110 74 
ocharge exchange 31 ere 21 


TABLE III. The effect of partial transmission on p-p 
scattering at 260 Mev. 


States modified Cross sections (mb) 
*D# Fe "total "elastic “abs. "exch. 


T=0 18 Of 4 «8 13 
T=05 18 56 45 17 
T=05 123 58 SO 15 


T=05 
T=0 
T=0.5 
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A comparison with the experimental data available 
up to now is shown in Fig. 1. The agreement is fairly 
good, except for the value of the theoretical annihila- 
tion cross section at 260 Mev, which seems to be too 
small. However, by allowing partial transmission of the 
most strongly attractive effective potentials one may 
obtain larger values of this cross section. Various 
possible modifications and their results are shown in 
Table III. 

The angular distributions are plotted in Figs. 2 to 7. 
For their calculation we have used the method de- 
scribed in reference 4. A comparison with the experi- 
mental data at 133 and 265 Mev is also given. 

The general agreement of the theory with experiment 
in this energy range seems reasonably good in view of 
the crude nature of the potential description of the 
N-N interaction and the approximations made in our 
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Fic. 2. Differential scattering cross sections in the c.m. sys- 
tem for p-p (neglecting Coulomb scattering) and fi-n at Eta 
=50 Mev. 
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Fic. 3. Differential scattering cross sections (in the c.m. 
system) of p-n and 7-p at Eip=50 Mev. 
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calculations. Our main conclusion is that no long-range 
annihilation interaction is required by the existing 
experimental facts; the ordinary pion-exchange force 
appears to be sufficiently attractive on the average to 
produce the observed annihilation cross sections at 
intermediate energies. It is also reassuring that this 
model leads to only a small charge-exchange cross 
section, as required by experiment. In fact, one may say 
that in its predictions our model behaves not too dif- 
ferently from a black absorbing sphere of radius ap- 
proximately equal to the pion Compton wavelength. 
That it should do so, however, appears to be an acci- 
dent, following from the detailed nature of the pion- 
exchange force. 


OPTICAL-MODEL POTENTIAL 


An optical model for the scattering of nucleons by 
nuclei has been proposed and developed by many 
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Fic. 4. Differential scattering cross section (in the c.m. system) 
of p-p (neglecting Coulomb scattering) and f-n at Ejp=140 
Mev. Experimental data obtained by Coombes, Cork, Galbraith, 
Lambertson, and Wenzel. 
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Fic. 6. Differential scattering cross section (in the c.m. system) 
of p-p (neglecting Coulomb scattering) and fi-n at Ejs,=260 
Mev. Experimental data obtained by Coombes, Cork, Galbraith, 
Lambertson, and Wenzel. 
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Fic. 7. Differential scattering cross sections (in the c.m. system) 
of p-n and 7-p at Eia,= 260 Mev. 


authors.®? To apply it to the antinucleon-nucleus 
system we have followed the method of Riesenfeld and 
Watson,’ suitably modified to account for the annihila- 
tion process. 
The optical-model potential is then given (in units 
where h=c=y=1, and yp is the r-meson mass) by 
1 dp 
Vope(x) = —[Vert+iV cr lo(x)+LV sret+iV sr} —(e-h), 
x dx 
where 


3 
Vcr=—— Re[f(0)], 
Md 
6 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
7™W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). This paper contains a more complete list of references 
about the optical model. 
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TABLE IV. Optical-model potential depths for \=0.8571. 


~ (Mev) § 260 
Vcr (Mev) 12. ~14.8 
V sr (Mev) 3.5 t 5.4 
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k being the antinucleon momentum in the center-of- 
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mass system; \ and p(x) are defined in reference 7, and 
R is the amplitude of the reflected partial wave 
[R= (1—T)?*]. 

In these expressions ¢ is the effective antinucleon- 
nucleon cross section given by 


6=}[og .**+-o5_9°* ]+-47[o5-n+op-p" |, 


where y is a factor that takes into account the effect 
of the Pauli principle upon nucleons inside the nucleus. 
This effect tends to forbid collisions with small mo- 
mentum transfer, thereby decreasing the scattering in 
the forward direction. 

A calculation of the y factor has been performed 
considering a Fermi gas model of the nucleus and an 
N-N differential scattering cross section of the form 
k{. do (0)/dQ |= K+L cos#+M cos*6 which fits the meas- 
ured angular distributions fairly well in the energy 
range considered here.’ The results are shown in 
Table IV. Using these potentials, Fernbach ef al. are 
now carrying out an optical-model calculation of the 
scattering of antiprotons from several light nuclei. 
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p-n Asymmetries at 143 Mev* 


Stuart G. CARPENTERT AND RICHARD WILSON 
Cyclotron Laboratory, Harvard University, Cambridge, Massachusetts 


(Received August 11, 1958) 


The asymmetry of neutrons produced by bombardment of C, Al, Cu, and Pb by 143-Mev polarized 
protons, at angles 20° to 70°, has been measured. The asymmetry is almost independent of target element 
but is inconsistent with that from a free p-n collision. The mechanism for the process is discussed. 


INTRODUCTION 


HE (p,) reaction producing neutrons by proton 

bombardment of nuclei is primarily of interest 
as a source of neutrons from high-energy cyclotrons. 
It has usually been assumed that the process is an 
elementary collision with a neutron inside the nucleus. 
Early work on the polarization of the neutron’ was 
consistent with this view. If this is indeed the case then 
the relation, which holds for elastic scattering, con- 
necting the asymmetry of the outgoing neutrons from 
a polarized proton beam to the polarization of the 
neutrons from an unpolarized beam should still hold; 

* Supported by the Office of Naval Research. 


t Now at Atomics International, Canoga Park, California. 
‘1 R. G. P. Voss and R. Wilson, Phil. Mag. 1, 175 (1956). 


this relation is e=P,P2. Thus it should be possible to 
compare directly the polarizations previously meas- 
ured’ with asymmetries. Roberts, Tinlot, and Hafner® 
and later Bradner and Donaldson‘ showed a deviation 
from the simple picture. They found a large asymmetry 
in the (”,p) reaction on carbon by polarized neutrons 
at 150 Mev, at 45° lab, of a sign opposite to the free 
n-p scattering. Stafford, Tournabene, and Whitehead? 
confirmed this by measuring the polarization of neu- 
trons produced in the (p,#) reaction at 160 Mev. It is 
the purpose of this paper to extend this work by 


2 Stafford, Tournabene, and Whitehead, Phys. Rev. 106, 831 
1957). 
3 Roberts, Tinlot, and Hafner, Phys. Rev. 95, 1099 (1954). 
*H. Bradner and R. Donaldson, Phys. Rev. 99, 890, 892 (1955). 
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measuring the asymmetries of neutrons produced in 
several elements and at several angles by the 150-Mev 
polarized proton beam of the Harvard cyclotron. 


METHOD 


The layout of the apparatus is shown in Fig. 1. The 
beam® is defined by brass plates 3 in. high and 1 in. 
wide, through which passed 3X 107 protons per second. 
The beam then passed through an ionization chamber 
monitor to the targets which were chosen to be 10 Mev 
thick. The beam energy was determined® by range to 
be 148+-2 Mev, and the average polarization (65+2%) 
was found by measuring the asymmetry from carbon 
and comparing with published data.’:’ 

The counter used was a large liquid scintillator 
contained in an aluminum tank 3 in. wide, 6 in. high, 
and 25 in. long, carefully constructed to be symmetrical 
about a vertical plane through the center. The liquid 
was phenylcyclohexane with 4 g/liter of p-terphenyl 
in solution. The scintillator was viewed by five 5819 
photomultipliers connected in parallel. Uniformity of 
light collection was achieved by adjusting the photo- 
multipliers independently using a 2-mC source of Sr®. 
The maximum variation was 5%, occurring at the 
counter ends. A 1-in. thick lead plate was placed 
between the counter and the targets to prevent scat- 
tered protons being counted. Any secondaries produced 
by the neutrons in this block were proportional in 
number to the incident neutrons and did not affect the 
observed asymmetry. 

The counter was placed alternately to the left and 
to the right of the beam in the center of a large steel 
house which provided shielding from neutrons which 
came directly from the cyclotron itself. This shielding 
was 8 in. thick in the direction of the cyclotron. In 
spite of this and other shielding (shown in Fig. 1), the 
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Fic. 1. Experimental layout to scale, showing the arrangement 
of the polarized proton beam and the shielding. 


5G. Calame et al., Nuclear Instr. 1, 169 (1957). 

6 Palmieri, Cormack, Ramsey, and Wilson, Ann. Phys. 5, 299 
(1958). 

7 Alphonce, Johanssen, and Tibell, Nuclear Phys. 3, 185 (1957). 

8 J. M. Dickson and D. C. Salter, Proceedings of the International 
Conference on Nuclear Physics, Amsterdam, 1956 (Nederlande 
Natuurkundige Vereniging, Amsterdam, 1956). 

® Thresher, Van Zyl, Voss, and Wilson, Rev. Sci. Instr. 26, 
1186 (1955). 
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background neutrons exceeded the wanted neutrons 
by about a factor of four. 

We used as a monitor an argon-filled ionization 
chamber detecting the polarized proton beam. Since 
the background was large, and was not caused by the 
polarized proton beam, this was not necessarily a 
reliable monitor. Background counts were therefore 
taken at frequent intervals, by use of a remote target 
changer. No variation in normalized background rate 
was observed, and any variation would have been 
averaged by this procedure. The background subtrac- 
tion was straightforward for the background neutrons 
were unaffected by the presence of a target. 

The counter was used with an ordinary 10~7-sec 
amplifier, which fed five discriminators in parallel, set 
at 20, 30, 40, 50, and 60 v. These enabled counts to 
be taken averaging over a successively larger spectrum 
of neutron energies. These settings remained constant 
for all angles and no changes in pulse height were 
observed. 

The effective energies to be attached to these channels 
were measured by measuring the total cross section in 
a 15.6-in. carbon block of the scattered neutrons.’ By 
comparison of the total cross section with measured 
data, an energy could be determined. This was found 
to be very closely the same at all the angles for the 
same discriminator bias. A small correction was 
necessary for the lack of perfect geometry. 

The targets were adjusted so that the protons lost 
10 Mev in them, and were of adequate purity. 


ALIGNMENT AND SYSTEMATIC ERRORS 


The beam slit was adjusted to be 1 in. wide and 3 in. 
high and to include the most intense, and uniform, 
beam. The beam line was then determined by a beam 
photograph 6 ft behind the slit; at this position the 
beam was 4 in. wide at the extremes of the intensity 
pattern but symmetrical. The precision of determining 
the center of this beam pattern is estimated as 0.2 in. 
and is the major uncertainty in the alignment procedure. 
Although the counter was changed from side to side 
several times for each angle, the complete alignment 
procedure was repeated for only two angles—20° and 
30°—but with complete reproducibility. 

The energy is known to change with position across 
the beam® and so is the polarization; other systematic 
errors could be caused by a nonuniform counter, a 
change of counter gain with position, and errors in 
background subtraction. We have calculated these 
effects to be small and have somewhat arbitrarily 
added an error of 0.01 to all the statistical errors and 
0.02 for the 60° and 70° points in order to take account 
of these systematic errors. 


DATA 


The data-taking procedure was as follows: Counts 
were taken for 10-min intervals with successively Cu 
target, background, Al target; counts were taken for 
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TasLeE I. Sample data. Numbers given are (countsX64); 
superscripts are counts. Data were taken in the “North 70°” 
arrangement. 


20 30 40 50 60 
volts volts volts volts volts 


Monitor 


Time 


Background: 
10 min 
10 min 

Cu target in: 
10 min 
10 min 


1913.87 
1906.80 


136% 6957 
134% 70" 


31” 
3125 


592° 
584!8 


2912 
290® 


1906.02 
1925.05 


812 
82” 


358 
3716 


350” 
351% 


1617? 
16477 


718% 
7222 


two such cycles. The counter was then moved to the 
same angle on the other side, and counts were taken 
for four cycles. Then the counter was moved back to 
the original side and two more cycles taken. The whole 
process was repeated for the Cu and Pb targets and for 
other angles. 

Table I shows a sample section of data. The asym- 
metries were simply derived from these, by the formula 
e=(R—L)/(R+L), but were then corrected to apply 
to a 100% polarized beam by dividing by 0.65. The 
results are in Table II. 


DISCUSSION 


In Fig. 2 our data for the asymmetry at two effective 
energies for carbon are plotted. On the same graph we 
plot the points for the polarization of the neutron 
measured at Harwell with a comparable bombarding 
energy. Within the poor statistics, there is agreement 


TABLE II. Neutron asymmetries from 100% polarized 
protons of energy 143 Mev. 





Effective neutron 
energy (Mev): 
Target Angle 


7446 77246 81+6 





Carbon 20° 0.10 
30° 0.04 
40° 0.09 
50° 0.12 
60° 0.06 
70° 0.06 


Aluminum 20° 
30° 
40° 
50° 
60° 
70° 


Copper 20° 
30° 
40° 
50° 
60° 
70° 


20° 
30° —0.01 
40° 0.09 
50° 0.18 
60° 0.21 
70° 0.13 
Total error assigned 
to all points in 


column: +0.02 
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between the polarization and the asymmetry. Also 
plotted are the (,p) asymmetries of Roberts et al.,* 
similarly corrected to apply to a 100% polarized beam. 
We plot here only their data with carbon in both 
scatterers. Their other data are comparable. 

It should be noted that the 30° point falls below a 
smooth curve through the others; this fact persists for 
all the elements. It is possible that this is an alignment 
error, since the data for all the elements were taken 
with the same alignment; the discrepancy is, however, 
within the assigned error. We also note that the 
asymmetry is essentially the same for all elements. 

According to the most elementary ideas, we might 
consider that the neutron production from proton 
bombardment is caused by an elementary p-n collision 
inside the nucleus. Indeed, neutrons produced in the 
forward direction are mostly high-energy neutrons, 
corresponding to this process and to the large exchange 
term in the n-p scattering. Mandl and Skyrme” have 
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Fic. 2. The asymmetry in neutron production from carbon for 
effective energies of 74 and 93 Mev (solid and dashed lines), 
This is compared with the (n,p) asymmetries of Roberts et al., 
and the polarizations of Voss and Wilson and of Stafford et al. 


made detailed calculations of this process and obtain 
good agreement with experiment at 160 Mev, both in 
energy spectrum and angular distribution. 

Thus it becomes of interest to compare our data with 
those expected from free p-n collisions, which is done 
in Fig. 3. The polarization or asymmetry in p-n colli- 
sions can be inferred from that in ”-p collisions using 
charge symmetry. The free n-p scattering curve is an 
interpolation between the accurate 95-Mev data" and 
350-Mev data.” The line passes through the less 
complete data of Roberts ef al.’ Also plotted on the 
same curve are the data‘ (from a different energy of 
235 Mev) of quasi-elastic p-n asymmetries where the 
event was specified by a 90° p-n coincidence. The curve 
for free p-n collisions is slightly modified by the internal 

© F, Mandl and T. H. R. Skyrme, Proc. Phys. Soc. (London) 
A65, 101 (1952). 

1 Stafford, Whitehead, and Hillman, Nuovo cimento 5, 1589 


(1957). 
2 Siegal, Hartzler, and Love, Phys. Rev. 101, 838 (1956). 
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Fic. 3. The asymmetry in neutron production from carbon 
compared with that in free p-n scattering at 150 Mev and bound 
p-n scattering at 230 Mev, at the equivalent angle. 


momentum distribution of the neutrons inside the 
nucleus. This causes an averaging of « over angles of 
+10°, but the effect on « is less than 10%. 

There is passable agreement at angles up to 30° lab 
(60° c.m. for the p-m system). At angles larger than 
this, the quasi-elastic p-n scattering measured by 
Bradner still shows qualitative agreement with the 
free p-n scattering and could show exact agreement 
within our knowledge of n-p scattering. When only the 
neutron is defined there is disagreement even as to sign. 
This disagreement is accompanied by a further dis- 
agreement. For a free p-n collision the energy of the 
neutron varies as E cos’#, where @ is in the laboratory 
system ; thus at 60° lab we expect an energy distribution 
peaked at 37 Mev, with a spread about this value to 
the momentum distribution. This is not the case. Thus 
we expect the 90-Mev neutrons to come from a different 
process than the 37-Mev neutrons; those of lower 
energy might sometimes come from a #-n collision, 
explaining the lower average asymmetry. 

In a search for other possible mechanisms for neutron 
production at wide angles, we can compare with other 
processes. We note, for example, that the polarization 
or asymmetry in elastic scattering experiments is linear 
with angle in the small-angle region once Coulomb 
effects are taken into account,’'® and is concave to the 
angle axis; in contradistinction, the asymmetry plot 
here is convex to the axis. In two other experiments 
this convex shape is found. Firstly, a study of the 
asymmetry of pickup deuterons from polarized protons 
in the reaction C”(p,d)C"," and in the asymmetry of 


13P, F. Cooper, Jr., thesis, Harvard University, 1957 (unpub- 
lished). 
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a particles in the elastic p-a scattering at backward 
angles, which we here write as p(a,p)a. In each of these 
cases also, a naive approach would be to assume a 
direct interaction. Stafford et al.2 have suggested that 
this asymmetry, or in their case polarization, is due to 
an interaction of the incoming proton, or outgoing 
neutron, with the nucleus as a whole. We envisage this 
classically as a two-stage process, of a p-n production 
in the forward direction followed by an elastic scattering 
(or vice versa). The nuclear spin orbit coupling then 
produces the large asymmetry. The p-n production 
then occurs at a small angle and the neutron energy is 
higher than that given by a free p-n collision. The 
two-stage process will be a small effect at small angles 
where the direct process has a large cross section, but 
becomes large at angles (and outgoing energies) where 
the direct process has a reduced cross section. Thus 
there will always be a transition from the case of a 
predominantly direct process at small angles to a 
predominantly indirect process at large angles for any 
reaction where the direct process falls off steeply with 
angle. This will hold whether or not the indirect process 
is due to interaction with the nucleus as a whole. 
Polarization still equals asymmetry, but the curve is 
convex towards the angle axis. 

Squires“ has considered the above-mentioned process 
for the (p,m) reaction. He claims that it is not possible 
to obtain agreement with a nuclear potential, but that 
multiple nuclear collisions must be considered. This 
corresponds to the second stage of the indirect process 
considered above being caused by nucleon-nucleon 
interactions. However, Greider!® has obtained good 
agreement in the related reaction C'*(p,d)C" using the 
interaction with the nuclear potential. These two facts 
seem contradictory, and neither treatment explains the 
difference between Bradner’s quasi-elastic scattering 
and the free p-n scattering. Thus the matter cannot be 
regarded as settled. 

One of the purposes of this experiment was to study 
the feasibility of obtaining highly polarized neutron 
beams; these have been used by Stafford et al.?4 It is 
now certain that the asymmetry, and probably therefore 
the polarization, varies very fast with energy, and 
great care must be taken in any experiment using such 
a beam. 


4 E, J. Squires, Proc. Phys. Soc. (London) 72, 433 (1958). 
15K. Greider, thesis, University of California, 1958, UCRL 
8357 (unpublished). 
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u-Meson Decay with Inner Bremsstrahlung 


C. Fronspat aNp H. Useratt* 
CERN, Geneva, Switzerland 


(Received August 21, 1958) 


The differential transition probability for the radiative decay of a polarized » meson with the most general 
choice of coupling constants, is calculated and integrated over electron energies. The extent to which this 
process may be useful for determining the coupling constants is discussed. 


; I ‘HE radiative u-meson decay, 
u—etr+i+y, 


is mainly of interest as a correction to the nonradiative 
decay.'! Actual observation of the photon has been 
discussed theoretically,? and it has been pointed out 
that an experiment will be difficult as the probability 
is only ~10~ relative to the nonradiative process. With 
the high y-meson fluxes (10°/min) available from 
modern accelerators, however, some experiments seem 
to be feasible. It may be of interest, therefore, to know 
the shape of the spectrum, as well as the various angular 
correlations, in particular those involving the spin 
direction of the ~ meson. One may also ask what state- 
ments could be made about the dependence of these 
quantities on the coupling constants of the decay 
interaction. This question will be considered in some 
detail in the following. 

Pratt? has shown that from experiments on the 
u-meson decay, with or without observation of a photon, 
at most ten real combinations of the ten complex 
coupling constants can be determined. If the decay 
interaction Hamiltonian is written 


—— C:+Ci'ys i 
u-¥(v0. ce +4) W.04-), (1) 


v2 
with Hermitian y matrices and 


Os=1, Ov=%.; Or= (1/2iv2) (¥x¥u—- Yun) 


Os=178¥n, Op=Y¥s= 1727374; 


the ten real observables are given by* 


* Present address: Carnegie Institute of Technology, Pitts 
burgh, Pennsylvania. 

1 T. Kinoshita and A. Sirlin, Phys. Rev. 107, 593 (1957); 108, 
844 (1957). 

2See N. Tzoar and A. Klein, Nuovo cimento 8, 482 (1958), 
where references to earlier work are given. 

3R. H. Pratt, Phys. Rev. 111, 649 (1958); see also B. Ferretti, 
Nuovo cimento 6, 999 (1957); R. Gatto and G. Liiders, Nuovo 
cimento 7, 806 (1958). 

‘If the expression C;+C;’y; were to occur in the neutrino 
matrix element instead of in the charged-particle matrix element 
in Eq. (1), the replacement Cs, p’ > Cp,s’, Cv, a’ ~ —Ca,v’ would 
have to be made. The sign of our coupling constants Cp, Cp’ 
differs also from that of reference 1, owing to their different 
definition of ys. If the time-reversal invariance holds, the ten 
coupling constants are real, but then a’ =8’=0, so that only eight 
parameters can be measured. 


a= ICs|?+ |Cs’ |?+ |Cp|?+ |Cp’|?, 
b= |Cy|?+ |Cv'|?+|Cal?+/Ca’|?, 
c= |Cr|?+|Cr’|?, 
a’=2 Re(Cs*Cs'’+Cp*Cp’), 
b’=2 Re(Cy*Cy’+Ca*C 4’), 
c’=2 ReCr*Cr’, 
as ICs|?— Cs’ |?- |Cp|?+ Cp’ |?, 
B= |Cy|?— |Cv’|?— |Cal?+[Ca’|?, 
a= 2 Im(Cs*Cs’—C p*Cp’), 
p’=2 Im(Cy*Cy’—Ca*C4’). 
Of these, the last four occur in the formula for the 
transition probability multiplied by m,./E, or by the 
degree of transverse electron polarization,’ thus are 
rather hard to measure. Restricting oneself therefore 
to a measurement of the remaining six quantities a, ), 
c, a’, b',c’ one has the following possibilities. The decay 
probability of u* is (neglecting the electron mass)! 
dN =p5(3X 2 x*)—'7dxdQ. w{ 3(1—x) 
+2($x—1)FPs.é[1—x+26($x—1)]} (2) 
where x=E,/(E.)max=2E./u, Se=Ccos(S,pe), Pe=elec- 
tron momentum, s=muon spin direction, P=degree 
of muon polarization, and ~=muon mass. This ex- 
pression contains four parameters w, p, & and 6. Simi- 
larly, the decay probabilities dN, with creation of 
longitudinally polarized electrons (+ for right-handed, 
— for left-handed ones) contain the parameters w4, 
ps, £4, and 6,. These depend on the coupling constants 
in the following way: 
w=}(w,+w_)=at+4b+6c, 
pw=} (p,04+p_w_) = 36+6c, 
fw=4(E,w, +E w)=—3a’+40'4+14c', 
bfw=4(5,£,0,+6_¢ w_) = 3d’+ 60’ 


(3a) 


3 (w,—w_)=a’—4b'+ 6c’, 
3 (p4.04—p_w_) = — 3b’+6c’, 
3 (E,W, — £ w_) = —3a—4b4+14c, 
> (6, £,w,—d_£ w_) = — 36+ 6c. 


(3b) 


The four quantities (3a), which are not associated 
with the electron polarization, have been measured with 
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reasonable accuracy.':* Two more measurements in- 
volving the longitudinal polarization of the electron 
are necessary to complete the determination of the six 
quantities a, b, c, a’, b’, c’. A qualitative determination 
of }(w,—w_) has been made?’ in order to establish the 
sign of this quantity. 

In principle, measurements of electron polarization 
may be replaced by measurements of the radiative 
decay. It turns out, however, that the main features of 
this process depend sensitively only on the quantities 
(3a). Only the photon angular distribution with respect 
to the u-meson spin exhibits an appreciable dependence 
on a parameter x which is equivalent to }(w,;—w_). 
The dependence on the parameters w, p, &, and 6 can 
provide a confirmation of the values of these quantities 
obtained from the nonradiative decay. Alternatively, 
one may say that the general theory, together with 
experiments on the nonradiative mode, gives an almost 
definite prediction for the radiative decay. 

In the calculation, we neglect the electron mass. The 
photon spectrum appears proportional to E,'dE,, and 
thus has the shape of a bremsstrahlung spectrum with 
an infrared divergence, which is removable by inclusion 
of virtual photon corrections. The asymmetry consists of 
terms proportional to s =cos(s,p.) and to s,=cos(s,q), 
where q=photon momentum. Angular correlations 
between the electron and the photon contain certain 
dominant terms proportional to (E.E,—p.-q)™', in 
which the electron mass cannot be neglected, and which 
show a strong forward emission of the photons with 
respect to the electrons. To avoid contamination by 
real bremsstrahlung from the electron, photon energies 
higher than the energy of the corresponding electron 
should be selected in the experiment. The higher 
spectral components of the photon, although of smaller 
intensity, will exhibit a greater sensitivity to the 
coupling constants, as observed by Lenard.* Intro- 
ducing y=2E,/u, we obtain for the radiative decay 
probability of u* mesons (summed over the photon 
polarizations) : 


dN, =e y5(3X 2'6r8)—! (dx dy/y)dQ.aQ,Z, (4) 
Z=w{ny+ (1—4p)(2ns+ny—nr) 
+n(2ns—2nvy+nr)+ PED s.[ny* 
at, 
—4$(1— 46) (2ns*+5ny*—nr*) 


+x(2ng*—2ny'+nr*) |}, (4a) 


where 


n,® =[A+ (2/p2x?) AF_@4+ Fy 4 AR ® 
+A°F,*); (i=S,V,T); (4b) 


5M. Weinrich, Nevis Cyclotron Laboratories, Columbia Uni- 
versity, Report CU-151-58-O R-110-Physics (unpublished). 

6 L. Rosenson, Phys. Rev. 109, 958 (1958). 

7 Culligan, Frank, Holt, Kluyver, and Massam, Nature 180, 
751 (1957). 

8 A. Lenard, Phys. Rev. 90, 968 (1953). 
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A=1-—cos(p.,q), and the F are functions of x and y, 
given in the appendix. We introduced two new pa- 
rameters » and x, which compare with the old parame- 
ters p, 6 as follows: 
(1 - $p)w= ee yom 
nw=a-+ 2c, 
—4(1—4$6)tw=a'—2c’, 


xéw=a’+2c’. 


(Sa) 


(5b) 


The two-component neutrino theory gives the values 
p=6=8, and a universal V—A interaction suggests in 
addition |¢|=1. The present experimental values are 
p=0.68+0.02, 5=0.58+0.06,° and || =0.89+0.11.° 
In this last reference, evidence is also given that positive 
muons are produced with 100% polarization in m decay, 
and that they do not get depolarized when stopped in 
graphite or in metals. 








Fic. 1. Angular correlations of electron and photon for un- 
polarized ~ mesons. The scale is relative to the nonradiative 
decay. 


or, L. Crowe, Bull. Am, Phys. Soc. Ser. II, 2, 206 (1957). 
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Fic. 2. Angular distribution of photons for electrons observed 
along the muon direction, and fully polarized positive muons. 


In Fig. 1 we plotted the quantity 


dN 

i ) 
where the integrations over the electron spectrum dx 
were performed, for unpolarized muons (P=0, R=Ro), 
vs A, for y=0.5, 0.7 and 0.9, and n»=0. Two values of p 
were chosen, namely 0.75 and 0.68, for which the two 
curves differ by up to 4% (around A=0.5). 

Experimental values } for p and 6 do not imply the 
two-component theory, but only that a= 2c, a’=2c’, or 


dN, 
R= ( 


(a’/b’) 
“1+(a’/b’) 


k= 


_, (@/b) 
” "tater 


Both parameters can then vary from zero (the value 
for two-component theory) to 3. Actually, Ro turns out 
to be practically independent of ». This can be under- 
stood, as in the factor of », 2ns—2ny+ m7, the leading 
terms F_,‘ cancel each other. 

To plot an angular correlation involving the spin of 
the muon, we chose a coincidence experiment where 
p.|'p,, and the angular distribution of the photon is 
observed with respect to the incoming muon. Re- 
stricting ourselves to positive muons, we can set 
| PE| =1,° and also 


Pis= —p,/P.; 


which follows from the fact that the electrons in u decay 


UBERALL 


go backward with respect to the incoming muon.” For 
this situation, the quantity R=R, was plotted in Fig. 
2 ws A for y=0.7, n=0, and p=5= (again integrated 
over dx), and for x=0 (a’=0, two-component theory), 
0.25 (a’=b’) and 0.5 (a’>>b’). The curves differ by up 
to 16% (around A=1) between the extreme cases. 

The differences may become accentuated if only the 
highest energy electrons are selected, as suggested by 
the larger asymmetry of the more energetic electrons in 
nonradiative decay. But this would probably make the 
experiment too difficult. 
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APPENDIX. THE FUNCTIONS F 
$F_,S=8[y?(1—y)+2xy(2—3y) 
+ 228(1—2y)— 22°], 
2F $= 4[ —xy(2—3y*)—222(1—y—3,') 
+2a3(1+2y) ], 
$F S=2[ x*y(2—3y—3y*) —a*y(44+3y) ], 
3FS= xy?(2+y). 
§F_,8¢=8[ xy(1—y)+27(2—3y)— 227], 
3F )8¢= 4 —22(2—y—2y%) +23(2+3y)], 
4F S¢= — 2x*y(2+-y), 
3F.S*=0. 
: 3F_S7=8[y(1—y)+2y(1—2y)—2*y], 
$F S1=4[ —xy?(2—3y)—2?y(1—4y) +24y ], 
3FS7= 2[ 275? (1—3y)— 2a" ], 
2F S71 = gf, 
F_,Y=8[5°(3—2y)+6xy(1—y) 
+ 22(3—4y)— 424], 
Fo" =8[ —xy(3—y—y*) —2°7(3—y—4y*) 
+2s8(142y)], 
F\Y = 2[x*y(6—Sy— 2y*) — 2a%y(4+-3y) ], 
FY = 2aty2(24+y). 
F_4¥¢=8[xy(1—2y)+222(1—3y)— 42°], 
Fo¥¢=4[ —a2(2—3y—4y?) +223 (2+-3y)], 
P,V*=—43°y(2+y), 
F,*=0. 


(Ve): 


10 Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957). 
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(Te): F4T=—8[ay(1+3y)-+22(2+3y)+2x"], 
Fo?*=4[ a? (2+3y+4y*)+23(2+3y) ], 
F\te= — Ixty(2+y), 


F,T¢ _ 0. 


(Vy): Fa’1=8[5(1—2y)+ay(1—4y) — 2x9], 
FoV7=A4[ 2xy?(1+-y) —2*y(1—4y)+ 2a4y ], 
F,"¥=2[x*y?(1—2y) —4a4y"], 

F.V1= 2x8, 
F_,7=8[y?(3—y)+3xy(2—y) 
+2a2(3—2y)— 22°], 
Fo? =4[ —xy(6+-") — 22? (3+y—3y*) 
+223 (1+2y)], 
Fi? = 2[2*y(6—Sy+-y*) —a*y(4+3y) ], 
F.? =24y2(2+-y). 


(Ty): Fit??=—8[y(it+y)+ay+2*y], 


Fo? = 4[xy?(2— y)+2*y(1+2y)+24y], 
F,77= —2[x2y?(1—y) + 2a4y]], 
F,t1= ey. 
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Ionization Loss by u Mesons in Helium}* 


Ropert E. Lanou, Jr.,f§ AND Henry L. KRAYBILL 
Yale University, New Haven, Connecticut 
(Received September 29, 1958) 


The ionization loss by cosmic-ray » mesons in helium gas has been measured as a function of momentum. 
The ionization loss was determined with proportional counters and the momenta were measured by a mag- 
netic spectrometer which resolved particles in the momentum region from 3.3 Bev/c to 140 Bev/c. It was 
found that helium gas at 2.7-atmospheres pressure exhibits a density-effect saturation of the most probable 
ionization loss and that this saturation is complete at a p/uc value of about 200. Under the conditions of 
normalization used in this experiment, the value of the ionization loss at which the Fermi plateau occurs is 
1.28-++0.04 times the value at the minimum. This is in agreement with calculations based on the Sternheimer 


theory for the particular counter filling used in this experiment. 


I. INTRODUCTION 


HEN a fast charged particle traverses matter it 

loses energy by its interactions with the atoms 
of the material. Two of the ways this loss is observed 
are by the ionization and, in some cases, the Cerenkov 
radiation. Attempts have been made to calculate the 
dependence of these energy losses as a function of 
momentum.!" The principal results of these calcula- 
tions are in good agreement with experimental observa- 
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tion.'!?-*4 However, in the region of high momenta it is 
uncertain how much of this total energy loss manifests 
itself as ionization and how much as Cerenkov radia- 
tion. Sternheimer,’ in his treatment of the density-effect 
corrections to the Bethe-Bloch calculation, has sug- 
gested a method to compute this division of energy 
loss. In order to make an experimental comparison an 
experiment has been performed using high-momentum 
mu mesons of the cosmic radiation, measuring their most 
probable ionization loss as they traverse a quantity of 
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helium gas and comparing the result expected when the 


calculated Cerenkov loss is subtracted. 


II. EXPERIMENTAL PROCEDURE 
A. Momentum Measurements 


In order to measure the momentum of the cosmic- 
ray « mesons, a magnetic spectrometer was constructed. 
It consisted of a three-tray Geiger-Miiller counter 
hodoscope in conjunction with two regions of magnetic 
field. These regions of magnetic field were iron mag- 
netized (in the same sense) to 17 800 gauss. From the 
geometry, values of the magnetic fields, and corrections 
for multiple scattering and momentum loss in the iron, 
the momenta of the particles were determined by 
measurement of their deflections. In Fig. 1 the rudi- 
ments of the spectrometer are illustrated. Trays A, B, 
and C are the three trays of the hodoscope; they are 
made up of two layers of 1-cm-diameter Geiger-Miiller 
counters, thus the uncertainty in horizontal position 
of the meson, as it traverses the tray, is 0.33 cm. The 
regions of magnetic field were SAE 1010 steel kept 
magnetized at 17 800 gauss by Alnico VB permanent 
magnets. These are designated by M I and M II and 
each is 50 cm long. The vertical separation of tray A 
from C and tray C from B is 190 cm. With this con- 
figuration, the spectrometer resolved particles in the 
region from 3.3 Bev/c to 140 Bev/c. The resolution on 
single particles is limited at the low end of the spectrum 
to about 35%, chiefly by the multiple scattering, and at 
the high end to about 70%, chiefly as a consequence of 
the finite size of the counters used. The spectrometer 
was calibrated by using it to measure the cosmic-ray 
m-meson spectrum and then comparing the observed 
result with the theoretically expected one, using the 
measured spectrum of Owens and Wilson® to which 
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corrections are applied for multiple scattering, solid 
angle, and momentum loss in the spectrometer. 


B. Ionization Measurements 


The ionization measurements were made by placing 
four identical proportional counters in the cosmic-ray 
meson beam as selected by the spectrometer described 
above. This gives four independent measurements on 
one particle. 

The proportional counters were made of square 
bronze tubing 20 inches long, with a 3-inch-square 
cross section and a ;s-inch wall thickness. This rec- 
tangular shape affords a uniform path length in the 
counter for all the particles passing through it. The 
center wire was made of 3-mil tungsten wire. The filling 
mixture was 95% tank helium (Matheson Company, 
Incorporated) and 5% CO: to a total pressure of 2.7 
atmosphere. The tank CO, (Pureco Carbonic Gas) was 
distilled with liquid air and dry ice-acetone mixture to 
remove oxygen and water. The CO. was added to 
quench the metastable states of helium and thus 
stabilize the counter multiplication process. To remove 


TABLE I. Results of ionization-loss measurements. 


Median 
pulse 
height 


17.30-+40.56 
18.10-40.85 
19.15+0.89 


Median pulse 
ht. relative to 
1.3 Bev/c 
1.03 
1.08 
1.14 
1.17 
1.17 


Median 
momentum 
(Bev/c) 

3.5 to 6.5 5.2 

6.5 to 9.5 6.9 

9.5 to 15 10.9 

15 to 29 18.3 19.75+0.95 

29 to 140 40 19.65+0.70 
Ss 16.80+0.20 


Momentum 
interval 
(Bev /c) 


the electronegative gases from the counters the gas was 
circulated through a hot calcium purifier. 

The counter operating voltage was 2120 volts. Each 
of the proportional counters had its own standard 
preamplifier, which had a gain of 30. The signals were 
then fed through Jordan and Bell linear amplifiers. The 
over-all electronic gain of the system was 150 000. The 
signals were then passed through a gate and pulse- 
stretching circuit and recorded on a six-channel Brush 
Development Company recorder. Referring to Fig. 1 
again: the counters Cl and C2 are Geiger-Miiller 
counters which are used as a telescope to define the 
region of uniform electric field in the counters. The 
counters S, which are all in parallel, are connected in 
anticoincidence to discriminate against shower-associ- 
ated particles. The events selected for the ionization- 
loss measurements are defined by the coincidence 


A+B+C+C1+C2-S. 
III. RESULTS 
A. Ionization Loss 


The data presented here represent 500 hours of 
running time. Particles that satisfied all the criteria 
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for ionization measurements were collected at the rate 
of about 10 per day. There was a total of 186 such 
particles which in turn gave 660 ionization measure- 
ments. For purposes of analysis these events were 
divided into five momentum categories, which had 
roughly the same number of events in each. Table I 
contains a tabulation of these. 

Since the proportional counters measure the total 
ionization of the uw mesons as they traverse the gas 
mixture, the pulse-height measurements are subject to 
Landau fluctuations. Therefore, each momentum cate- 
gory has a distribution of pulse heights. From this 
distribution the most probable value of the pulse 
height and the median value can be found. However, 
this distribution is not a pure Landau type, since it 
represents a compound distribution which results from 
the ionization loss of the mesons having the several 
momenta contained within the limits of the category. 
Further, it has previously been shown?*.”? that observed 


TABLE IT. Parameters for He and CO: mixture (/v; are in Rydberg 
units). The symbols are defined in the appendix and reference 8. 


63 2 
—X-=0.630 
Z 
Z 
= 0.0336 


hv, = 1.8 = n=2.2X 10”/cc 


hvo=23.0 hyv,p=0.04 


hv3= 4.1 
hy4= LZ 


p(He)= 1.80 
fa=0.0336 p(CO2)= 1.20 

37 4 
fs=——X—=0.0672 

100 22 
fe=0.0672 

378 
fy=—X—=0.134 
100 22 


hvs=42.3 I(He)=44 ev 


hve= 4.0 I(CO2z)=94.7 ev 


hvz= 2.9 


pulse-height distributions for nearly monoenergetic 
particles do not always give Landau distributions of 
the proper relative width. Consequently, care must be 
taken in stating what the momentum is for an observed 
most probable ionization loss. In this experiment we 
have used the following technique: 

The pulse-height distributions for all the momentum 
categories have been normalized and plotted together 
and the resulting distribution determined. This is then 
taken as the “effective Landau” distribution. This dis- 
tribution was found to have a 60% full width at 3 
maximum. By use of this distribution and the theo- 
retically expected dependence of pulse height upon 
velocity an expected compound distribution was com- 
puted for each momentum category by numerical 
integration. The value of momentum at which the 
mode of this calculated distribution occurred is then 
the value for which the experimentally observed mode 
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Fic. 2. Ionization results. Curves A and B: I(He)=44 ev. 
Curves C and D: I(He)=26.8 ev. 


should be plotted. Upon performing these integrations 
it was found that the thus determined momentum 
agreed, within the experimental error, with the value 
of the median momentum of the category. As a conse- 
quence of this, we have used the experimentally deter- 
mined median momentum of a category for comparison 
with the median value of the observed pulse-height 
distribution for the category. The results are tabulated 
in Table I and plotted in Fig. 2. The stated errors on 
the medians are computed on the assumption that the 
pulses falling on either side follow the binomial dis- 
tribution and that the probability of a pulse’s falling 
on one particular side is 4; then the error is taken as 
the distance the chosen median value must be shifted 
to include (N/2)! of the total number of pulses, V. 

Also plotted in Fig. 2 are the theoretical curves for 
the 95% helium and 5% COz mixture at a pressure of 
2.7 atmospheres. To calculate these curves we have 
used Eq. (1) for the most probable loss due to ionization 
and Cerenkov radiation: 


mf 5.5X10° 
€prob = >| ‘fin ——— 
‘fl I2(i-f) 
2rNe'p; >. Z; 
ome > A; 


and p; is the density of the ith constituent, }> Z; and 
> A; are the atomic number and weight, /; is the ioniza- 
tion potential in electron volts, X is the thickness of the 
layer in centimeters, V is Avogadro’s number, m is the 
mass of the electron, and the other symbols have their 
conventional meanings. The dbnix is the density-effect 
correction, which is calculated in accordance with the 
Sternheimer theory. The parameters used in this 
density-effect correction are listed in Table II. 

Equation (1) is obtained by extending the Landau**.* 
treatment to gas mixtures; the pertinent points of this 
extension are contained in the Appendix along with 
details of the density-effect calculations. 


+1- baie (1) 


where 


X, n=L Ni, 


28 |, Landau, J. Phys. U.S.S.R. 8, 201 (1944). 
2” K. R. Symon, thesis, Harvard University, 1948 (unpublished). 
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Fic. 3. Cerenkov loss vs momentum for He-Co, mixture 
at 2.7 atmos. 


The curves of Fig. 2 are calculated on the basis of 
two different values for the ionization potential of 
helium. Curve A is using that calculated by Williams” 
(44 ev) and Curve C is using that extrapolated from 
Bakker and Segré* (26.8 ev) by Sternheimer. Both 
curves are normalized in the region of the minimum. 
Curve B is obtained by subtracting the Cerenkov radia- 
tion, as predicted by Sternheimer theory,’:* from Curve 
A. Curve D has been obtained in the same manner 
from Curve C. 

In order to normalize the experimental data to these 
curves in a region where there are no density-effect 
corrections (i.e., a low-momentum region) and to have a 
point containing a small statistical error, an ionization 
measurement was performed in which all particles in 
the group had a momentum greater than 261 Mev/c 
as determined by a range measurement. The median 
momentum of this group was 1.3 Bev/c. It contained 
2474 pulse-height measurements. Using this point as a 
normalization we find that the Fermi plateau is at a 
value of 1.28+0.04 times the minimum. The plateau 
is reached at a p/uc of about 200, which is in general 
agreement with the theory. On the basis of this nor- 
malization it appears either that more of the energy 
loss escapes as Cerenkov radiation or that the value of 
the ionization potential is lower than that calculated 
by Williams and more nearly that measured by Bakker 
and Segré. 


B. Calculation of Cerenkov Loss 


In order to calculate the Cerenkov loss as a function 
of momentum we utilize the formulas of Sternheimer,?'* 
which give the amount of energy to be subtracted from 
the total ionization loss plotted in curves A and C in 
Fig. 2. 

2 Si(p uc)* 


W (Cer) = A f;| — n—— 
38? =. 2vFw,b, 


-1] for p/uc<v;fj-4, (2) 


*® E. J. Williams, Proc. Cambridge Phil. Soc. 33, 179 (1937). 
3 C, J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 
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and 


2 fi vj v? 
W(Cer)=A [= In - | 
3 8 2f, jtw,b, (p/pc)? 


for p/uc>vfi4, (3) 


where f; is the oscillator strength for the optical transi- 
tion to the first excited state, w; is the half-width of the 
lines of the optical spectrum, 6, is equal to 2mby;/c, 
b being the radius of the cylinder outside of which it is 
assumed that no direct ionization takes place, and 
A=Yni/Liui (see Appendix). 

Also, in the limit of high momentum we have 





2 f; V; 
W.,(Cer) = 4 in| (4) 
3 ig 2fj4w;bp 

In this theory it is assumed that it is the first excited 
state of helium that dominates the process and therefore 
all the constants of the equations are those recommended 
in reference 8. We have reduced the f; by 33% to take 
account of the presence of the CO» in the mixture and 
have used the plasma frequency, v,, of the He-CO, 
mixture. Consequently we have used 


Vp-H 


¥;=57.3——-=39.0, wj=0.919X10, b=0.1 cm, 
V p-mix 
7 {;=0.55X0.63=0.347. 


The results of the calculations using these formulas and 
parameters are shown in Fig. 3. 


A=0.077 Mev, 
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APPENDIX 


Calculation of Most Probable Loss 


In the Landau treatment of the collision loss,?? use 
is made of the differential collision probability for u 
mesons with electrons in the form 


nNelp SZ 1 
m?> A é 


where N is Avogadro’s number, >> A and >> Z refer to 
summations over the A and Z of the molecule in ques- 
tion, v is the meson velocity, and ¢ is the energy loss in 
the collision. w(e) is then the probability (per unit 
length of path) of an energy loss ¢ for a particle of 
initial energy E. 

This expression for the probability is to be used in 
the solution of the distribution function which is Eq. 
(5) of Landau’s paper and which is reproduced here as 


w(€)= 


’ 
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Eq. (6). 
1 +iatés 
Qi —ia+s 


xexp|pa—= f w(e)[1—exp(— p*) ]dejdp. (6) 


0 


For a substance that consists of a mixture of several 
constituents, we say that 
2rNe‘p; be Z; 1 
o(e-)= J o(d = 2, ————-, (7) 
i m?> A; e 


where the summation over 7 refers to the sum over 7 
constituents. 

Making use of Eq. (7) in (6), we find that the func- 
tion has its maximum at 


5.5105 


= 4-54 in 41 
el 121-6) 


i 


where the symbols are those defined in Eq. (1). 


Density Effect 


In order to calculate the density-effect corrections to 
the most probable loss, we turn to the Sternheimer 
treatment.’ In this paper the reduction in energy loss 
due to the polarization of the medium is described as 


dE\ 2rne* pP+P 
a( —) -—~|5 s(—) —P(1 -#)), (9) 
dx mei v7 
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where m is the number of electrons per cm’, m is the 
electron mass, f; is the oscillator strength of the jth 
transition, whose frequency is »;, and / is a frequency 
that is the solution of the equation 


fi 
alan Pony Seen (10) 
- Tae 


Here v; is to be expressed in terms of the plasma fre- 
quency of the medium, (#;= v;/vp), 


(11) 


We wish to calculate the density effect of our particular 
counter filling, a mixture of helium and carbon dioxide. 
Since the density effect is largely the result of the so- 
called distant collisions, we propose to treat the gas 
filling as a homogeneous mixture of CO» and helium 
and not distinguish between a COs collision and a 
helium collision. This reduction in energy loss for the 
mixture is then subtracted from Eq. (8) for the most 
probable total loss. This is done by defining 


Vp= (ne*/am)}. 


oP? +P 
bnix= 2, fj inf ~——— rca, (12) 
i f 


V; 


the net result is then Eq. (1). Note that bnix differs 
from >>; 7,6; in that the plasma frequency is that of the 
total mixture and therefore 7; of Eq. (12) are different 
from those for the constituents alone. For the counter 
filling used in this experiment, the difference is negligible. 
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Capture and Decay of y~ Mesons in Fet 
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The mean life of w~ mesons in Fe has been measured using an improved cosmic-ray apparatus. A positive 
identification of the stopped muon was made using Cerenkov velocity selectors in the incident telescope. 
The 2.2-usec background from positive muons was reduced a factor of 3 with a 3-layer sandwich of Fe and 
thin plastic scintillators, so arranged that electrons emitted in the target were mostly detected as such by 
the scintillators. The mean life is 19648 mysec. By comparing this result with the electron-counting results 
of Lederman and Weinrich, the ratio of the decay rate of u~ bound in Fe to the free u*-decay rate is found 


to be 1.15+-0.06. 


I. INTRODUCTION 


HEN a negative muon comes to rest in condensed 
matter, it falls rapidly to the mesonic K orbit 
of an atom. From here it may undergo nuclear capture 


t Assisted by the National Science Foundation. 
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or it may undergo spontaneous decay. The rate A at 
which the mesons disappear is the sum of the capture 
rate, \,, and the rate Ag for spontaneous decay; Aq is 
usually taken as equal to the decay rate Xo of the free 
positive muon in order that A, may be obtained from 
the measured values of X. Only recently has attention 
been focused on Ag and the extent to which it may 
deviate from Ao. 
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The value of Ag for a given Z may be obtained by 
combining a measurement of the branching ratio for 
capture and decay with an accurate value of A, since 
the fraction fz of muons undergoing decay is just da/d. 
Values of fa have been measured by Lederman and 
Weinrich! for a number of elements, including Fe. The 
purpose of the present work was to measure \ accurately 
for Fe, so that a value of Ag might be obtained. 

During the course of our work, measurements of A 
were carried out by the Chicago group? for a number of 
elements, including Fe. These authors® also recently 
measured \,4 by a technique involving the simultaneous 
measurement of the numbers and delay distributions 
of the electrons from a “sandwich” target of light and 
heavy elements. Our results confirm the results of the 
Chicago group, both as to the value of \ for Fe and— 
when we combine \ with the Columbia fz result—as to 
the value of da. 

The experimental results for Fe (Z=26) are in dis- 
agreement with existing theoretical estimates*® of dq. 
The theory predicts, for all Z, a slower decay for 
bound muons than for free ones, while for Fe (but not 
for heavier elements) an effect of the opposite sign is 
observed. The theory takes into account the reduction 
in accessible volume of phase space due to the binding, 
and the relativistic time dilation due to orbital motion 
of the muon. Telegdi’s group has suggested that the 
Coulomb distortion of the wave function of the out- 
going electron is responsible for the reverse effect, but 
quantitative calculations have not yet been made. In 
particular, it remains to be shown how dq can be 15-20% 
greater than \» for Z=26 and less than Xo for Z> 30, 
as appears to be the case experimentally. 

The present experiment follows the basic technique 
of Keuffel et al.’ (hereafter referred to as KHGR) in 
which the disappearance of the negative muon is 
signalled by a neutron or y ray resulting from capture. 
The decay curve of the capture radiation gives the 
mean life, whose reciprocal is \. This technique takes 
advantage of the low neutron backgrounds of cosmic- 
ray experiments. The workers at the machines use the 
decay electrons of those mesons which escape capture 
(a very small percentage in the case of medium and 
heavy elements) to follow the disappearance of the 
muons. Since these techniques are quite different, we 
deemed it worthwhile to report briefly at this time the 
result for a single element as a check on possible 
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§ Lundy, Sens, Swanson, Telegdi, and Yovanovitch, Phys. Rev. 
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systematic errors in the work done with the more 
copious machine mesons. It is interesting to note, 
however, that the Chicago group took about the same 
running time (three weeks) to measure 27 elements as 
was required (with comparable accuracy) in our single 
measurement. In view of the limitations on machine 
time the disparity in rates is not altogether discouraging. 
A larger cosmic-ray apparatus with several times the 
present rate has been constructed, and is now in 
operation. 

In the present work, the original technique of 
KHGR has been improved in three important re- 
spects. First, the identification of the stopping muon 
has been made much more positive by the use of 
Cerenkov velocity selectors in the incident telescope. 
Second, the 2.2-usec background of delayed y rays 
produced by bremsstrahlung following ut decay has 
been reduced. And third, the delayed neutrons and y 
rays used to signal the capture event have been 
separated from ionizing radiations by pulse-height 
selection, thus permitting the target and detector to be 
brought close together without the intervening anti- 
coincidence counter heretofore employed 


II. APPARATUS 

The experiment was set up at the University of Utah 
(altitude 4700 ft). The counter disposition is shown in 
Fig. 1. The method of measurement employed is to note 
the time of arrival of a muon stopping in the target, 
as signalled by a pulse from the scintillation counter 5S), 
and then to record the time elapsed to the detection of 
an evaporation neutron (or y ray) from yw~ capture in 
the target. The neutron is detected by Sy, a liquid 
scintillator. 
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Fic. 1, Counter disposition. The Geiger counter trays G, and 
G2, the Cerenkov counters C; and Co, and the scintillators Si, Se 
and S; are square. Counter S, is circular in cross section. A muon 
about to stop in the target gives a count in Gi, Ci, G2, and S;, but 
not in C2. The capture radiation is detected in Sy. A u* decay in 
the target will usually be recognized by a delayed count in Se, 53, 
or a large pulse in S,. 
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A simplified block diagram of the electronics is 
shown in Fig. 2. An oscilloscope sweep is triggered by 
a coincidence G,C;G.025,S, (the bar denotes an anti- 
coincidence), and delay-line shaped pulses from 5), So, 
S3, and S, are separately delayed and displayed. 
Delays in S,4 relative to S; are then measured on a 
35-mm photograph of the cathode-ray tube trace. The 
S,4 pulse in the above triggering requirement is required 
to fall within a certain pulse-height interval, but all 
time delays of Ss, from —1 to +10 usec (relative to S;) 
are displayed and photographed. To read delays 
greater than 3 usec, a marker pulse with a fixed time 
delay relative to S; is displayed to establish the (virtual) 
trace position of S}. 


A. Selection of a Pure u-Meson Beam 


The counters Gj, Go, and S; together with the 4-in. 
Pb filter (Fig. 1) define a cosmic-ray beam consisting 
mainly of muons with a small admixture of protons 
and electrons. With the addition of the anticoincidence 
Cerenkov counter C2, the beam is restricted to particles 
with velocities less than the Cerenkov threshold for 
water (the threshold for Cz. was about 0.87c). Further 
strong discrimination against electrons is thus provided, 
particularly since a soft shower event must contain 
ionizing particles at Go, not at C2, and then again at S; 
with no heavy converters between them. For muons, 
the C. anticoincidence condition means that the vast 
majority of fast mesons are eliminated. Slow mesons 
about to stop in the target are accepted, even including 
a meson incident at a 45-degree angle which stops in 
the bottom of the target. 

Some discrimination against slow protons is obtained 
by demanding a “yes” count from the Cerenkov 
counter C), located above C2 and separated from it by 
3 inches of common firebrick. A proton with sufficient 
velocity to trigger C; would be incapable of stopping 
in any of the target plates without suffering a nuclear 
interaction. Fortunately, there were very few proton 
events of any sort, and delayed events from this source 
proved to be negligible. A stopping proton produces 
unusually large S;, S2, or S; pulses, and thus can often 
be positively identified (see Sec. III). C; also helps 
eliminate soft-component events since it is completely 
surrounded by Pb. 

The present stringent requirements on the nature of 
the incident particle are a considerable improvement 
over the work of KHGR and other u-capture experi- 
ments which relied mainly on the detection of delayed 
nonionizing radiation to identify the event sought. 
There are other events which have associated with 
them neutrons in the Mev region. These constitute a 
serious background if the neutrons are produced a few 
feet away from the counters since the time of flight of 
a 1-Mev neutron is about 20 musec ft~'. Meyer,® using 
a hodoscope and a lead plate “sandwich” above a 


5 A. J. Meyer, thesis, Princeton University, 1954 (unpublished). 
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KHGR-type apparatus, found spurious time lags of 
100 musec or more connected with small soft events. 
Presumably these were the fringes of larger electron- 
photon showers which generated neutrons by the 
“giant resonance” (y,m) reaction near the core. 

Much light was shed on this and other neutron- 
producing mechanisms by the experiment of Althaus 
and Sard,’ using a neutron-triggered cloud chamber at 
sea level. For every detected neutron associated with 
u-capture these authors found about 4 neutrons from 
proton-induced stars, 15 neutrons from “low-energy 
events” (mostly electronic component) and 20 neutrons 
from fairly energetic electron cascades in their multi- 
plate chamber. In our experiment, dense electron 
showers (Sard’s “high-energy cascades’’) produce large 
pulses in S4 and so are rejected because they exceed the 
upper threshold of the S, pulse-height window. How- 
ever, we rely on the tight y-selection conditions of the 
incident telescope to discriminate against the other 
neutron-producing events. 

Neutrons may also be produced by fast u mesons in 
the lead above our apparatus, but the Cerenkov anti- 
coincidence counter is very effective in cutting out fast 
mesons, or indeed even soft component which is 
secondary to the fast meson. Furthermore, the time 
lags from this process, as with the other processes 
where the neutrons are locally produced, should be very 
short compared to the minimum time-lag accepted for 
analysis in the u-meson decay curve (90 mysec). Only 
reasonably fast neutrons (Z>0.75 Mev) were accepted 
by Sa 

Note also that a neutron generated above C, usually 
has two water barriers to penetrate (C; and C2) as well 
as the hydrogenous counters S;, S2, and 5S; before 
reaching S4. 








|| {AMP }2%-{COING. 
*1.S psec delay {||| fap }2%coinc. 
introduced in this || \—-[AMP }2COINC. 
channel before =| ||_ AM }o+/a-coinc. | 
forming coincidence |__.'awp lo“ coinc.* | 
+—~{AMP_}2(COINC. {SWEE! 
—+>{AMP +2 A-COING. | >iCAMERA ) 


Fic. 2. Block diagram of the electronics. The coincidence circuit 
(lower portion of diagram) selects muons entering the incident 
telescope and stopping in the target. Pulses from the four scintil- 
lation counters are displayed on a fast oscilloscope sweep, permit- 
ting the determination of a mean life. Artificial delays separate 
the pulses and permit the sweep to get started before the pulses 
arrive. The delays actually used were 3.0, 3.6, 4.2, and 4.9 psec 
(not as shown). 


*E. J. Althaus and R. D. Sard, Phys. Rev. 91, 373 (1953). 
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TaBLe I. Counting rates for different types of events. 





Total 
rate 
hr= 


22.0, 


I. “Accepted” events (based on a 382-hr sample) 
a. Time-zeros* 

b. 0.20-usec component (u~ capture) 

c. 2.22-~sec component (u* decay) 

d. Random noise (flat, from 0 to +10 usec) 





. “Rejected” events (based on a 40-hr sample) 
a. S:, S2, or S; delays 
b. S, pulse height too large 
c. No S, pulse or identified negative S, lags 
d. Double S, 
. S, only or blanked trace (misc.) 
. S, or Sz or S; pulse height too large (protons) 
. S; and S; but no S; (soft component) 


* ‘‘Time-zeros”’ are the residual points near the origin after the extra- 
polated muon capture curve was subtracted from the data. The rates 
quoted for all events which have an exponential time distribution have 
been extrapolated to include counts with all delays from the origin to 
infinity. The observed rate of muon captures was 4.1 hr=. 


We shall see in Sec. III that contamination from any 
of the sources discussed above is indeed negligible. 


B. Rejection of Stopped u* Events 


Rather than use a magnetic field to reject positive 
muons (which would reduce the u-acceptance solid 
angle drastically), u* particles are rejected by detecting 
their decay positron in S;, S2, S3, or Ss. The first three 
of these counters are thin plastic scintillators which 
are insensitive to neutrons from yw capture. A pulse 
large enough to exceed the upper threshold of S4 can 
rarely be produced by a neutron. By dividing the target 
into thin layers, we reduce the chance that a bremsstrah- 
lung y ray should escape from the target without the 
detection of the decay positron that produced it. Such 
7 rays result in a background of 2.2-usec mean life. 

The pulses from S;, S2, and S; are artificially delayed 
and displayed separately. An event exhibiting a shift 
in one or more of these pulses is rejected. 


C. Neutron Detector 


The neutron detector S, is a liquid scintillator with 
a sensitive volume 7 in. deep and 15 in. in diameter. 
It utilizes two 5-in, 6364 photomultipliers. The con- 
tainer" is made of iron 0.6 g/cm? thick coated with 0.12 
g/cm? of porcelain enamel inside and out. An ionization 
loss of 100 kev results in about 20 photoelectrons. 

The energy window in S, extended from 0.15 to 1.1 
Mev for electrons or, because of the nonlinearity of the 
scintillator, about 0.75 to 4 Mev for recoil protons. A 
study of the S,4 pulse heights from capture events 
revealed that a higher upper threshold would result in 
few additional neutrons detected. The lower threshold 
appeared to give an optimum efficiency, in view of the 
scintillator nonlinearity of response to low-energy pro- 


A restaurant “stock pot” made by the Vollrath Company, 
Sheboygan, Wisconsin. 
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ton recoils and its sensitivity to low-energy soft back- 
ground. The capture pulse-height spectrum was 
qualitatively an exponential, as one might expect of 
evaporation neutrons. However, nuclear y rays (which 
also follow the u--decay curve) may have contributed 
an appreciable fraction of the total counts. 

The energy window of S4 was such as to reject charged 
particles with high efficiency. For example, the pulse 
from a slow muon which penetrated S, to a depth 
greater than 0.2 mm would exceed the upper threshold. 
It was therefore possible to dispense with the anti- 
coincidence Geiger counters between the target and S, 
which were used in previous work’:*" to establish the 
nonionizing nature of the delayed counts. S, could then 
be placed close to the target, with a good solid angle 
and with no extraneous target materials present. 


D. Energy and Time Calibrations 


Each of the scintillator and Cerenkov counters was 
calibrated by measuring the pulse-height distribution 
produced by normally-incident fast ~ mesons. The 
calibrations were checked daily by measuring an ap- 
propriate counting rate for each counter after the 
triggering thresholds had been checked with a mercury 
switch pulser. 

The oscilloscope sweep was calibrated with a 
2-Mc/sec ringing circuit, which was in turn compared 
with a crystal oscillator. A detailed study of the 
over-all time measurement procedure indicated that 
errors from this source should contribute no more than 
0.25% to the error in the mean life. Several photographs 
of the ringing-circuit output were taken at the beginning 
of each day’s run. 

III. RESULTS 


In reading the film, events with a delayed pulse in 
Si, Ss, or S; were rejected, along with a number of 
other less frequent types of events as indicated in 
Table I. The ‘S;, Sz, or Ss; delays’ represented yt 
decays in the Fe target, or u* decays where the muons 
stopped in the scintillators themselves. Their time 
distribution followed a 2.2-usec exponential. From the 
table, it is seen that they are twice as numerous as the 
2.2-usec component in the accepted events, so that the 
scintillator sandwich reduced the u+ bremsstrahlung 
background by a factor of 3. 

Also rejected were events with S, larger than 1.1-Mev 
(the upper threshold in the triggering system was 
slightly greater than this) as well as double S, events 
(mesonic x-rays followed by a nuclear capture count or 
afterpulsing), and various events inconsistent with the 
expected behavior of stopping muons. Category (f) is 
an indication of the number of protons accepted, while 
(g) is typical of the soft component. The last two types 
of events all showed zero delay, indicating that the 
spurious delayed events discussed in Sec. IIA have 


1 Hillas, Gilboy, and Tennent, Phil. Mag. 3, 109 (1958). 
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Fic. 3. Delay distribution for w~-capture events. The final 
corrected value of the mean life was 196-8 musec, as stated in 
the text. The background removed is a composite of a 2.22-usec 
exponential distribution from wt decays and a flat accidental 
distribution. The flags on each point are standard statistical 
deviations. 


indeed been eliminated by the rigid muon selection 
system, 

The accepted events were assigned to time delay 
channels with a width of 20 musec out of 1.5 usec and 
0.5 usec thereafter. The delay distribution was analyzed 
into a flat background, a 2.2-usec exponential com- 
ponent, and a muon capture component. Figure 3 
shows the delay distribution with the flat background 
and the 2.2-usec component removed. The zero on the 
time scale is at 150 musec to avoid bias in reading time 
zeros. The point at 0.75 usec (true delay 0.6 usec) had 
to be corrected because of an ambiguity in film event 
selection for certain types of events with 0.6-usec delay. 
The correction was made using a run in which S$), Ss, 
and S; were not artificially separated on the trace. 

The slope of the delay distribution in Fig. 3 is shown 
as 0.190 usec. Our final best value was obtained by 
Peierl’s method and includes an additional 3.5% cor- 
rection for events where a delay in the target scintilla- 
tors S;, Se, or S; could not be recognized (and rejected) 
because the delay was unresolved from a prompt pulse 
in the same scintillator. The correction was made by 
observing that the rejected delay events must have a 
2.2-usec time distribution. Thus a deviation from the 
2.2-usec exponential near the time origin of the events 
rejected by the target scintillators must be reflected in 
the accepted events distribution. 

The yw mean life in Fe, based on 1750 events, is 
found to be 

7=196+8 musec, 
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where a 6-musec error has been assigned to the correc- 
tions made and systematic errors, and the independent 
statistical standard error is also 6 myusec. 

That other systematic errors do not exist is sub- 
stantiated in several ways: 


(1) The decay curve follows a single exponential 
over 4 mean lives. 

(2) A time delay distribution in the absence of a 
target showed no short-lag contamination. 

(3) The capture mean life in Pb (which would be 
expecially sensitive to short-component contamination) 
was found in a short run to be 71+7 musec, in good 
agreement with the results of Meyer and others. 

(4) Periodic checks on instrumental errors revealed 
that an over-all precision of 1% was consistently 
maintained. 

IV. DISCUSSION 

Our result for the mean life in Fe is in excellent 
agreement with previous results, including those of 
Telegdi’s group? (202+6 musec), and of Hillas, Gilboy, 
and Tennent!! (201+11 muysec). Combining these 
values with our own, we find for the best value of the 
disappearance rate (reciprocal of the mean life) the 
value 

A= (5.00+0.01 K 108 sec. 


A value of the rate Ag for the spontaneous decay 
process u~—e+yv-+y for muons bound in the mesonic 
K-orbit of Fe may now be obtained. Lederman and 
Weinrich! found that the fraction of muons disappearing 
by yw-e decay was fa=0.10320.005. Combining this 
with the best value for the total disappearance rate X, 
we obtain 

ha/Ao= 1.150.06, 


where Xo is the decay rate of the free muon, (0.451 
+0.004) X 10° sec. This ratio is to be compared with 
the value 1.21+0.05 obtained by the Chicago group.* 
As stated in the introduction, theoretical interpretation 
of this result is still lacking. Existing theoretical 
treatments*® would give a ratio around 0.8 to 0.9. 
Further measurements of Ag which include electron 
counting as well as the measurement of the delay 
distribution are now under way in this laboratory. 
Small deviations from unity in the ratio \a/Ao, such 
as we observe here, have a negligible effect of course 
on the capture rate \.<=A—Ag. This is because, in 
medium and heavy elements, da is small compared to 
\. As shown by Sens ef al.,? experiment and theory” 
with regard to A, are in good accord—a conclusion 
which is reinforced in a small way by the present paper. 


a H. Primakoff, Proceedings of the Fifth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1955), p. 174, 
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The scattering of high-energy electrons from C™, reported previously, has been extended to 420 Mev. 
The elastic and inelastic scattering from the first excited level at 4.43 Mev has been studied between 33° and 
70°. The new data are in good agreement with what one would expect from the earlier measurements on C 
performed at 187 Mev. Additional measurements of the elastic O'%-scattering cross sections of 240-, 360-, and 
420-Mev electrons as functions of the scattering angle furnish information on the size and shape of the O'* 
nucleus. Pronounced diffraction minima in the angular distributions were observed for C” and O'*8. The 
experimental results are compared with the predictions of a theoretical phase-shift analysis derived for the 
harmonic-well independent-particle model of the nucleus. Preliminary best fits confirm the shell-model 
predictions for the charge density distribution of these p-shell nuclei. The preliminary analysis of the data 
shows that the length parameter of the well is 1.66X10-" cm for C”, and 1.76X10-" cm for O"*, thus 
indicating a slight variation of the curvature of the harmonic well as the f shell is filled in. 


I. INTRODUCTION 


N two previous papers by Fregeau and Hofstadter! 

and by Fregeau,? the scattering of 187-Mev electrons 
from C” at angles up to 135° was reported. This work 
has been extended to electron energies of 420 Mev. In 
addition, the elastic scattering of 240-, 360-, and 
420-Mev electrons from the O'* nucleus has been in- 
vestigated in considerable detail. The purpose of the 
present paper is to present these new experimental 
results, which were obtained as part of a program to 
study the charge density distribution of the nuclei of 
the first p shell, i.e., those lying between lithium and 
oxygen. The analysis, while only preliminary and in- 
complete, has concentrated on a comparison with 
theoretical predictions of the nuclear shell model. The 
187-Mev experiments on carbon indicated* that the 
assumption of a parabolic potential well for the shell 
model gives better agreement than either the (infinite) 
square or linear potentials. Accepting this result, we 
have examined in rather more detail the first-mentioned 
model, which we find in remarkably good agreement 
with the 420-Mev experiments.’ Various modifications 
of this model necessary for comparison with these more 
extensive experiments are noted. Also included are 
investigations of two phenomenological charge distribu- 


* The research reported here was supported in part by the 
joint program of the Office of Naval Research, the U. S. Atomic 
Energy Commission, and the U. S. Air Force, Office of Scientific 
Research. 

t Now at the University of Bonn, Bonn, Germany. 

t Now at the University of Heidelberg, Heidelberg, Germany. 

§ Now at the University of Illinois, Urbana, Illinois. 

1 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 

2 J. H. Fregeau, Phys. Rev. 104, 225 (1956). 

5 See especially Sec. III B of reference 2. 

4 A comparison of the results for parabolic and square potentials 
has also been given by L. J. Tassie, Australian J. Phys. 9, 400 
(1956); also Proc. Phys. Soc. (London) 69A, 205 (1956). 

5A preliminary account of these results was given at the 
Stanford Conference on Nuclear Sizes; see D. G. Ravenhall, 
Revs. Modern Phys. 30, 430 (1958). The numerical values given 
in that paper are, however, too small. 


tions used in previous work, which do not give such 
good agreement with the experiments. 

The present work is part of a program to study 
systematically the nuclei in the 1p shell. The two nuclei 
here examined have characteristics which make them 
particularly well suited for a detailed investigation. 
Since the first excited levels lie 4.43 (6.06) Mev above 
the ground state for C™ (O'%), it is much easier to 
resolve the elastic-scattering peak from _ inelastic 
scattering events than for most other nuclei. Even a 
slight Jack of resolution could have an appreciable 
effect on the angular distribution of the elastically 
scattered electrons especially at those scattering angles 
where the inelastic scattering is greater than the elastic 
scattering, i.e., at large angles or in the neighborhood 
of a diffraction dip in the elastic scattering angular 
distribution. Although in principle any resolution 
down to 0.1% can be achieved with our present 
equipment, high resolution inevitably means low 
beam currents. The beam current available, how- 
ever, largely determines the minimum cross section 
which is still measurable within reasonable efforts. 
This means that those nuclei are best suited for a 
detailed investigation whose first excited states are 
highest. A survey of some other 1-shell nuclei like 
Li®, Be’, B", and N“, however, is being carried out at 
present and the results will be published later. 


II. APPARATUS AND PROCEDURE 


These experiments have been performed with the 
Stanford linear accelerator as a source of electrons. 
The scattering apparatus used in this work has already 
been described in several earlier papers.6 The beam 
was analyzed magnetically so that the energy band 
was 0.35% wide for the measurements at 420 and 360 
Mev and 0.60% at 240 Mev. The electron current was 
measured by a large Faraday cup placed behind the 


6. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 
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target and was integrated by an Applied Physics 
Corporation Model 31 vibrating reed electrometer. 
Beam currents up to a maximum value of 2.5X10!° 
electrons per pulse (2.5X10-7 amp) were used (60 
pulses per second), but were always kept low enough 
to avoid any appreciable loss of counts due to pileup. 
The energy slit of the 36-in. double-focusing magnetic 
spectrometer was set to 0.35% for most of the measure- 
ments which corresponds to an over-all resolution of 
about 0.5% for a point beam spot. At 240 Mev the 
detector slit was set at 0.60%, thus limiting the over-all 
resolution to about V2X0.60=0.85%. The angular 
aperture was approximately +0.83° in the horizontal 
scattering plane and +2.3° in the vertical plane. The 
over-all angular resolution, however, depends not only 
on the finite acceptance angle of the analyzing magnet 
but in addition on the size of the beam spot and on the 
multiple scattering of the electrons in the target. It is 
estimated that the over-all angular resolution in our 
experiments was about +1.2°. The electrons were 
detected and counted in the standard manner with a 
liquid CgF,60 (n= 1.276) Cerenkov counter. 

Carbon target (graphite) plates of 0.150 in. thickness 
and occasionally of twice this thickness were used. The 
absolute value of the C” elastic-scattering cross section 
at 420 Mev and 40°, as well as the absolute value of the 
cross section for inelastic scattering from the 4.43-Mev 
2+ level, were determined by comparison of the cor- 
responding yields of scattered electrons with the yield 
of electrons scattered elastically from free protons in a 
polyethylene target. The free proton cross section was 
taken from Rosenbluth’s formula and was computed 
assuming a proton with an exponential charge distribu- 
tion of rms radius 0.8X10~" cm. In order to derive the 
cross-section ratios from the measured areas under the 
elastic and inelastic C"® peaks and the free-proton peak, 
the 1/£ dispersion correction allowing for the constant 
relative momentum acceptance of the spectrometer 
has to be applied. If Y(£) is the yield of scattered 
electrons as function of the energy setting of the 
spectrometer, then {| Y(£)/E ]dE integrated over the 
peak can in good approximation be set equal to 
{(1/E)(dE/di)}x SV (i)di, since the peak is rather 
narrow, where now the yield Y (i) is expressed as func- 
tion of the current setting 7 of the spectrometer and 
where 

E! = Eo/(1+ (2Eo/Mc*) sin? (0/2) ]. 


In addition the bremsstrahlung straggling correction 
and the Schwinger-Suura radiative correction must be 
applied for the free-proton as well as to the C” peak, 
since the low-energy tails of the peak were cut off at 
unequal values of AF/E. 

For the measurements on O!*, a water target was 
used. The target was disk-shaped, 2.50 in. in diameter 
and 0.300 in. thick. Occasionally targets of 0.200 or 
0.400 in. thickness were used. The end windows, sealed 
with O-rings onto the aluminum target frame, consisted 
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of 0.001-in. Dural foil. For a 0.300-in. thick water 
target, this means an Al?’:0'* atomic ratio of about 
1:83, which, although small, gives rise to a background 
from Al-scattering which proved to be not always 
negligible. The electron-scattering cross sections of 
O'® and Al?’ are of the same order of magnitude at 
most of the scattering angles and energies investigated. 
In order to correct for the undesirable Al background, 
an identical, but empty, dummy target was bombarded 
each time after an elastic O'* peak was taken under 
otherwise unchanged conditions. Subtraction of the Al 
background determined in this way then could be made. 
Even around the scattering angle at which the O'* 
diffraction dip occurs, the counts originating from Al 
scattering amounted only to a few percent of the total 
number of counts. The absolute O"* cross sections were 
measured just as described for C"*. The use of a water 
target offers the advantage of an exactly known proton- 
O'* ratio. In addition a water target has, as compared 
to a gas target filled with oxygen to a pressure of 2000 
psi, the advantage of a 4.6 times higher O'* concentra- 
tion per cubic centimeter, although this could be 
counteracted by using a gas target chamber of con- 
siderable length along the direction of the beam, 
especially if cooled down to liquid nitrogen temperature. 
During the numerous runs which were devoted to the 
measurements on O!*, a gas target of conventional 
design was once also tried. With the target chamber 
filled with oxygen up to a pressure of 2000 psi, it was 
found, however, that the width of the elastic O'* 
scattering peak at half maximum was appreciably wider 
than that observed with the water target under other- 
wise unchanged conditions, causing a non-negligible 
loss in energy resolution. It is believed that this 
broadening can be ascribed to geometrical effects. 
Both for this reason and those mentioned above, the 
gas target was abandoned. 

Whereas the water target was always held at an 
angle of 30° with respect to the direction of the incident 
beam, measured counterclockwise, the carbon target 
was rotated in such a way that at each scattering angle 
the normal to the target bisected the scattering angle. 
Thus, in the case of the C measurements, a correction 
was made for the change in effective target thickness 
with varying scattering angle. 

For O'* only the elastic scattering was investigated, 
since the four lowest excited levels lying between 6.06 
and 6.12 Mev could not be resolved from each other 
with our present apparatus. Angular distributions were 
measured for elastically scattered electrons of 420, 
360, and 240 Mev. In the case of C”, the inelastic 
scattering from the first excited level at 4.43 Mev was 
studied to some extent in addition to the elastic 
scattering at 420 Mev. The measurements were per- 
formed in the standard manner. Runs from different 
nights were always normalized to each other by 
measuring a standard peak. It turned out that the 
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angular distributions derived from the areas under the 
peaks agreed very well with those derived from peak 
heights. The over-all accuracy of the relative cross 
sections obtained in these experiments is believed to 
be about +10% except for the measurements at the 
very largest momentum transfers where the cross 
sections are of order of magnitude 10-* cm?/steradian 
and smaller. Reproducibility often was better and 
errors due to counting statistics were often smaller, 
but even so an error of +10% is given, allowing for 
drifts in various parts of the experimental equipment, 
etc. Besides those already mentioned, no corrections 
were found to be important enough to be applied to the 
experimental data. 


Ill, THEORY 


The assumptions made in the analysis of the present 
experiments are essentially the same as have been 
made in all of the earlier work. Both carbon and oxygen 
have zero spin, so that the use of spherically symmetric 
charge distributions is rigorously justified. The neglect 
of any possible energy dependence of these distributions 
rests on the demonstrations of Schiff and others’ that 
the dispersion contribution to the scattering is in- 
appreciable, and the good agreement obtained at 
different energies supports this assumption. 

Although the dimensionless parameter y= Ze?/hc is 
small for these nuclei, the angular regions examined 
experimentally cover the first diffraction minimum, 
where the first Born approximation cannot give accurate 
results, since it predicts zero cross section there. The 
numerical results have therefore all been obtained by 
means of a partial-wave analysis, details of which have 
been given previously.® As will be seen, however, the 
Born approximation gives quite accurate information 
about other features of the cross section, and particu- 
larly the position of the diffraction minimum. It is 
necessary to allow for nuclear recoil, but it is only a 
small effect: the maximum value of »/c, v being the 
velocity of the nucleus in the center-of-mass system, 
is only 3.4%. The only dynamic effect of recoil on the 
scattering (as distinct from changes in kinematics) 
which it is possible to calculate without a relativistic 
theory of the nucleus is caused by the exchange of 
transverse photons between the electron and the moving 
nucleus. It is easy to show that for a spin-zero nucleus, 
this interaction gives zero contribution to the scattering 
in Born approximation. The inclusion of dynamic recoil 
effects in a partial-wave calculation of the scattering 
has been made by Foldy, Ford, Hill, Hill, and Wills.’ 
They use the Breit interaction to describe the exchange 
of transverse photons, and relate their results to scatter- 
ing by a spin-zero nucleus by neglecting terms depend- 


7L. I. Schiff, Nuovo cimento 5, 1223 (1957). This paper also 
lists and discusses the earlier work on this problem. 

® Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 

* Foldy, Ford, Hill, Hill, and Wills (to be published). We thank 
those authors for a prepublication copy of their work. 
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ing on the nuclear spin. To the extent that this is the 
same effect as that we mention, their conclusions are 
in agreement with the observation we make above, 
since they find that in carbon at 420 Mev the result of 
including this interaction is to change the radial 
parameter in the charge distribution by only 0.7%. 
Because we were not able to include such effects in our 
phase-shift calculations, the only allowance we have 
made for a recoil has been in the angular scale, for 
which we have assumed that the partial-wave analysis 
describes most accurately the scattering in the center- 
of-mass system. (The correction is very small, of order 
one percent.) Our analysis is therefore somewhat 
inaccurate in the comparison of absolute differential 
cross sections. The uncertainties involved are only a 
few percent, however, and are not important compared 
with the experimental uncertainties in this quantity. 

As in the analysis of experiments on other nuclei,’ 
the procedure is necessarily that of trial and error. 
Charge distributions of various functional forms with 
variable parameters are inserted into the calculation, 
and by comparison of the resulting differential cross 
section with experiment the correct values for the 
parameters can be determined. 

Of great interest for these nuclei, which are in a 
region where the nuclear shell model has had con- 
siderable success in predicting level structure, etc., is 
an examination of the electron scattering cross section in 
the light of this model.?*"" If for simplicity it is assumed 
that the ground states of these nuclei can be adequately 
described by the lowest shell-model configuration, 
(1s)*(1p)*4-, then energy level structure, etc., involves 
specification of, firstly, the shape of the common 
central potential well; secondly, the strength of the 
spin-orbit coupling; and thirdly the type, shape, and 
strength of the residual two-nucleon interaction. 
Comparison with experiment then allows a determina- 
tion of some of the functions and parameters involved.” 
The relation of these quantities to those of a real 
nucleus, obtained by using the observed n-p inter- 
action and making a self-consistent field analysis of the 
Brueckner-Bethe type, is a problem of such complexity 
that little is known of it at this time. One can imagine 
that such a calculation would yield an equivalent 
central potential which would be fairly smooth, 
resembling more a parabolic (harmonic oscillator) well 
than a square well. The results of shell-model calcula- 
tion do in fact seem to favor the former shape of a 
harmonic well. 

Electron scattering provides an independent check 
on some of the shell-model assumptions; in this simple 


( 1 Hahn, Ravenhall, and Hofstadter, Phys. Rev. 105, 1353 
1957). 

1! Comparisons with the shell model using a parabllic well have 
been made by G. Morpurgo, Nuovo cimento 3, 430 (1956); R. A. 
Ferrell and W. M. Visscher, Phys. Rev. 104, 475 (1956); and 
M. K. Pal and S. Mukherjee, Phys. Rev. 106, 811 (1957). 

2 See, e.g., D. Kurath, Phys. Rev. 101, 216 (1956); 106, 975 
1957). 
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case (lowest configuration only) the elastic scattering 
depends only on the shape of the central well, and not 
on any of the other features of the model. (This is true 
to the extent that “dispersion scattering” is neglected.) 
A program of interest would thus be to start not from 
assumed charge distribution, but from assumed shell- 
model well shapes, and to calculate the dependence of 
electron scattering cross sections on the adjustable 
parameters inserted in them. In the earlier experiments 
on carbon at 187 Mev,’ where it was permissible to use 
the Born approximation to calculate the scattering, 
this was done for three simple one-parameter well 
shapes, namely the infinite square well, the infinite 
parabolic well, and the infinite linear well. Comparison 
with the experiment clearly favored the harmonic well, 
with a length parameter a= 1.64 10-" cm. 

Because of the computational complexity that would 
be involved in starting the partial-wave analysis of the 
scattering from the shell-model potential, we have not 
carried out a general program of this kind in the analysis 
of the experiments at the higher energies. We have 
considered only the infinite parabolic well V«?’, 
where the function which determines the scattering 
Pe.m., has the very simple analytic form 


pm.l)=¥ f ar: Bra Wes.* (r+ +14) 
P 
X5(r—rp)We.s.(ri° ‘ ‘Ta) 
=p(0)[1+ar*/a?] exp(—r*/a’), (1) 


where a=(Z—2)/3 is proportional to the number of 
protons in the 1p shell.?""" Our avoidance of the term 
“charge distribution” for this quantity, and an under- 
standing of its subscript, are explained by the observa- 
tion that the protons in the nucleus themselves have a 
finite charge distribution (presumably close to that 
measured for free protons). Thus since pe.m, describes 
the distribution in space of the centers of mass of the 
protons, the charge distribution is'*» 


p(r)= fer Po.m.(1’) Pproton( |r—1’| ). (2) 


Because the radius of the proton is considerably smaller 
than that of the nuclei we are considering (0.76 10-" 
cm compared with ~3X10~" cm) the form chosen for 
Pproton IS Not important. For convenience we choose it 
to be Gaussian, so that the folding integral can be 
performed analytically, giving us for p(r) the same 
expression as (1), except that in the exponent a? is 
replaced by a?+-a,?, where a,?= 3(r*)proton- 

Another effect which must be allowed for in obtaining 
a charge distribution from even this simple version of 
the shell model is that the nuclear wave functions 
given by the model are not translationally invariant, 


18 Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
(1957). 
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ie., because the shell model has a fixed origin (the 
origin of the central potential) the system described 
does not have a center of mass which is fixed in space. 
The effect this has on p(r) for the parabolic-well case 
has been investigated by Schwartz" and by Tassie and 
Barker. The main modification (of order 1/A) is to 
insert into the exponent of (1) a factor (1—1/A). 
There are terms of order 1/A*, but for carbon and 
oxygen they are not important, and we have omitted 
them. This effect acts independently of the finite 
proton size. 


IV. RESULTS 


The shapes examined were the parabolic-well shell- 
model distribution 


p(r) = p(0)[1 +ar*, ‘Gena.* | exp[ — r  Onengs! ly (A) 


where charge’= (1—1/A)de.m?+proton?; and the two 
phenomenological shapes 


p(r) = po/{1+expl(r’—¢?)/Z*]}, (B) 


p(r) = pol 1+7/b+ Br?/b Je’*. (C) 


Shape (B) was used in the analysis of the results for 
gold, and (C) by Fregeau for carbon at 187 Mev? 
The striking feature of the cross sections for both 
elements is the deep, narrow diffraction minimum. The 
observed depth is somewhat decreased because of 
finite experimental resolution. That the cross section 
should have this behavior is predicted by the Born 
approximation. The form factor F(q), defined by 


and 


F(q= fe p(r) exp(iq-r), 


has for shape (A) the simple analytic form 


a 
2.8 - 1272 
——¢‘a’, | exp(— 47 @ june) y 


F,( )=[1- - 
o 2(2-+3a) 


which has one zero. The angular position of this zero 
turns out to be a surprisingly close guide to the mini- 
mum in the cross section, although the actual shape of 
do/dQ must be obtained by the partial-wave analysis. 
In each of the shapes examined, the fitting of the 
angular position of this dip provides an accurate 
determination of one of the parameters, mainly the 
parameter which adjusts the radial size. We have 
confined our attention to two-parameter shapes, and 
the best value of the other parameter is then selected 
by comparing the shape of the cross section away from 
the dip. Mainly because of time limitation we have not 
made a least-squares analysis. The extent to which 
alteration of the parameter spoils the fit with experi- 

“C, Schwartz (private communication). We thank Dr. 
Schwartz for an informative discussion of this point. 


16, J. Tassie and F. C. Barker, Phys. Rev. 111, 940 (1958). 
We thank these authors for a prepublication copy of their work. 
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ment is determined graphically. Previous experience 
with other nuclei suggests that with such pronounced 
diffraction structure a least-squares fit will do little 
more than confirm the results obtained by graphical 
fitting. 

The comparison of cross sections for the shell-model 
distribution (A) with the oxygen experiments are shown 
in Fig. 1. This model contains only one parameter, 
dem., and fixing the position of the diffraction dip 
determines it. The excellent agreement over the whole 
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Fic. 1. (A) Elastic scattering of 420-Mev electrons by O'*. The 
curves are the calculated scattering predicted by the shell model 
with a parabolic well, as described in the text. Curve (a) has no 
corrections, curve (b) has been corrected for finite proton size, 
and curve (c) includes this effect and also allowance for center- 
of-mass motion in the shell model. Curves (a) and (b) have been 
scaled vertically so as to be coincident with curve (c) at the 
smaller angles. The values of the parameters for each model are 
given in Table I. (B) Same as Fig. 1(A) except for Ey>=360 Mev. 
(C) Same as Fig. 1(A) except for Eo=240 Mev. 


angular range of the 420-Mev experiments [Fig. 1(A) ] 
is a very significant endorsement of this model. The 
differences between the three versions of the model 
show up in a pronounced way only beyond the diffrac- 
tion minimum. Consequently the comparison with the 
360- and 240-Mev experiments [Fig. 1(B) and 1(C) ], 
which contain little information in that region, can 
give not nearly so much information about the charge 
distribution. The complete agreement at these lower 
energies is, however, experimental verification that 
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any energy-dependent contributions to the scattering 
are inappreciable. 

The sensitivity of the agreement with experiment to 
the radial parameter a is demonstrated in Fig. 2. The 
three cross sections shown there are all for the complete 
version of the shell model, including finite proton size 
and the center-of-mass effect. It is from this com- 
parison that we tentatively propose an error on a of 
+0.02X 10-" cm in the case of O'8, although the error 
on the C” value may be a little larger. 

The central potential of the shell model is not actually 
an infinite well, and it is necessary to find out if the 
flattening of the well at some large distance, so as to 
reproduce qualitatively the finite binding, affects the 
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Fic. 2. Elastic scattering of 420-Mev electrons by O'*%. The 
curves are all obtained using the complete version of the shell 
model, corresponding to curve (c) of Fig. 1(A), and show the 
effect of varying the radial parameter dem. by +0.05X10™ cm. 


agreement with experiment. To do such a calculation 
would have involved numerical integration of greater 
complexity than time allowed, so we investigated this 
point in an approximate way, by fitting the distribution 
pa(r) smoothly onto a decreasing exponential charge 
distribution at a certain radius ro. The results for two 
values of ro, corresponding to 1p shell binding energies 
of 10 Mev and 5 Mev, are shown in Fig. 3. In oxygen 
even the last proton has a binding energy of ~12 Mev. 
It is thus clear from Fig. 3 that the finite binding will 
have very little effect on the cross section in the 
angular regions of present interest, although it can 
change the cross section significantly at larger g values. 

The comparison with the carbon experiments is 
illustrated in Fig. 4. Because the cross section beyond 
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Fic. 3. Theoretical cross sections for O!* at 420 Mev. The full 
curve is curve (c) of Fig. 1(A), and the broken and dashed curves 
are cross sections obtained by flattening the parabolic well of 
the shell model at energies 10 Mev and 5 Mev above the 1p 
level, respectively. 


the minimum is almost a factor ten smaller than in 
oxygen, the experimental information is sparser, and 
the discrimination among the three versions of the 
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Fic. 4. Elastic and inelastic scattering of 420-Mev electrons by 
C®, The elastic scattering cross sections are calculated under the 
same conditions as those for O!*, given in the caption to Fig. 1. 
The inelastic scattering is that arising from excitation of the 
4.43-Mev level in C!. The dashed curve is semitheoretical, as is 
explained in the text. The circles represent the elastic scattering 
data whereas the squares represent scattering from the 4.4-Mev 
first excited level. 
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TABLE I. Values of the parameters obtained from comparison 
with the 420-Mev experiments of the shell-model charge distribu- 
tion assuming a parabolic well. The quantities ap m., Gcharge, and a 
occur in the definition below Eq. (A) of Sec. IV. The lengths 
are in units of 10~ cm. Shape (a) contains no corrections, (b) in- 
cludes the finite proton size (for a Gaussian proton shape with rms 
radius 0.76X 10-" cm), and (c) contains both this and the effect of 
center-of-mass motion in the shell model. The parameters a’ and 
a’ relate to the charge distribution (1) if regarded as a phenomeno- 
logical fit to the experiments. The rms radius is obtained from the 
formula® (r*)4=[3(2+5a’)/2(2+3a’) Jia’. 





Nucleus Shape de.m. ((72)*) charge 





2.64 
2.75 
2.70 
2.42 
2.58 
2.50 


ow 


1.77 


ee ee ee 
“II D\ 00 OO SI 
SNA 


* Useful formulas concerning form factors of other simple charge 
distributions, and expressions for rms radii, are given in R. Hofstadter, 
Revs. Modern Phys. 28, 214 (1956). 


shell model is not so clear. There is good agreement 
with the most complete version (the middle curve in 
Fig. 4), and this shape gives satisfactory agreement 
with the 187-Mev experiments of Fregeau.2 The 
numerical values Of @p.me ANd Gcharge are presented in 
Table I, and the charge distributions for O'* and C® 
are plotted in Fig. 5. 

These results can also be regarded as the fit to experi- 
ment of a general two-parameter charge distribution of 
of the form (1), with parameters a’ and a’ to be 
determined. The values of these parameters are included 
in Table I. One observes that among the three curves, 
whose common property is the position of the diffraction 
minimum, the rms radius varies quite appreciably. 
This is not surprising, since it is a derived quantity not 
measured directly in these experiments. 

Because of some uncertainties in the effect of recoil 
which were mentioned in Sec. III, and because experi- 
mentally the absolute values of the cross section cannot 
be obtained so precisely as the relative values from one 
angle to another, the comparison between theory and 
experiment on this point is not so fine, although it is 
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Fic. 5. Charge distributions for O'* and C”, as given by the 
complete version of the shell model with parabolic well, and 
corresponding curves (c) of Figs. 1 and 4. 
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still very satisfactory. In Figs. 1(A), (B), and (C), and 
Fig. 4 the ordinate scale refers to the complete version 
of the shell model (the other two curves have been 
shifted vertically). The vertical shift of the whole set 
of experimental points necessary to obtain an absolute 
fit was never larger than compatible with the limits of 
error ascribed to the absolute cross-section measure- 
ments. The results of the absolute cross-section measure- 
ments, performed as described earlier for both nuclei 
at one angle at each energy, are listed in Table IT. 
The experimental results for the inelastic scattering 
corresponding to the excitation of the 4.43-Mev level 
in carbon are also plotted in Fig. 4. Since this level is 
known to be 2+, the transition is £(2). A result of the 
analysis of the 187-Mev experiments*:" was that the 
single-particle shell model, with parabolic well, gives 
good agreement as regards the angular variation of 
this cross section, but that the absolute magnitude 
predicted is too low for all modes of coupling. Since a 
completely collective nuclear model, on the other hand, 
overestimates the absolute magnitude by a considerable 
factor,!® it is reasonable that a small admixture of 
collective motion can yield the correct value. The 
dashed curve drawn through the experimental points 


TABLE II. Values of the measured absolute cross sections. 


da/dQ 
cm?/steradian 


Angle 
Degrees 


Energy 
Mev 


420 


Nucleus 


ow 


(1.0+0.25) x 10-#! 
(0.9+0.4 )X10-2 
(1.140.5 )10-” 
(3.841.0 )x10-# 


is therefore semitheoretical, in that its angular variation 
is that predicted by the shell model, with the same 
parabolic well as has been used for the elastic scattering. 
In absolute magnitude, however, it is about 40% lower 
than one would expect from the 187-Mev results.!” It 
is significant that even for these large recoil momenta 
there is still good agreement with this very simple 
theory, for the inelastic as well as for the elastic 
scattering. 

The comparison of shapes (B) and (C) with the 420- 
Mev experiments in oxygen are illustrated in Figs. 6 
and 7, respectively. Fixing the position of the diffraction 
minimum determines a relation between the two 
parameters in each shape, and a selection of shapes are 
given. Shape (B) can be made to agree with experiment 
at all but the largest angles, but shape (C) cannot be 
made to agree at all. In addition, the absolute cross 
section for Model (C) is definitely too small. From the 
plot of charge distributions shown in Fig. 8 we see that 
in fact shape (C) has about zero central charge density, 

16 See e.g., Ferrell and Visscher, reference 11. 

17 The calculation even with these restrictions is still approxi- 
mate, in that we have used the Born approximation with suitably 
modified wave number to calculate the ratio of inelastic to elastic 


scattering, and have then multiplied this ratio by the elastic 
cross section calculated using the partial-wave analysis. 
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so that its inability to agree with experiment is perhaps 
not surprising. This conclusion was earlier drawn by 
Fregeau, from the analysis of the 187-Mev results on 
carbon.? Because of the very limited extent of our 
analysis with arbitrary shapes we cannot draw any 
general conclusions. It is difficult to see how any shape 
could give better agreement than (A), the shell-model 
distribution, but our calculations are not extensive 
enough to say how far we can deviate from it before 
there is marked disagreement. 


V. CONCLUSION AND DISCUSSION 
A comparison has been made between new experi- 


ments on C” and O'® at energies up to 420 Mev and 
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Fic. 6. Elastic scattering by O!* at 420 Mev. The curves are 
calculated using shape (B), with parameters (d) c=2.17, Z=1.89, 
and (e) c=2.39, Z=1.72, all in units of 10-" cm. Curve (d) has 
been scaled vertically so as to coincide with (e) at the smaller 
angles. 


the theoretical predictions of the nuclear shell model, 
assuming a parabolic central well. After corrections 
have been made for the finite proton size and the 
center-of-mass effect, we find for the length parameter 
dem, associated with the parabolic well 


Bcarbon= 1.66X10-"% cm,  doxygen= 1.6K 10-* cm. 
The error in doxygen is of order +0.02X10-" cm, and 
iN Qcarbon SOMewhat larger. The rms radii of the charge 
distributions are 


(r*) carbon? = 2.50 10" cm,  (r*oxygent= 2.70 X 10-8 cm. 


The results obtained without the above corrections are 
in very good agreement with the earlier value @earbon 
=1,64X10-" cm of Fregeau.? The fact that the rms 
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Fic. 7. Elastic scattering by O'* at 420 Mev. The curves are 
calculated using shape (C), with parameters (f) b=0.664, 8=4.7, 
(g) b=0.674, B=7.5, and (h) 6=0.645, 8=16.3. The length 
parameters 6 are in 10-8 cm. Curves (f) and (g) have been scaled 
vertically so as to agree with (h) at the diffraction minimum. In 
order to make a shape fit possible it was necessary to shift the 
experimental point considerably, as can be noticed from Table II. 


radius is somewhat larger than his value is a conse- 
quence of the finite proton size : for a folded distribution 
such as (2), 


ag hoe ad (r*) matter (" \sextens 


and (r”) matter is, roughly speaking, fixed by the position 
of the diffraction minimum. The center-of-mass effect 
tends to change it in the other direction, but it is not 
such a large effect. 

Another source of information on the well size in the 
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Fic. 8. Charge distributions in O!*, examples of shapes (B) and 
(C). That labeled (d) corresponds to curve (d) of Fig. 6, and that 
labeled (g) corresponds to curve (g) of Fig. 7. 
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shell model is the Coulomb energy of mirror nuclei. A 
calculation of this quantity for the mirror nuclei F!7—O” 
and O—N", including exchange effects, was made by 
Jancovici'* some time ago. He compared the apparent 
Coulomb radius (1/r)~! with the rms radius (r?)! and 
found that in the case of the parabolic well the ratio 
(1/r)~/(r*)t was 1.29 and 1.16, respectively, for the two 
pairs of nuclei. The ratio is, of course, independent of 
a. If we use for (1/r) the experimental Coulomb 
energies,’ and for (r?) our result for O'*, the ratios are 
experimentally 1.26 and 1.16. The agreement is a very 
satisfactory check on these two independent measure- 
ments of nuclear size. 

Experiments are under way on other 1p shell 
nuclei,'®° to investigate in detail the changes occurring 
as one goes through the shell. The analysis of the elastic 
scattering will be somewhat more involved, however, 

18 B. A. Jancovici, Phys. Rev. 95, 389 (1954). 

9G. R. Burleson and R. Hofstadter, Phys. Rev. 112, 1282 
(1958). 

” U. Meyer-Berkhout (to be published). 
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since because of the looser binding we may expect 
nuclei like Li to have more prominent exponential tails 
to their charge distributions. 
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High-Sensitivity Mass Spectrometric Measurement of Stable Helium and Argon 
Isotopes Produced by High-Energy Protons in Iron* 
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A high-sensitivity mass spectrometer has been used to measure the helium, argon, and neon produced in 
iron by 0.16-, 0.43-, and 3.0-Bev protons. The spectrometer has a sensitivity so that 10~" standard cc of 
helium could be detected above the contamination level. The He‘ cross sections are 120 mb, 450 mb, and 
1300 mb at 0.16, 0.43, and 3.0 Bev, respectively, while the He*/He* cross section ratios are, respectively, 
0.09, 0.10, and 0.18. At 0.43 Bev, cross sections of 1.0 mb, 3.3 mb, 8 mb, and 4.1 mb were found for the 
argon isotopes 36, 37, 38, and 39, respectively. The cross section for neon-21 is 0.1 mb at 0.43 Bev. The results 
are discussed in relation to evaporation theory and the rare gas content of iron meteorites. The He* yields 
are all higher than previously measured tritium values. At 3 Bev the He*/T ratio is 2.4. It is suggested that 
in the case of iron in evaporation theory the Coulomb barrier is not as important relatively as previously 
thought. Alternatively, a large fraction of the He* and tritium may be produced during the nuclear cascade 
which precedes the evaporation from the excited nuclei. The cross sections measured bear directly on the 
cosmic-ray-produced rare gases in meteorites. From the cross section of directly produced He’ relative to T, 
previous measurements of He*-T exposure ages of iron meteorites must be reduced by a factor of about 3. 
From the argon isotope cross sections it is seen that 80% of the Ar** in meteorites is the result of 8 decay 
of cosmic-ray-produced Cl** and thus Ar*®-Cl®* should be a reliable method for measuring exposure ages 


of meteorites. 


INTRODUCTION a better understanding of nuclear structure and of 
nuclear reactions. The general model! of the interaction 
of a high-energy proton is that the proton, during its 
passage through the nucleus, knocks out several 
neutrons and protons leaving behind a residual nucleus 
more or less excited. The excited nucleus then evapo- 
me f ‘ _ Yates neutrons, protons, deuterons, tritons, He*’s, a 
* Research performed under the aegis of the U. S. Atomic a : : , ; 
Energy Commission. particles, and possibly other light nuclei, or the excited 


t Assisted by the Deutsche Forschungsgemeinschaft. Present — 


HEN high-energy protons strike a target of a 
medium-weight element, it has been found that 

many nuclides are formed below the target mass 
number. These reactions are being studied extensively 
at present in many laboratories in the hopes of obtaining 


address: Max Planck Institut fiir Kernphysik, Heidelberg, 
Germany. 


1G. Rudstam, Spallation of Medium Weight Elements (Uppsala 
College Press, East Orange, New Jersey, 1956). 





MEASUREMENT OF 


nucleus may undergo fission with subsequent further 
evaporation. These processes together with subsequent 
y emission continue until the nucleus is de-excited. 
Present studies of these processes are made by chemical 
isolation of radioactive product nuclei of convenient 
half-life. It has been found that the highest independent 
yields from medium-weight elements are nearest the 
6-stable nuclides. In fact, if one plots yield perpendicular 
to a base of the chart of the nuclides and then smooths 
over the points, interpolating over the stable region, a 
smooth surface is generated which has a maximum near 
the line of 6 stability and falls off exponentially on the 
sides as a Gaussian curve. 

The smoothing over required is tantamount to 
making an assumption as to the distribution of the 
yields which is difficult to check without measuring at 
least several stable products; yet, at present there is 
no absolute cross section reported; in fact the only 
results are some relative cross sections of Bieri’ and 
Martin et al. 

The reasons for the paucity of data are not too hard 
to find when one considers that only of the order of 10° 
atoms of a given nuclide per gram of target are produced 
by a bombardment of a convenient length in time. This 
means that even if one has a sensitive method for 
detection one must decontaminate the target from 
natural materials to the order of one part in 10". For 
this reason it was decided to restrict the present studies 
to the rare gases for which there is hope of obtaining the 
required target purity. By so doing, it has been possible 
to measure the absolute cross sections for argon from an 
iron target bombarded by 0.43-Bev protons, as well as 
the yields of He* and He‘ from iron targets bombarded 
by protons of 0.16, 0.43, and 3.0 Bev. 

The helium yields are of interest in interpreting the 
evaporation process. The calculated yields of the light 
products depend sensitively on the parameters used in 
an evaporation calculation and so can be of importance 
in evaluating the validity of different evaporation 
models. The argon results are of interest in connection 
with the interpolation through the stable yields 
mentioned above. 

The cross sections for the formation of the stable rare 
gas nuclides in proton bombardments of iron are also 
of importance in interpreting the origin of the rare 
gases in iron meteorites. The rare gases, argon, neon, 
and helium, in iron meteorites are produced by cosmic 
rays, probably mainly high-energy protons and asso- 
ciated secondary particles. A joint study of the rare 
gases in meteorites and of cross sections for their 
production in iron by high-energy protons should be of 
interest in connection with such problems as the origin 
of meteorites and the history of cosmic rays. 


2D. H. Templeton, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol 2, pp. 93-104. 

3R. Bieri, Bull. Am. Phys. Soc. Ser. II, 3, 222 (1958). 

4 Martin, Mayne, Thompson, and Wardle, Phil. Mag. 45, 410 
(1954). 
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Fic. 1. Schematic diagram of extraction system. 


EXPERIMENTAL ARRANGEMENT 


The mass spectrometer used in these studies had a 
symmetrical 60° magnetic analyzer with 6-in. radius of 
curvature. The ions were formed in a conventional 
electron impact ion source which was specially designed 
for ultrahigh-vacuum operation. The ions could be 
measured either with an electrometer directly or with an 
electrometer after the ion beam had been amplified 
with an 8-stage multiplier tube. The multiplier was a 
modified Du Mont tube No. SP-102. The tube was 
modified so as to give better shielding from the high 
voltage of the last dynode. The entire spectrometer 
analyzer tube was of Pyrex glass, coated on the inside 
with tin oxide. The tube was so mounted that it could 
be baked in an oven at 450°C for ultrahigh-vacuum 
operation. The arrangement is very similar to that 
described by Reynolds.® 

The sample handling system was constructed of 
Pyrex brand combustion tubing, Corning No. 1720, 
which has an especially low helium diffusion rate.* The 
leakage rate of the special tubing for helium at 100°C 
is 10-4 times that of ordinary Pyrex and 10~ times that 
of quartz. There were no greased stopcocks; the valving 
was accomplished with all-metal valves at the spec- 
trometer and mercury cutoffs in the sample line. The 
apparatus is represented schematically in Fig. 1. 

The target was melted in a high-purity graphite 
crucible by an induction heater. The gases resulting 
from the heating were purified over either calcium and 
copper-copper oxide, or zirconium. The calcium and 
copper-copper oxide were heated in Kovar tubes sealed 
directly to the sample line. When zirconium was used, 
it was placed below the graphite crucible and heated 
after the melting by lowering of the induction heater 
coil. In general both types of purification worked 
equally well, but the zirconium is a little more con- 
venient, while the calcium and copper-copper oxide gave 
somewhat lower backgrounds. 

Before a target was melted, the crucible and chemical 
getters were heated until a blank run was obtained 
which had less gas than expected from the target. This 
usually required of the order of 20 or more hours of 
heating. The target was then melted, the gas purified 
with the chemical getters and admitted to the mass 


"6 J. Reynolds, Rev. Sci. Instr. 27, 928 (1956). 
*¥. J. Norton, J. Appl. Phys. 28, 34 (1957). 
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TABLE I. Helium-3 and helium-4 production cross 
sections by protons in iron. 


Energy, Bev He*,¢ (mb) Het, o (mb) He?/He* 


0.09 
0.10 
0.18 


0.16 11 120 
0.43 45 450 
3.0 240 1300 


* Tritium values interpolated from Fig. 2. 


spectrometer, the mass spectrometer was sealed off 
previously by closing a metal valve, and operated under 
static conditions. The ion gauge was turned off during 
the measurements to prevent it from pumping away the 
sample. The pumping action of the filament was 
negligible; the filament was 0.010X0.001 in. in cross 
section and about ¢ in. long and was run at 10 to 15 wa 
emission. After the measurement of the sample was 
complete a metered mixture of the rare gases was added 
and the sample plus standard mixture measured. In 
this way the spectrometer was calibrated for each run. 
Finally, the operation was repeated with a second re- 
melting to make sure that the first melting had com- 
pletely removed all the gas. The second melting was 
usually at a higher temperature. 


TARGETS AND FLUX CALIBRATION 


The 0.16-Bev target was the same target used 
previously for tritium and argon-37 cross-section meas- 
urements.’ It consisted of a stack of 1-mm thick steel 
pieces. For the present measurements the second and 
fourth pieces were used. The previous measurements’ 
showed that 1.110" protons struck the target. 

The 0.43-Bev target was made of three 0.3-mm thick 
nonmagnetic steel pieces. The leading edge, 1 cmX 1 cm, 
was used. The steel was a manganese iron, nonmagnetic 
alloy of about 14% manganese and a percent or so of 
other elements, notably carbon and silicon. Aluminum 
foils were used to monitor the proton beam. Two such 
targets were irradiated at the Chicago synchrocyclotron 
with the kind assistance of N. Sugarman. The sodium-24 
activity indicated that 1.24 10'* protons traversed the 
first target and 3.1610" protons the second. These 
values include a 15% correction for Na™ produced by 
secondary neutrons. This correction was estimated by 
interpolating the correction found by us at 3 Bev and 
those of Firemen and Zihringer’ at 6 Bev and lower 
energies. 

The 3.0-Bev target was made of vacuum-fused pure 
iron. The area of the target exposed to the beam was 
3 by } inch. The target was 3 inch thick with a }X}X7z5 
inch thick lip to spread the beam over the target face. 
The bombardment was made with 3.0-Bev protons at 
the Brookhaven Cosmotron. The beam was monitored 
with aluminum and gold foils, in the case of the alumi- 
num the sodium-24 activity was used. In the gold foil, the 
a activity of terbium-149 was measured. The reaction 


7E. L. Fireman and J. Zahringer, Phys. Rev. 107, 1695 (1957). 
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producing Tb’ from gold has a 0.6-Bev threshold and 
so is not produced by the secondary neutrons or protons. 
The use of the gold monitor was suggested by G. Fried- 
lander who also supplied us with a cross section for 
production of a activity in Tb by protons on gold of 
1.3 mb at 3 Bev. The gold monitor indicated that 
2.52 10" protons bombarded the target. 


RESULTS 


From the method of standardization and the target 
monitoring, absolute cross sections are obtained. The 
cross sections for He® and Het‘ are given in Table I. 
In addition the He’ cross sections are compared to the 
previously measured tritium values in Fig. 2. The argon 
and neon cross sections are given in Table II. All the 
measurements were determined at least two times. In 
the case of the 0.43-Bev Chicago irradiations, two 
separate bombardments were performed. 

It is felt that the values should be accurate to +10% 
of the stated values. This estimated accuracy is obtained 
(1) by a comparison of the Ar’? measured on the mass 
spectrometer and by counting, (2) by measurement of 
He’ in iron meteorites by pile activation to tritium and 
direct mass-spectrometric determinations, and finally 
(3) by the agreement between the Faraday cup readings 
of a cyclotron target and the direct measurement with 
the mass spectrometer of the accumulated a particles. 
Each of these comparisons will now be discussed in 
detail. 

(1) The Ar*’ produced by the 0.43-Bev protons was 
measured mass-spectrometrically, with the result listed 
in Table IT of 3.3 mb for the cross section. The Ar*’ was 
also boiled out of a separate iron foil in the same 
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Fic. 2. Helium and tritium production cross sections 
by high-energy protons on iron. 





MEASUREMENT 


bombardment and after chemical purification put in a 
counter and the absolute counting rate determined. In 
this result the cross section was 3.6 mb. 

(2) The He’ in several iron meteorites has been 
measured by pile activation.’ As a check we have 
measured the He’ in these same meteorites by direct 
mass-spectrometric methods. The comparison of the 
two sets of results is in Table III. As can be seen, both 
sets of measurements are in good agreement. As the 
types of systematic errors are quite different in the two 
cases, it suggests that the numbers quoted are accurate 
to +10%. 

(3) The a-particle beam of the Brookhaven 60-inch 
cyclotron was caught in a gold foil inside a Faraday 
cup. The helium was then determined in the mass 
spectrometer and compared with the current as indi- 
cated by the Faraday cup. The average of two experi- 
ments agreed to better than 5%. 

The yield of Ne* was also measured at 0.43 Bev and 
found to be 0.1 mb. 


DISCUSSION 


The unexpected result of this study is that He* has a 
higher production cross section than T at all energies; 
while from evaporation theory” one would expect the 
reverse to be the case. The only other published work 
on production of stable products by high energy 
protons are ratios of He*/He* reported by Martin ef al.4 
and Bieri.’ Martin e¢ al. find a ratio of 0.048 at 340 Mev 
in a copper target in disagreement with our value of 
0.10 at 430 Mev. They also measured tritium and their 
T/He? ratio of 0.78 is comparable to our value of 0.75. 
The results of Martin ef al. were relative values as they 
had no reliable flux monitor. Bieri finds a He*/He‘ ratio 
of 0.17 at 6 Bev in a copper target, which is hard to 
compare directly with our results. 

There is a definite descrepancy between the results of 
Martin ef al. and the present results. In this connection, 
it should be pointed out that our background corrections 
are low; at 0.43 Bev the He* and He‘ background was 
less than one percent (by background is meant the 
amount of gas obtained from a run made with a piece of 
vacuum-fused iron). The He‘ cross section at 3 Bev is 
about equal to the geometrical cross section of iron 


TABLE II. Argon and neon production cross 
sections by 0.43-Bev protons in iron. 





Isotope 


Ar’é 
Ari? 
Ar8 
Ar® 
Ne*! 





8 R. Stoenner and J. Zihringer, Geochim. et Cosmochim. Acta 
15, 40 (1958). 

9S. Amiel and N. T. Porile, Rev. Sci. Instr. 29, 1112 (1958). 

10 P. Morrison, Experimental Nuclear Physics, edited by E. Segré 
(John Wiley and Sons, Inc., New York, 1953), Vol. 2, p. 177. 
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TABLE III. Comparison of He’ in meteorites as determined by pile 
activation and by a mass spectrometer. 


He’ content (10-8 standard cc/g) 


by pile by the mass 
activation® spectrometer 


Toluca 96 100 
Canyon Diablo } 0.8 
Arispe 270 

Williamstown 480 


Meteorite 





® See reference 8. 


which agrees with nuclear emulsion data. In addition, 
there are the three cross experimental checks described 
above. 

In order to account theoretically for a higher helium-3 
than tritium yield, one may have to revise the present 
notions concerning the importance of the Coulomb bar- 
rier and give more serious consideration to the effect of 
level densities and the relative importance of the so- 
called governing factor in evaporation calculations. 
Qualitatively the measured result can be explained if one 
considers as usual! that initially several neutrons and 
protons are expelled from the nucleus; more neutrons 
than protons in general. The residual nucleus then finds 
itself removed from stability by being neutron deficient 
and possessing more or less excitation. A T or He® can 
then be evaporated and while the Coulomb barrier 
would favor T production, it may well be that the 
governing factor is more important. The excited nucleus 
will then preferably evaporate a He’ and reduce the 
neutron deficiency. The fact that the stability line is 
steeper at low masses would enhance this effect for an 
iron target. Alternatively the level densities of the 
excited nuclei may favor He* evaporation. Another 
alternative may be that the He*® and T are ejected 
during the fast cascade rather than in the evaporation 
process. At present, studies are being conducted at 
different values of Z to attempt to clarify the process 
involved. 

For the yields of the argon isotopes we find a narrow 
yield curve peaked on stability at mass number 38, 
Fig. 3. This curve does not represent independent yields 
at the different mass numbers, but the value of Ar’* is 
the total yield of all mass-38 nuclides, that for Ar’*® is 
the total yield of all neutron-deficient mass-36 nuclides, 
those for Ar®® and for Ar’? are the total yields of all 
neutron-excess mass-39 and mass-37 nuclides, respec- 
tively. As a result, mass 38 probably must be reduced 
the most to obtain an independent yield curve, which 
will tend to reduce the narrowness of the yield curve 
somewhat. If one estimates the correction to mass 38 
from the Cl** yield of 340-Mev protons on iron" using 
the excitation curve’ for Ar*’ to correct for the energy 
and assuming that the K** yield is the same as the Cl** 
yield, one estimates that the individual Ar** yield is 
7.5 mb. This corrected value does not change the curve 
much. Our data indicate a much narrower interpolation 


1 Rudstam, Stevenson, and Falger, Phys. Rev. 87, 358 (1952) 
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Fic. 3. Production of argon isotopes by 
high-energy protons on iron. 


over the stable elements than usually assumed.'"-” 
While our data are sparse and require corrections to 
obtain individual yields, nonetheless the results point 
out that caution should be exercised in drawing any 
conclusions which depend on interpolation through the 
stable region. More data are required to establish the 
proper interpolation formula. 

The rare gas cross sections are also of interest in the 
interpretation of the rare gas contents of iron meteorites. 
From estimates of Fireman and Zahringer’ the cosmic- 
ray protons producing the rare gases in the meteorite 
are probably in the 3-6 Bev region. The estimate is 
based on measuring the depth variation of proton- 
produced reactions in an iron target. Hence, it should 
be of interest to compare our 3-Bev results with 
measurements in meteorites. 

As the He’/T ratio is 2.4 at 3 Bev, rather than less 
than one, most of the He’ in iron meteorites is directly 
produced rather than by way of tritium decay and the 
He’*-T exposure ages reported in the literature for iron 
meteorites must be lowered by a factor of about 3. 

Most meteorites have a He*/He‘ ratio less than 0.25, 
which is the value one would predict from our 3-Bev 
cross section for (He*+ T)/He*. However, a few meteor- 
ites have been measured with He*/He'‘ ratios as high as 
0.35. It might be argued from this that really the He*/T 
ratio is not as high as reported here and that the 
trouble is that the tritium cross section at 3 Bev is 
really more like 300 mb than the 100 mb reported in the 
literature.’ It seems to us, in view of the good agreement 
between the He’ measured in meteorites by pile activa- 
tion and the direct measurement of the He* by a mass 

2 Batzel, Miller, and Seaborg, Phys. Rev. 84, 671 (1951). 

'8Q. A. Schaeffer and J. Zihringer (unpublished data). 
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spectrometer, that the tritium cross sections are 
probably correct. It is difficult to see why one can 
extract and properly measure the tritium in a piece of 
iron when it is there as the result of an (n,y) reaction 
on the trace He® present in the meteorite and yet not 
be able to extract and properly measure the tritium 
produced by proton bombardment. In both cases the 
tritium should be uniformly distributed and in identical 
chemical surroundings. Both measurements were made 
with the same apparatus. A likely cause for the dis- 
crepancy is that the He*/He* production cross-section 
ratio at 6 Bev is really higher than 0.18 and is more like 
0.25. This would mean that the measured value of 
Bieri at 6 Bev is in error, or that copper is not com- 
parable with iron. 

In general, meteorite data are in good agreement with 
the cross sections measured. In meteorites the He*/Ar** 
ratio is about 20,"-" and at 3 Bev the estimated produc- 
tion cross-section ratio (He®+T)/Ar** is 23. To calcu- 
late this ratio the cross section ratio Ar**/Ar*’ was as- 
sumed to be energy independent; then from the 
Ar®/Ar*? cross section ratio at 430 Mev, and the Ar*’ 
cross section at 3 Bev one estimates the Ar** cross 
section at 3 Bev to be 15 mb. Thus a high He’ produc- 
tion is required to explain the rare gas contents of iron 
meteorites. 

The production cross sections of the argon isotopes 
can be compared with the cosmic-ray-produced argon 
in iron meteorites to yield an estimated Cl** cross 
section. In meteorites the Ar** is produced directly and 
also is the result of the 8~ decay of cosmic-ray produced 
Cl°6. The Ar*8/Ar* cross section ratio is about 8 at 0.43 
Bev, while the Ar**/Ar*® ratio in meteorites is about 
1.6.%4 As the production cross-section ratios of such 
neighboring nuclides are relatively energy independent, 
one estimates that 80% of the Ar** in meteorites comes 
from the 8 decay of Cl** and that the Cl** cross section 
is 4 mb at 0.43 Bev. As only 20% of the Ar’® is directly 
produced, a measurement of the Cl** and Ar*® in 
meteorites should yield reliable exposure ages. The 
Cl°*— Ar** exposure age is also relatively independent of 
the date of the fall because of the long half-life of Cl**. 
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An experiment conducted to obtain precise values for the rates at which negative muons are captured 
by nuclei is described. These capture rates were deduced from muon disappearance rates measured by 
determining the time distribution of electrons resulting from the decay of muons in their lowest atomic 
orbit. 30 elements were investigated, using scintillation counters as detectors. The data are compared with 
the general theory of Primakoff and the specific predictions of Tolhoek and Luyten for nuclei with 20<Z<28. 
Primakoff’s predictions for the effect of the Pauli principle are well borne out by this experiment, and the 
inferred capture rate of muons by protons is in good agreement with the hypothesis of a universal Fermi 
interaction. New values of effective nuclear charge densities (analogous to Wheeler’s Z¢:4) were computed 
for analyzing the data, using a recent muon mass and up-to-date experimental information on charge 
distributions (from electron scattering and mesonic x-ray work). These new values are presented in 


tabular form. 


I. INTRODUCTION 
A. Purpose of the Experiment 


HE purpose of the experiment here described is 

to determine with high accuracy the rates at 
which negative muons are captured by nuclei from 
their lowest atomic orbits.! 

According to our present knowledge, there are three 
processes in which the negative muons, once stopped 
in matter, participate: (a) electromagnetic interactions, 
(b) the decay into an electron and two neutrinos, and 
(c) capture by nuclei. The decay process is slow and, 
since the experiments of Conversi ef al., and of others,’ 
it is known that the capture process can likewise be 
classified as a “weak” interaction. This process is of 
the form u~+p — n+», as follows from the absence of 
charged particles and gamma rays among the final 
products, and from the kinematics of the reaction.’ 
The similarity between this process and the 8 decay 
of the muon and the neutron is suggestive of a possible 
“universal Fermi interaction” (UFI) between the 
pairs of spin-} particles, mp, uv, ev,* and possibly 
others.® The problem is in particular to determine both 
the types of coupling and the interaction strengths for 


these processes. In the case of the neutron and muon 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ A thesis submitted to the Department of Physics, the Univer- 
sity of Chicago, in partial fulfillment of the requirements for the 
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1A preliminary account of the results is given by J. C. Sens 
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2 Conversi, Pancini, and Piccioni, Nuovo cimento 3, 372 (1947); 
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3 For a survey of the arguments, see R. D. Sard and M. F. 
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J. Tiomno, Phys. Rev. 79, 495 (1950). 

5 M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1957), Vol. 7, p. 407. 


decays, the interaction is now believed to be a mixture 
of V and A,° and to have coupling constants which are 
of the same order of magnitude (2 to 3X10~ erg cm‘*). 
It is therefore of interest to determine whether this 
type of coupling, with the same strength, can explain 
the experimental evidence regarding muon capture as 
well. On the other hand, the assumption of UFI may, 
strictly speaking, be valid only for “bare” particles, 
and not for the physical nucleons (which can, e.g., 
interact via pions) involved in neutron decay and 
muon capture. Thus an empirical test of the UFI may 
indicate whether renormalization effects (which may 
change the over-all strengths of the couplings as well 
as their type) are important or not. 

The object of the present experiment is thus twofold. 
In the first place we want to infer by experiments with 
complex nuclei the strength of the coupling which is 
operative in the elementary capture process u-+p 
— n+p. that 
coupling strength is of the same order of magnitude as 


Previous measurements indicate this 


the one in 6 decay.’ The experiment to be described 
here confirms this result with improved accuracy. 
Secondly, by measuring muon absorption in several 
nuclei, the specific dependence on the type of interac- 
tion, and on Z, can be studied. The very simplest 
model predicts a capture probability proportional to 
Z'; it is based on the assumption that all protons can 
interact independently with the muon in the K orbit, 
that the nucleus is a point, and that the interaction is 
proportional to the muon density at the position of the 


6. C. G. Sudershan and R. E. Marshak, Proceedings of the 
Padua-Venice Conference, September, 1957 (Suppl. Nuovo 
cimento, to be published); Phys. Rev. 109, 1860 (1958); R. P. 
Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958); J. J. 
Sakurai, Nuovo cimento 7, 649 (1958). 

7 J. W. Keuffel ef al., Phys. Rev. 87, 942 (1952); H. K. Ticho, 
Phys. Rev. 84, 1337 (1948); L. Lederman and M. Weinrich, 
Proceedings of the CERN Symposium on High-Energy Accelerators 
and Pion Physics, Geneva, 1956 (European Organization of 
Nuclear Research, Geneva, 1956); N. N. Biswas, Trans. Bose 
Research Inst. Calcutta 19, 79 (1953-55); D. R. Jones, Phys. Rev. 
105, 1591 (1957). 
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nucleus,® 


dz Wu (0) | 


with ap as the muon Bohr radius, and y,(0) the K-orbit 
wave function for the muon, evaluated at the origin. 
These assumptions are clearly too crude, in particular 
for high Z where the radius of the muon orbit is compar- 
able to the nuclear radius. For a nucleus of finite size 
with a continuous charge distribution, the capture 


2=Z |p, (0) |?=Z*/ra’, (1) 


rate is proportional to 


i f p(x)p,(x')6( 


f Wax’) [2dBx! 
| (x’) |2d8x" 


ff 06 
0 
=—_—_— ——, (2) 
f lux’) |*d¥x’ 
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which defines the effective charge density (p). By 
expressing (p) in terms of the square of the hydrogenic 
wave function at the origin, one obtains Wheeler’s 
expression for Zess: 


x— 2x") Pxdx’ 


mag (p)=Zesz'. (3) 


If, in particular, the charge distribution is assumed to 
be uniform, we have 


4 


Jf v, (x) dx 


$m R° 
[iv W(x) |*d3x 
de: Wyu(x) | dx 


eae 
eg Wy po hee 
0 
where R= nuclear radius. 


Wheeler has evaluated Eq. (4) for several nuclei, 
using ground state wave functions of the 3-dimensional 
isotropic oscillator, force constants derived from 
R= (e?/2m,c*)A}, and m,= 210m, (this gives C=47.1). 
There is strong disagreement with experiment for high 
&. 

Primakoff® has calculated the capture process taking 
into account that, owing to the Pauli principle, there is 


Zett sa 
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a limitation in available final states for the neutron. 
He uses the closure approximation to sum over the 
final states and obtains the following expression for 
the capture rate by a nucleus (A,Z): 


Ncap(A,Z)=YAcap(1,1)Zerr'[1— (A —Z 


when terms of order 1/A are neglected. It is to be 
noted that while a completely arbitrary mixture of 
S, V, T, and A couplings is admitted at the outset of 
the calculation, the result (5) is insensitive—precisely 
to terms of order of 1/A—to the exact nature of the 
interaction. The capture rate depends, apart from 
A(1,1), on two parameters, 6 and y. The exclusion 
principle manifests itself through the last bracket, 
where the fractional neutron excess (A —Z)/2A appears 
multiplied by a nucleon correlation parameter 6. The 
parameter y accounts for the reduction in available 
neutrino phase space which is due to binding of the 
neutron in complex nuclei, as well as for nucleon 
recoil effects. Primakoff estimates 6=3 and y~0.73 from 
nuclear data. Formula (5) is, with fixed values of 
these parameters, supposed to hold in the mean rather 
than exactly for each given (A,Z). 
Assuming UFT, i.e., that in muon capture 


(© c2)'= (les|?+| cv |2+3]er|2+3]c4|2)! 
=3.2X10-“ erg cm*®, (6) 


Z)8/2A], (5) 


namely that the effective sum of squared coupling 
constants is numerically equal to the corresponding 
sum in the 8 decay of the free neutron (where" ¢#= 708 
+20 sec, Wo=2.53 m.c?, fti=1170+36), one predicts 


Acap(1,1) = (209+-6) sec, (7) 
using the formula 


1 1 \3 m, °c! 
tio so, 
2m? \ 137 hi 


with 

R=(1- )/(A+m,/my)=0.77. 
It should be mentioned that A(1,1) in (5) and obtained 
above is mot the actual rate, Aca,?"¥*(1,1), at which 
muons would be captured from 1s orbits by protons. 
This rate is given by 


A cap” ays(1, 1)= 


m,/ Mn 


Ncap(1,1)y, (9) 
where 
u=m,4/m, = (1+m,/mp)—'=0.898. 


Tolhoek and Luyten"™ have made explicit calculations 
for the nuclei with 20<Z<28. Their approach differs 
from that of Primakoff in that here specific initia] and 
final shell model states are considered and that separate 


0 Sosnovskii, Spivak, Prokofiev, Kutikov, and Dobrynin, 1958 
Annual International Conference on High-Energy Physics at CERN, 
edited by B. Ferretti (CERN, Geneva, 1958). In using Eq. (6) 
to test UFI, we implicitly assume (a) 2-component neutrinos, 
and (b) the absence of Fierz terms, for both of the processes we 
compare. 
pi 29 (10). Tolhoek and J. R. Luyten, Nuclear Phys. 3, No. 5, 

/ 
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calculations are made for the S,V and 7,A interactions. 

The second purpose of this experiment is then to 
confront the theories of Primakoff, and of Tolhoek 
and Luyten with the measured capture rates. To this 
end, both nuclei in the range 20<Z<28 and those on 
either end of the periodic table were studied. 

In the following, a few remarks will be made about 
the methods by which nuclear interactions of negative 
muons can be detected. In Sec. II, the experiment will 
be described and the data analyzed. Section ITI contains 
a brief discussion of the results. 


B. Methods of Detection 


Muons, entering a target material, are slowed down 
to a velocity of the order of that of the valence electrons 
in a time of less than 10~* sec. They then cascade down 
to the lowest orbits of the mesonic atoms, in times of 
the order of 10" sec,’ from where they disappear 
either by decay into an electron and two neutrinos or 
through capture by the nucleus. The total rate of 
disappearance of muons, A,;, is thus 


At = Ag +Acap; 


where Ag-=rate of decay and A.gp=rate of capture. 
In the capture process, the muon rest energy is partly 
carried off by the neutrino, and partly used for excita- 
tion of the nucleus with subsequent emission of y rays, 
neutrons, and possibly internal conversion electrons 
and charged particles. 

If one assumes that the decay rate from a bound 
orbit, Ag, is the same as that of a positive (free) 
muon, Agt, then Acap can be determined either (1) by 
measuring the time distribution of the decay electrons 
and/or capture products (y rays and neutrons) which 
emerge from the target after arrival of the muon; or 
(2) indirectly, by counting electrons in a ‘“‘gate” which 
is opened a given time after arrival of the muon and 
closed some suitable time (for optimum electron to 
background yield) later. 

The validity of the above made assumption that 
Ag-=Aq* can be tested in the following way. If V, 
electrons are counted from a target in which V, muons 
have been stopped, then 


Na= N. Ny = eAg ‘At, 


(10) 


(11) 


where ¢ is the efficiency for counting electrons, as 
determined by the counter geometry and the absorption 
in the target. Determination of A; and V,, then gives 
Ag, once e~ has been either measured or eliminated. 
A recent investigation of this point has revealed that 
Ag is not equal to Aqg*, but can differ from it by as 
much as 50%. 

The first method of determining Acap has not only 
the obvious advantage of giving more information per 


12 E, Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 
18 Lundy, Sens, Swanson, Telegdi, and Yonanovitch, Phys. Rev. 
Letters 1, 102 (1958). 
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event, due to a division of the time scale into smaller 
units, but is also less sensitive to the substitution Agt 
for Ag in (10) than the method of counting the electron 
yield in a wide gate. This can be seen as follows. 
Define R as Ag-=RAgt. The ratio of gate counts in 
two elements is then, from (11): 


Ne(Z1) 1 A,(Z2) 


~- Peg cms anes 


, (12) 
Ne(Zs) RA,(Z:) 


assuming that Ag~(Z1)=Aq‘, i.e., that Z; is low. It 
then follows that the relative error in the capture 
rate introduced by disregarding the effect of binding is 
given by 

| AAcap(Z2) | |1—R| 


= (13) 
| Acap(Z2) | R 


whereas, if one measures A;(Z2) directly 
|1—R| 


A/R-At 


Agt 


| AAcap (Z2) | 


(14) 


TAZ)! OR 


For the case of Cd, for example, where R&0.9, (13) 
gives 11%, while (14) gives 0.5%. 

In this experiment A, is measured directly. The time 
distribution of the decay electrons is determined by 
feeding the muon and electron signals into a time-to- 
pulse height-converter; the height of the output signal 
of the latter is proportional to the time delay between 
muon and electron. This signal is then measured and 
stored in a 100-channel pulse-height analyzer. 


II], EXPERIMENT 
A. Description of the Apparatus 


A beam of negative mesons (70% pions, 10% muons, 
20% electrons) of momentum 145 Mev/c is extracted 
from the synchrocyclotron. The muon/pion ratio is 
increased in the customary way" from 1/7 to 7/1. 
The muon beam so prepared (see Fig. 1) goes through a 
sufficient amount of Cu (28.2 g/cm? for most targets) 
to stop the residual pions and to center the muon range 
in the targets. The position of the various counters with 
respect to the target is shown in Fig. 2. The counters 
consist of plastic scintillators which are connected to 
Lucite light pipes and RCA-6810 photomultipliers. 

Measurements were performed on 30 targets. 
Twenty-six elements and 4 compounds were prepared 
in various forms. A typical target had an area of about 
80 cm?, in view of a beam diameter of approximately 
9 cm. The target thicknesses ranged from 6 to 12 g/cm’. 
Polyethylene bags of negligible thickness were used to 
contain lump-shaped or powder targets. The chemical 
purity of all targets was better than 97.6%. 

Figure 3 gives a diagram of the electronics. The beam 
is monitored by a (1,2) coincidence; a muon stopped in 


14.N. Campbell and R. A. Swanson (unpublished report). 
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Fic. 1. Differential range curve of the meson beam used. 


the target is registered as a (1,2,3 4) event (the bar 
indicating an anticoincidence); the electron or nuclear 
gamma ray is defined as a (3,4,5) event. The coincidences 
and anticoincidences are made in Garwin-type circuits,’ 
followed by a trigger circuit'® capable of high repetition 
rate. The anticoincidence efficiency is checked to be 
better than 99.9% 

The time elapsed between the muon telescope signal 
and the electron telescope signal is measured in a 
time-to-pulse height-converter. The time converter 
(T.C.) is a design of Weber et al.'7 as modified by 
K. H. Benford. This modification is discussed by 
Swanson.!8 The essential feature is illustrated in Fig. 4. 
In the original version the plate current in the tube 
(6BN6) is turned on by the “start signal” and keeps 
flowing until the “stop signal” has arrived. During 
this time the plate voltage drops linearly at a rate 
i,/C. After the stop signal has cut off the tube, C is 
recharged with a time constant RC (+600 usec). 
In the modified version, the RC circuit decays for the 
duration of the muon-electron delay while the recharg- 
ing takes place with a time constant C/gm=5 usec. 
Contrary to the actual sequence of events, the T.C. is 
started with the electron pulse and stopped with the 
muon signal. To this end, the muon telescope output 
passes through a delay line before entering the stop 
side. The number of (3,4,5) events decreases from 36% 
(low-Z elements) to 5% (high-Z) of the (1,2,3,4) rate. 
Since a start pulse without a stop pulse produces an 
output signal, while a stop pulse without a start pulse 
does not, losses due to the finite (400 ywsec) recovery 
time of the pulse-height analyzer (P.H.A.) following 
the T.C. are reduced by feeding the least frequent signal 
into the start side. The losses are reduced at the beam 


wR. -. yarwin, Rev. Sci. Instr. 24, 618 (1953). 

WwW, C. Davidon and R. B. Frank, Rev. Sci. 
(1956). 

17 Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
(1956). 

18R. A. Swanson, 


Instr. 27, 15 


Phys. Rev. 112, 580 (1958). 
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rates used (see below) by this reversed operation from 
40% to 20% for a low-Z element, and from 75% to less 
than 1% for high Z. (The output is fed into a linear 
amplifier and from there into the P.H.A.) 

Three T.C. ranges, of usable lengths 6.4, 2.9, and 
0.9 usec, were used. Each range is determined by the 
length of the shorted line in the pulse-shaping portion 
of the start side, and the delay between muon telescope 
and stop side. Switching ranges is done by changing 
these two lines and by adjusting slope and size of the 
output pulse in such a way that in all cases the total 
time-span covers nearly the full P.H.A. range (8 volts). 
The delay between the muon telescope and the stop 
side is made slightly shorter than the shorted line in 
the start side of the T.C.; start pulses, not accompanied 
by stop pulses, so-called “uncorrelated events,” will 
than appear in a higher channel of the P.H.A. than 
“prompt events.” This feature is essential for the 
analysis of composite lifetimes. 

The T.C. is calibrated and a check on the over-all 
linearity of time converter, amplifier, and P.H.A. 
is made by admitting simultaneous pulses to the 


Beam Monitor (1,2) 
Stopped Muon (1,2,3,4) 
Decay Electron (3,4,5) 


Target 
Beam | —-——-- | {- 
I 


Fic. 2. Experimental arrangement for the capture experiment. 


electron and muon telescopes and delaying the start 
pulse by means of a variable calibrated delay line. 
The target is removed, so that the beam traverses all 
counters, and the telescopes are now set for coincidences 
only [(4,5) respectively (1,2,3)]. The calibration is 
determined to better than 1%. Deviations from linearity 
and absolute stability of more than 1% have not been 
observed. 

In the geometry of this experiment, characteristic 
yields per hour were (1) for low Z, 210° stopped 
u’s, 35X 10° correlated electrons, 1.3 10* background 
counts over a 1—usec time interval; (2) for high Z, 
8X 10° stopped yu’s, 10° correlated electrons, 3 10* 
background counts over a 1-usec time interval. From 
a run with positive muons an efficiency for counting 
positrons of =18% was found; this efficiency is 
determined both by geometrical factors and losses due 
to positrons stopping in the target. 


B. Analysis of the Data 


The electron time distributions observed with 
elemental targets were analyzed as follows. The time 
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(i.e., pulse-height) scale was divided into intervals of 
width d. The counts in each interval were added and 
assigned to the center of the interval. From the data 
at times ¢>37 which contained <5% correlated 
electrons, an estimate of the background was made; 
this background is due mainly to electrons accidentally 
correlated with a muon. After subtraction of a back- 
ground rate constant in time, the mean life for dis- 
appearance, r=A,"', was determined by the method of 
Peierls.’ The choice d<0.37 was made in all cases, so 
that it was sufficient to carry out the calculations to 
first order. In order to minimize statistical errors (see 
below), the analysis was performed on electrons 
occurring over a total time interval 7 such that 
2.77<T<4.4r. 


Cu 3 Target 4 
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Circuit 


Circuit 


Scaler Delay Circuit 


Muon 
Scaler 


Variable 


100 Channel 
Pulse Height 
Analyzer 


Linear 
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Fic. 3. Block diagram of the electronics. 


The errors were evaluated in the following manner. 
If the measured distribution were a pure exponential, 
extending to ‘=, the error in the mean life due to 
statistics would be (67/r)=1/.N, where NV is the total 
number of analyzed counts. The presence of a constant 
background and a cutoff on the time scale enhances this 
error by a factor (A+ B/8)!, where A and B are constant 
for a given 7/7 and @ is the ratio, at /=0, of the rate to 
the background rate. For a given £, this factor is 
minimum for 7/7 around 3.5. The errors, calculated 
in this way, range from 0.5% (low Z) to 6% (high Z). 
The T.C. calibration was drift-free and linear to 1% 
and therefore contributed an error of this magnitude. 
Finally, in evaluating Acap from A;,, an error of 1% in 
Aa (ra=2.2140.02 usec) has been included. 

The capture rates, Acap, thus obtained have further 
to be corrected for two effects: 


19 R. Peierls, Proc. Roy. Soc. (London) A149, 467 (1935). 
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(1) The effect of uncorrelated stop pulses in the time 
converter. The T.C. measures the time elapsed between 
an electron and the first muon following it, whether this 
is the parent muon or an accidental. Consequently, 
the time distribution in the presence of a stop rate M 
is given by 


eMt(AeAt4C), (15) 


as shown by Swanson.!* M is the instantaneous muon 
stop rate; A is a constant, and C may be taken as such 
since it was established experimentally that its time 
dependence was less than 5% in most cases, while C 
itself was about 10% of the electron rate in the first 
interval. The correction is thus 


A,=A/+M, (16) 


‘where A; is the true muon disappearance rate [in the 


absence of correction (2) ] and A,’ the observed rate. 
(2) The effect of precession in a magnetic field. As is 
well known,” parity nonconservation affects both the 
production and the decay process of the muon: it 
results in the production of longitudinally polarized 
muons, while its effect on the decay is exhibited in an 
asymmetry in the angular distribution of the electrons 
with respect to the muon spin. A vertical magnetic 
field will cause the muon to precess, with the result 
that the time distribution observed in the electron 
telescope is, instead of just V (t)= Noe“, 
(17) 


N (t)=Noe-4#t(1—@ coswt)= No exp(—A,/), 


with w=g(e/2m,c)B." The change in A;, AAj, is then 
roughly given by 


AA; “( a )\(—) 
At Ay 1—a e 


where (¢’ is the time interval over which A, and A, are 
evaluated. Equation (18) does not take into account 
the fact that the “early” points carry more weight 
than the later ones. An explicit evaluation by the 
method of Peierls for a constructed distribution without 
precession and with precession in a field of 7 gauss 
(period 10.55 usec) confirms that (18) is approximately 
correct. 


(18) 


U 


a 


Original Design 








Modified Version 


Fic. 4. Essential features of the time-to-pulse-height converter. 
The original version is that of reference 17. 
2% Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 
(1957). vy 


21 Tt is to be noted that in (17), A; is a function of ¢. 
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TABLE I. Capture rates calculated from the experimental data. 


No. of 
analyzed 
electrons 

(II) 
Be 71755 
& 62817 
N 47029 
O(H2) 12460 
F(KH) 41337° 
Na 29346 
Mg 29455 
Al 82083 
Si 34919 
P 8485 
S 22773 
Cl(Na) 3762° 
K (OH) 5890° 
Ca 25118 
Ti 26185 
V 24423 
12651 
16509 
20455 
10209 
14548 

4542 
10441 

3018 

2759 ; ! 

9654 & 4.0 

1804 4.0 

3981 4.0 

1457 3.2 

2565 3.5 


Rate/backgr. 
in 1° 
interval (8) T/r4 

(III) (IV) 
2.70 
2.96 
2.86 


3.40 


Element* 
(1D 


4.28 
5.21 
3.10 
3.56 
4.38 
4.0 18.2 
see 18.3 
24.4 
29.6 
30.3 
37.9 
36.2 
41.8 
49.4 
64.1 
62.1 
62.1 
95.2 
116.5 
104.5 
123.5 
133.0 
121.5 
126.5 
113.5 


Cr 
Mn 
Fe 
Ni 
Cu 
Zn’ 
Mo? 
Ag 
Cd 
W b 
Tl 
Pb 
Bi 
U 


SwiuSeSso: 


G2 Ge Ge oe Go eG Gs Ge. 


SCeScanN 


At observed 
(10° sec™) 
(V) (VI (VII) (VIII) 


4.55+0.05 
4.69+0.06 
5.15+0.06 
5.88+0.11 
6.94+0.18 
8.26+0.11 
9.36+0.16 
11.32+0.16 
12.06+0.21 
14.92+0.46 
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Corrected 
capture rate Acap 
(105 sec™) 


Corrected 
lifetime r~ 





0.18+0.10 
0.44+0.10 
0.86+0.11 
1.59+0.14 
2.54+0.22 
3.87+0.15 
5.07+0.20 
6.91+0.20 
7.7740.25 
10.54+-0.50 
13.9 +0.9 
13.9 +0.9 
19.9 +1.2 
25.5 +0.5 
26.3 +0.6 
33.7 +0.6 
32.4 +0.8 
36.7 +0.8 
45.3 +1.0 
60.3 +1.4 
57.9 +1.6 
57.6 +1.7 
90.9 +1.8 
112.5 +5.0 
100.5 +5.0 
119.2 +3.0 
129.0 +7.5 
117.0 +7.5 
122.0 +7.5 
109.0 +5.0 


0.21 
0.21 
+0.9 0.24 
+0.9 tee 
+1.2 
+0.5 
+0.6 
+0.6 
+0.8 
+0.8 
+1.0 
+1.4 
+1.6 
+1.6 
+1.8 
+5.0 
+5.0 
+3.0 
+7.5 
+7.5 
+7.5 
+5.0 


0.41 +0.02 
0.3330.007 
0.330+0.007 
0.264+0.004 
0.276+0.006 
0.239+0.004 
0.201 +0.004 
0.154+0.003 
0.160+0.004 
0.161+0.004 
0.105=+-0.002 
(8543) X 10° 
(95+5)X 10-3 
(8142) 10% 
(75+4)X 10% 
(82+5)X 10% 
(79+5)X 10% 
(88+4)X 10-3 


0.41 
0.50 
0.34 
0.69 
0.41 
0.39 
0.68 
0.29 
0.24 
0.49 
0.46 
0.18 
0.49 
0.29 
0.44 
0.57 


* Other constituents are indicated in parentheses where the target was a compound. 
> These elements were measured in an improved arrangement (see text). In the case of Cu, the data from the ‘‘old"’ and the ‘“‘new"’ arrangement were 


combined. 


¢ Number of electrons calculated from the stoichiometric ratios for muons stopping in the elements of the compound. See reference 23. 


4 T =total time over which analysis is extended. r =observed mean life. 
® AA; =sum of corrections (1) and (2) (see text). 


Under the conditions of the present experiment, the 
cyclotron stray field produced a vertical component at 
the location of the target of about 7 gauss. The asym- 
metry coefficient, a, for negative muons has been 
measured for various substances” and found to be 
about 0.04. The correction ranges from 3% (Z=4) to 
1% (Z=16), is negligible for higher Z, and is zero for 
all nuclei with nonzero nuclear spin. Since the electron 
distribution is peaked backwards with respect to the 
momentum of the muon, the correction AA, must be 
added to the observed A;. 

As a final correction, the effect of atomic binding on 
the muon decay rate, Ag~, has been considered. For the 
elements for which R has been measured," the correc- 
tion to Acap never exceeds 2%. In view of its smallness 
and the fact that a more detailed investigation of this 
effect is still in progress, we have omitted this correction. 

Table I gives a summary of the information pertinent 
to the evaluation of the capture rates and the errors. 
The data obtained with compound targets were 
evaluated by a least-squares fit. Four elements were 
measured in an arrangement which differs from that 
of Fig. 2 in that a collimator of 3-in. diameter was 

“Tgnatanko, Egorov, Halupa, and Chultem (private com- 
munication). 


used and two counters, instead of one, were placed 
behind the absorber. This results in a considerable 
reduction in background, as is apparent from the 
8 values in the table. 


C. Detection of Nuclear Gamma Rays 


Prior to the experiment described above, we obtained 
evidence on the capture of muons by nuclei in measure- 
ments which formed part of a study of the energies 
and relative intensities of u-mesonic x-rays in Pb. In 
these measurements, the time distribution of the 
nuclear gamma rays following muon capture was 
measured in the following manner: Muons were made 
to stop in a 10-g/cm? Pb target. The emerging nuclear 
gamma rays traverse a plastic scintillator having low 
sensitivity for counting gamma rays and enter a 5-in. 
diam Nal crystal, see Fig. 5. The stopped muon is 
identified by a (1,2) coincidence, the u-mesonic x-ray 
or nuclear y ray by a (1,2,3,X) event. To be able to 
make a fast coincidence in the (1,2,3,X) telescope, the 
crystal pulse (X) is taken from a dynode of the 5-in. 
DuMont photomultiplier and fed into a limiter-clipper 
before entering the coincidence circuit. The “energy” 
threshold of the limiter-clipper is determined by 
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Fic. 5. Experimental arrangement for the detection of mesonic 
x-rays and nuclear y rays. Nuclear y ray (123X); monitor (1,2). 


placing a Na* source at the location of the target 
and analyzing the photomultiplier anode signal with 
the P.H.A., the input of which is gated by a (3,X) 
coincidence. The threshold is such that only x-rays and 
nuclear gamma rays of energies > 350 kev are detectable. 
By varying the delay of X with respect to (1,2,3), 
one obtains a time distribution as shown in Fig. 6. 
The capture mean life deduced is 7210 musec, while 
the integrated contributions of the nuclear gamma rays 
and the x-rays are in the ratio 0.46+0.05. Assuming 
6-7 x-rays per stopped muon, this leads to about three 
gamma rays per muon captured in lead, in agreement 
with cloud chamber evidence.* 


III. DISCUSSION OF THE RESULTS 
A. The Effective Nuclear Charge Density 


As mentioned in Sec. IA, Ze, and thus (p), have 
been evaluated by Wheeler using harmonic oscillator 
muon wave functions both inside and outside the 
nuclear surface. 

To obtain more accurate values for (p), we have 
employed the available experimental information on 
both the 2p—1s transition energies in y-mesonic 
atoms” (x-ray data) and the scattering of fast electrons 
by nuclei®® (scattering data) to determine the nuclear 
charge distributions and the muon wave functions. 
The procedure is as follows: from the electron scatter- 
ing data on various nuclei it appears that their charge 
distributions can be represented by a Fermi-type 
function, which we write in the form given by Hill 
and Ford?’: 

Po 1-0.5e"**, x¢1 


p(x) =— a 
1—0.5e-" 10.5e-"=-), x21 


(19) 


where po=charge density at the center of the nucleus, 
n is a shape parameter, and x=r/R; R is the range 


%3 Sens, Swanson, Telegdi, and Yovanovitch, Nuovo cimento 7, 
536 (1958). 

%W. Y. Chang, Revs. Modern Phys. 21, 166 (1949); T. J. B. 
Shanley, thesis, Princeton University, 1951 (unpublished). 

2 V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953); 
M. B. Stearns and M. Stearns, Phys. Rev. 105, 1573 (1957). 

26R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7, p. 301. 

27.—). L. Hill and K. W. Ford, Phys. Rev. 94, 1617 (1954). 
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Fic. 6. Delay curve, obtained with the arrangement of Fig. 5. 


parameter, which defines the radial extent of the 
charge.2* The nuclei investigated here may now be 
divided into three classes: 


(A) Nuclei for which a shape specified as to m as well 
as to R is available from scattering data. The Dirac 
equation with the potential following from (19) can 
then be solved numerically; from the 1s-state wave 
function (p) is found. Since x-ray data are available 
for some nuclei in this class, the consistency of the two 
types of experiments can be checked. 

(B) Nuclei for which x-ray data but no scattering 
data are available. Assuming shape (19), m isfirst 
estimated from an approximate radius R and “skin 
thickness” ¢, and R is varied so that the computed 
2p—1s transition energy agrees with the experimental 
value. 

(C) Nuclei for which neither x-ray nor scattering 
data are available. Here R is computed from R=1r9(A)A? 
and n is computed from this R and an interpolated value 
of t. 


The charge distributions, thus obtained, were 
inserted into an existing IBM-704 computer code, 
which calculated the solutions of the Dirac equation for 
the corresponding potentials, the 2p—1s transition 


energy, and (p). 
Table IIT summarizes the relevant quantities. 


B. Comparison of Experiment with Theory 


In order to compare the measured capture rates with 
the predictions of the universal Fermi interaction 

28 For Z<10, other distributions compatible with experiment 
exist. 

* This code was set up by D. L. Hill and K. W. Ford for the 
calculations of reference 27. It was extended to include the 
calculation of (p). 
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TABLE II. Effective charge densities. 


E2p,).—18 (Mev) 
Finite 
nucleus 
values 


(VII) 


Point 
nucleus 
» values 


(VI) 


Experimental 
values 


(VIII) 


re =R/A! 
(fermi) 
(III) 


Element A 


(p) 
(protons/fermi?) 
(1) (II) stad 


dv)" 
CLASS A 
0.03336 0.03328 
0.07532 0.07478 
0.1343 0.1325 
0.3033 0.2927 
0.4134 0.3946 
0.5407 0.5087 
0.8476 0.7664 
1.1240 0.9940 
1.6736 tee 
16.161 5.987 
16.621 5.959 


CLASS B 
0.1027 0.1016 
0.1702 0.1671 
0.2547 0.2477 
0.3562 0.3423 
0.4750 0.4495 
0.6110 0.5682 
0.7644 0.6978 
1.0275 0.9135 
1.7973 1.4870 
1.9255 1.576 

CLASS C 
1.2249 1.0667 
1.3304 1.1480 
1.4403 1.230 
3.834 2.695 
4.840 3.177 
5.057 3.269 
12.802 5.326 
15.711 5.962 
21.218 6.500 


0.0333 
0.0750 
0.1330 
0.295 
0.410 


4.528X 10~¢ 
2.026X 10-5 
2.786X 10-5 
2.478X 10 
4.265 X 10~4 
6.612 10 
1.290X 10°? 
2.016X 10% 
3.462 10% 
2.592 XK 10? 
2.542 10°? 


0.925 
1.238 
1.411 
1.596 
1.677 
1.768 
1.949 
2.099 
2.207 
3.520 
3.478 


0.83 
1.009 
1.045 
1.03 
1.03 
1.04 
1.063 
1.057 
1.06 
1.11 


Be 9.00 
c 12.01 
oO 16.00 
Mg 24.32 
Si 28.11 
S 32.08 
Ca 40.10 
V 51.00 
Ni 58.77 
Pb 207.8 

Bi 209.0 


6.02 
6.02 


0.102 3.532 X 1075 
8.969 X 1075 
1.867.X 10~ 
3.287 X10 
5.326X 10-4 
7.830 10 
1.105X 10-3 
1.734 10% 
3.789 X 10-8 
4.162103 


1.317 
1.472 
1.569 
1.655 
1.750 
1.848 
1.928 
2.063 
2.288 
2.310 


14.00 
19.00 
23.00 
27.00 
31.00 
35.49 
39.14 
47.93 
63.62 
65.48 


G0 Sint 


oo 


nea 


2.225X 10-3 
2.518X 10% 
2.805 X 10-3 
9.189 10-3 
1.16210 
1.204 10 
2.190 X 10°? 
2.605 X 10°? 
2.832 10°? 


s 


52.06 
55.00 
55.93 
95.98 
107.97 
112.52 
184.0 
204.4 
238.0 


O— 
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" Ay =moun Compton wavelength = 1.8667 Xyu~!; wu is a reduced-mass correction factor: ¢ =A /(A +0.1137); my =206.86me Xu. 
+ Shape parameter of (19) in text. ; 
© Zen, obtained from (p) and (3) in text, but using ao0(A) =ao0( &)y, the reduced Bohr radius for a nucleus of mass A; rather than ao( ©); see reference 30, 


4 Ze, obtained from (4) in text. 
(UFI), we write for the capture rate of protons by _ indicated in Fig. 7, corresponding to the parameters 
muons” Acap(1,1)=K?/mae. With this notation and 
. ’ . \ "2 31 pms car! 
(3), Primakoff’s expression (7) becomes yK?= 98.92 X 10-*! cm sec, 


6=3.15. 


(21) 


Neap(Z,A)=yK2p)[1—6(A—Z)/2A]. (20) 


; " : . Thus one obtains 
Figure 7 shows a plot of Acap(Z,A )/(p) versus (A—Z) 


; : a — yvAcap(1,1)=188 sec". (experimental) (22) 
2A, derived using the data of Tables I and II. Omitting as P 
the data for O'8 and F" (because of uncertainties . i al i ale te 

; ential pee ek : ssid ae me. ABLE IIT. Theoretical capture rates for S,V and 7,A 
connected with the fact that the rate: for these nuclei interactions, compared with eupetianeat. 

were obtained from measurements with compound Sa ae 
targets), a weighted least-squares fit of (20) to the 


experimental points was made. It yields the straight line 





. Equal amounts 
SV of S,V and T,A Experimental 
a b a b values 


0.88 0.94 1.03+0.03 
0.77. 0.79 1.32+0.04 
0.90 0.94 


1.27+0.04 
0.945 0.99 


* Tt is to be emphasized once more that A(1,1) is not the actual 
rate for absorption of muons from the K orbit around protons. 
This latter rate is given by Acap?4¥8(1,1)=K?2/aao(1), with 
ao(A)=reduced Bohr radius for a nucleus of mass A. Also a 1444.0.05 
better definition of Zee! than (3) is Zer=wao*(A)(p). For Z=1,  Fe/Ca 1.08 1.14 1.545 1.82 1.78-+0.06 
Z.u¢=1, while Zer¢=1[a0(% )/ao(1)}. In terms of these variables, | Ni/Ca 1.34 1.42 1.99 2.43 2.36+0.07 
(7) reads  Acap(Z,A )=Acap?"¥*(1,1)X [a0(1)/a0(A ) Zeer 1 —5 ee a ney 


0.98 
0.96° 
1.18 
1.31 


Ti/Ca 
V/Ca 
Cr/Ca 
Mn/Ca 


1.08 
1.09 
1.35 
1.53 








xX (A—Z)/2A]. Table IT lists what we call here Zerr; except for sat 
the lightest nuclei, Zer¢= Zett. 


® ro =1.40 X1074 cm. 
bro =1.15 X10-% cm. 
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Fic. 7. Plot of 

Acap(A,Z)/{p) 
versus 

(A—Z)/2A, 


showing the effect of 
the Pauli principle. 
The line is a weighted 
least-squares fit to 
the observed data. 
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The statistical error on this quantity is about 1.5%, 
but it need not represent the total uncertainty and for 
this reason we quote no error in (22). From (9) and 
Primakoff’s estimate y=0.73, to which he assigns an 
uncertainty of +20%, we obtain 

vAcap(1,1) = (153430) sec, (theoretical) (22’) 
assuming UFI to hold. Thus this assumption is as 
well supported by the result of the present experiment 
as can be expected in view of the inherent limitations of 
the theory, at least as far as the equality of the effective 
coupling strengths }° c,? [see Eq. (6)] is concerned. 
This equality suggests that two-component neutrinos 
are involved in muon capture, a process for which 
parity nonconservation had as yet not been established 
experimentally. 

The agreement between (22) and (22’) concerns, 
however, only the strengths of the couplings and does 
not supply any evidence that their detailed structure, 
e.g., the ratio of Gamow-Teller to Fermi type interac- 
tions, is also universal. According to Tolhoek and 
Luyten,!' who have performed specific shell model 
calculations assuming pure Fermi (S$,V) or Gamow- 


.270 280 
(A-Z)/ 2A 


Teller (7,A) interactions and two different sets of 
values for the nuclear radii, such information could be 
derived from the observed muon capture rates (or 
rather their ratios) of nuclei in the range 20<Z<28. 
The predictions of these authors are compared with 
the present experimental results in Table III. The 
observed ratios are in reasonable agreement, provided 
one adopts the “small” radii, with the predictions for 
equal amounts of Fermi and Gamow-Teller interactions, 
although a pure Gamow-Teller interaction, with “large” 
radii, cannot be excluded. Thus the experimental 
evidence, though inconclusive, is at least consistent 
with the V—A interaction now favored in the interpre- 
tation of weak interactions.® 
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Radiative Capture of K- Mesons from Orbital P States of K-Mesonic Atoms* 
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The photon spectrum accompanying the radiative capture of K~ mesons from orbital P states of K- 


mesonic hydrogen atoms is discussed. 


HE strong reaction of a K meson and a proton to 

produce a 2 hyperon and a w meson may be 
represented phenomenologically by a direct local inter- 
action. The transition amplitude for capture from a 
bound Coulomb S state is then proportional to the 
value of the wave function at the origin. If the inter- 
action Hamiltonian contains a term o-¥V/m, direct 
capture may also occur from a bound P state, with an 
amplitude proportional to the gradient of the wave 
function at the origin. There is another mechanism 
that can give rise to (direct) capture from a P state. 
It is the K-mesonic atom analog of the radiative cap- 
ture of orbital electrons, which has been studied by 
Glauber and Martin.’ 

In the electron case, the weak nuclear decay through 
the capture of a K electron is accompanied by electro- 
magnetic radiation arising from the refilling of the 
vacated electronic levels. The x-radiation may occur as 
a process, separate from the nuclear reaction, in which 
the spectrum consists of several sharp lines; or it may 
occur together with the orbital-electron capture as 
part of a two-step process. In this second case the 
energy released by the capture is shared with the 
photon, giving it a continuous spectrum with typical 
resonance peaks corresponding to the x-ray lines. 

Radiative capture of an orbital K meson from an nP 
state may take place in quite the same way. The K and 
proton system may make a radiative transition to any 
one of many (intermediate) S states from which the 
capture process producing the 2 and can take place. 
Included as a particular case is that special inter- 
mediate state which has the same energy as the initial 
and final states and for which the photon energy is just 
the energy-level difference between the initial P state 
and the intermediate S state. The relative contributions 
of the various intermediate S states (labeled by the 
principal quantum number » of the atomic state and the 
photon momentum k) is given in second-order per- 
turbation theory as 


> a (2rk| H¢| n’k)(n'k| H®|n)/(Ews—Enpt+k), (1) 


where H¢ and H® are the capture and radiation Hamil- 
tonians. The resulting photon spectrum will have poles 
corresponding to the resonant energies, which may be 


* This work was done under the auspices of the U. S. Atomic 


Energy Commission. 
1R, J. Glauber and P. C. Martin, Phys. Rev. 104, 158 (1956); 
109, 1307 (1958). 


removed by including radiation and nuclear-level 
broadening. The spectrum we give will then be the sum 
(including interference) of the line shapes for transitions 
from the initial P state to each of the n’S states that 
is energetically accessible; the other n’S states con- 
tribute to the high-energy tail. 

The result of this calculation may be expressed as 
the ratio of the transition rate for radiative capture 
from the mP state to that for direct capture from the 15 
state, 


kinax 
w(nP,rc)/w(1S,c) = (e/3n) f kOnp*(k)dk, (2) 
0 


where & is measured in the natural unit of the binding 
energy of the 1S state, &:s=3a°m=8.6 kev, and 
Rmax is the maximum photon energy given by Rmax 
=(E?—(m,+Ms)*]/ (2K). Here Zp is the total initial 
energy, equal to the mass of the bound K meson plus 
the mass of the proton (1432 Mev), and Mx(m,) is the 
mass of the 2(7) particle. The function Q,p(k) is a 
dimensionless integral which Glauber and Martin have 
tabulated for n=2,3. The value of w(1S,c) may be 
estimated from the experimental absorption cross sec- 
tion,? or, and the 1S state wave function ¢;s of the 
K-proton system, as 


w(1S,c)=¢1s7(0)[ (k/m)or(k) |nn0™~4.7 X 107 sec, (3) 





(nP.rc) (i /kev-sec) 


dw 
dk 


oP 











T T T T 
Eis 20 40 60 
K (kev) 


Fic. 1. The photon spectrum for the radiative capture from the 
2P and 3P orbital states of the K-meson-proton system. 


* Estimated from current experimental work; Donald Miller, 
University of California Radiation Laboratory (private com- 
munication). 
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where & is the center-of-mass momentum and m is the 
reduced mass of the K~-proton system. The photon 
spectrum is then given by 


dw(nP,rc)/dk=2.6X 10°kOnp?(k) kev-! sec, (4) 


where & is measured in kev. A particular value of the 
dimensionless function for argument k=1.79a?m/2 
= 15.4 kev is Qop(1.79)=0.34. The curve is given in 
Fig. 1 for n=2, 3. Inclusion of nuclear damping does 
not change the shape of the curve in the part plotted. 
The rest of the curve may be approximated by a normal 
line shape with a maximum of roughly 10” sec! kev 
and a width of 0.31 kev. 
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For comparison we mention the total radiative transi- 
tion rates from 2P and 3P states, 


w(2P — 1S)~4X 10" sec, 
w(3P — 2S)+w(3P — 1S)~1X 10" sect. 
We may also estimate the direct nuclear capture rate 
from the 2P state to be given by 
w(2P,c)~ (1/128)a*w(1S,c)=4X 10" sec, 
ACKNOWLEDGMENT 
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Determination of the Pion-Nucleon Coupling Constant from Photoproduction 
Angular Distribution* 
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MicHAEL J. Moravesik, University of California Radiation Laboratory, Livermore, California, 


AND 


Jack L. Uretsky, University of California Radiation Laboratory, Berkeley, California 
(Received September 22, 1958) 


The pion-nucleon coupling constant is determined from the pion 
photoproduction angular distribution. The method is based upon 
a certain conjecture concerning the analyticity of the photo- 
production amplitude, and does not depend on the validity of any 
specific theory of photoproduction. It consists of an extrapolation 
of the angular distribution at any given fixed energy to cos@= V,~, 
where V, is the pion velocity divided by the velocity of light. The 
amplitude at this nonphysical angle has a pole, and the pion- 
nucleon coupling constant is simply related to the residue of the 
amplitude. The quartic representation of photoproduction angular 
distributions is used as the functional form of the extrapolating 
curve. The most important feature of the new method is in the 
fact that it measures, at least in principle, the pion-nucleon 
coupling constant at any given fixed energy, while previous 
determinations in general measure the coupling constant in the 
low-energy limit, or require assumptions concerning the behavior 
of the cross section at all energies. 


1. DESCRIPTION OF THE METHOD 


REASONABLE understanding of pion photo- 
production has come by means of the dispersion 
relations of quantum field theory,!? and a value of the 
pion-nucleon coupling constant has been obtained 
which is in reasonable agreement with that obtained 
from pion-nucleon scattering.’ We consider in this paper 
* Work done under the auspices of the U. S. Atomic Energy 
Commission. 
t+ On leave of absence from Christ’s College, Cambridge, 
England. 
1 Chew, Low, Goldberger, and Nambu, Phys. Rev. 106, 1345 
(1957). 
2 Uretsky, Kenney, Knapp, and Perez-Mendez, Phys. Rev. 
Letters 1, 12 (1958). 


In addition, the new method does not depend on the assumption 
of charge independence, and in fact measures explicitly the inter- 
action of positive pions with nucleons. The scheme cannot be used 
for photoproduction of neutral pions. The method is applied to 
available data at 230, 260, 265, and 290 Mev photon energy in the 
laboratory system, and an over-all value of /*=0.064+0.041 is 
obtained. In view of the large error, a detailed discussion is given 
of possible improvements in experiments which could give a more 
accurate value. Also discussed is the sensitivity of the value of the 
coupling constant to various features of the experiment, such as 
the energy of the photons, the relative importance of the various 
angles, the relative importance of the relative and absolute 
normalizations, and the statistical errors on the individual pieces 
of data. Finally, numerical illustrations are given of the accuracy 
obtainable for certain given conditions on the factors listed above. 


an alternative and quite independent method for 
determining the pion-nucleon coupling constant from 
pion photoproduction data. This method depends on 
the property of analyticity of the production amplitude 
as a function of momentum transfer for fixed total 
center-of-mass energy. 

Such analyticity of scattering amplitudes and pro- 
duction amplitudes has already been discussed in 
connection with the proof of dispersion relations in 
quantum field theory,’ and in connection with a two- 
dimensional spectral representation.® An application of 

3H. Lehmann (to be published). 


4R. Oehme and J. G. Taylor (to be published). 
5S. Mandelstam, Bull. Am. Phys. Soc. Ser II, 3, 216 (1958). 
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Fic. 1. Processes giving 
rise to poles in the photo- 
production amplitude: (a) 
the one-meson direct inter- 
action leading to a pole at 
A?=—y?; (b) the crossing 
term, which gives the pole 
at A?= (W—M*—,?). 


this analyticity to a determination of the pion-nucleon 
coupling constant from nucleon-nucleon scattering data 
has also been discussed.® 

The analyticity behavior we use is just the reverse of 
that used in the dispersion relations, where the ana- 
lyticity variable is the total center-of-mass energy when 
the momentum transfer is held fixed. In order to under- 
stand how the reverse analyticity, which we wish to use, 
may come about, we denote by M(p’,q; p,k) the 
amplitude for the pion photoproduction process 
y+N — r+, where p, p’, g, & are the 4-momenta of 
the initial and final nucleon and of the pion and photon, 
respectively. We need not consider the spin, isotopic 
spin, or polarization variables of the particles in this 
discussion. These variables do not affect the analyticity 
properties of the scattering amplitudes, provided we 
take into account in our discussion all relevant selec- 
tion rules. 

We denote by \(k,g; p’,p) the amplitude for the 
process N+N — y+1, the annihilation of a nucleon- 
antinucleon pair to produce a photon and a pion; the 
momentum variables p, p’, g, & are for the nucleon, anti- 
nucleon, pion, and photon respectively. From crossing 
symmetry we have 


N(—k, 4g; —?', P)=M (Pq; DR), 


so that the matrix element M(p’,g; p,k) is a continua- 
tion of V(k,g; p’,p) by the transformation k— —k, 


, , 
 — 


(1.1) 


The two invariants formed from the momenta which 
describe the annihilation process may be taken to be 
W’=—(p+p’)’, 
A”? = (p’—q)’. 


(1.2) 


The scattering amplitude is then a function V (W’,A”) 
of these invariants. 

The expected analyticity region of V in the W’ plane 
for fixed A” is the cut W’ plane, except for two poles. 
The poles arise from intermediate states in the absorp- 
tive part of V(W’,A”) corresponding to one pion (or, in 
the crossed term, one nucleon) and the branch points 
arising from intermediate states with at least two pions 
(or, in the crossed term, at least one pion and one 
nucleon). We are neglecting here all matrix elements for 
processes with more than one photon present in initial 
or final state with the usual justification that such 
matrix elements are of order 1/137 of these involving 
only one photon in initial or final state. 


® Geoffrey F. Chew, Phys. Rev. 112, 1380 (1958). 
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Thus the poles are for W’=y? and — (p—q)?= M?, and 
the branch points are for W’2(2u)? and —(p—q)? 
2(M+u)*. If we now continue N(k,g;p',p) to 
M(’,q; p,k) by the transformation k — —k, p’ > —7’, 
then the variables W’, A’? become 


W’=—(p—p')*=—A%, 
A= (p'+9)?=—W, 


where W!, A are the usual total energy and momentum 
transfer for the photoproduction process. Hence ana- 
lyticity of N(W’,A”) in W’ for A” now is transformed 
into analyticity of M(W,A?) in A? for fixed W. The 
analyticity region is the cut A’ plane, with branch 
points from A? < — (2u)? and — (p—gq)?> (M+uy)?. There 
are also poles at A?= —y? from the process (a) of Fig. 1 
and at (p—q)*=—M? from the process (6) of Fig. 1. 
Then the analyticity region is the cut A? plane with 
poles at —y? and (W—M?—,z?) and branch points at 
—4y? and W+2Mu—M?. 

We introduce the scattering angle @ between k and q 
in the center-of-mass system, so that in the cos@ plane 
the analyticity region is the cut plane, with poles at 
V,-' and — Vy and branch points at (V -!+3y?/2kq) 
and —[Vy~'!+ (w2+2Mu)/2kq]. Here Vz, Vy are the 
pion and nucleon velocities and g, k the pion and 
photon momenta (all in the center-of-mass system). 
This region in the cos@ plane is shown in Fig. 2. 

What we have said so far does not constitute a proof 
of analyticity of M(W, cos@) in this cut cos@ plane for 
fixed W. It is not possible to obtain a proof of this 
property by using the methods of references 3 and 4. 
We do not even wish to use such a large region of 
analyticity. Indeed, it does not seem possible at present 
to make such a use of the cut-plane analyticity region in 
cos@ as was made of the cut-plane analyticity region in 
W, since now the absorptive part ImM(W, cos@) is 
known only along the region |cos@| <1, and not along 
the branch cuts. Our method requires only that we have 
analyticity in some region R containing the physical 
region |cos@| <1 and including the pole at cos@=V,“ 
as an isolated singularity. 

It has not been possible to prove this result yet by 
methods similar to those of references 3 and 4. Although 
for nucleon-nucleon scattering the corresponding poles 
and branch points always lie outside or on the boundary 
of the ellipse of analyticity in the cos@ plane, the 
situation in photoproduction is that the pole at 
cosé=V,—' lies inside the ellipse of analyticity for 
photon energies up to 980 Mev (laboratory system). 


(1.3) 


-- pte ome 1, 32h? 
-% +a Vy + Ziq) 


2k 
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Fic. 2. The A? plane, showing the singularities of 
the photoproduction amplitude. 
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This paradoxical result is understood when it is re- 
membered that the ellipse of analyticity is the region 
of analyticity for only one term in the reduced S-matrix 
element. The pole at cos#=V,—! must come from the 
remaining terms. This situation is being investigated 
more fully by one of us (J.G.T.) and will be reported 
on elsewhere. 

Thus we have no rigorous proof of our analyticity 
conjecture that M(W, cos@) is analytic in cos@ in a 
region R which includes the physical region |cos6| <1 
and the isolated singularity at cos#=V,-' with a 
simple pole there. However, the conjecture seems very 
reasonable physically, as was seen in the discussion at 
the beginning of this section, and also from the fact that 
we are concerning ourselves mainly with the re- 
normalized Born-approximation terms in the scattering 
amplitude. 

We wish to obtain the residue of M(W, cos@) at the 
pole cos#= V,—'. We may write the angular production 
amplitude at a given energy W as 


da ___g(W, cos@) 


—=- (1.4) 
dQ (1—V, cosé)? 


+ f(W, cos6), 


where f, g are analytic at cos@=V,—'. The first term in 
this expression contains all the effects of the meson- 
current term, as well as interference effects between the 
meson and nucleon currents. At cos#=V,~' these 
interference effects are zero, and we have! 


do 
[a V, cosé)?— ! 
cos 6=V,_7! 


dQ 


q 1i-V,, 
= g( V)=arsp( ) 
R87 (1+w/M)? 


q i-V,* 
= uip(=) ————— mb/sterad, 
B8/ (1+w/M)? 


where f is the pion-nucleon interaction coupling 
constant, @ the fine-structure constant, and A, the 
reduced pion Compton wavelength. We shall obtain a 
value for the left-hand side of this equation at a given 
energy, and so a value for f*® by continuing the function 
(1—V, cos0)?(do/dQ) from the physical range | cosé| <1 
to the value cos#=V,~', using experimental data in 
this physical range. Before we do this in detail, some 
general properties of this procedure are discussed. 


(1.5) 


2. GENERAL PROPERTIES OF THE PROCEDURE 


The value of f? that we shall obtain will be inde- 
pendent of the assumption of charge independence in 
the pion-nucleon interactions. This is since we are 
considering only charged-pion production, and neutral 
pions do not come into the picture. Of course we are 
using charge symmetry. We cannot obtain even the 
coupling constant for the neutral-pion-nucleon inter- 
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action by this method, since the pole at cos@= V,~' has 
a zero residue for this case. 

Our method has an advantage over the usual dis- 
persion-relation one in that we need not make any 
assumptions about the high-energy behavior of the 
production amplitude. Of course, as was found in 
references 1 and 2, we do not obtain here any under- 
standing of the angular shape of the production cross 
section nor its energy dependence. But we feel that an 
independent method of determining the value of the 
pion-nucleon coupling constant is of value in giving a 
further check on the general axioms from which the 
dispersion relations and analyticity in cos#@ may be 
proved. 

It may finally be remarked that the pole at 
cos6= — Vy! is not useful to us in comparison with the 
pole at cos#= V ,—", since it is very far from the physical 
region. For example, at a photon energy (lab) of 260 
Mev we have Vy~'=5.75 and V,-'=1.33, and at 500 
Mev we have Vy~'=3.2 and V,=1.09. 


3. PROCEDURE 


The procedure leading to the determination of the 
residue at the pole begins by plotting the experimental 
value of the quantity Q(cos@)= (do/dQ)(1—V, cosé)? 
vs cosO. The residue is then given by the value at the 
pole of some curve that is fitted to the experimental 
points in the physical region. The problem is to select 
the appropriate functional form for the fitting curve. 

We have used experimental points in the whole 
angular range. The justification for using the whole 
physical range is in our assumption that Q(cos@) is 
analytic in the region R which includes the physical 
range and the point V,'. Then one knows’ that 
Q(cos@) can be well represented by a fourth-order 
polynomial in cos#. Such a representation takes into 
account the meson-current contribution for all values 
of the angular momentum, and further assumes that the 
contribution of the nucleon-current interaction is 
significant only in the § and P states. The validity of 
this assumption has been borne out by direct com- 
parison with photoproduction up to 440 Mev, as well as 
by analogous® data on pion-nucleon scattering. These 
latter data indicate’ that up to 300 Mev (corresponding 
to 450 Mev for photoproduction) there is no evidence 
for D waves, and even at 360 Mev (or 510 Mev for 
photoproduction) the D wave, if it exists at all, is very 
small. If D waves contributed appreciably, Q(cos@) 


7 Michael J. Moravesik, Phys. Rev. 104, 1451 (1956) and 107, 
600 (1957). 

8K. M. Watson, Phys. Rev. 95, 228 (1954); M. Kawaguchi and 
S. Minami, Progr. Theoret. Phys. (Japan) 12, 789 (1954). 

® Mukhin, Ozerov, and Pontecorvo, J. Exptl. Theoret. Phys. 
U.S.S.R. 31, 371 (1956) [translation: Soviet Phys. JETP 4, 237 
(1957) ]; I. Mukhin and B. Pontecorvo, J. Exptl. Theoret. Phys. 
U.S.S.R. 31, 550 (1956) [translation: Soviet Phys. JETP 4, 373 
(1957) ]; N. A. Mitin and E. L. Grigorev, J. Exptl. Theoret. Phys. 
U.S.S.R. 32, 445 (1957) [translation: Soviet Phys. JETP 5, 378 
(1957). 
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would be represented by a sixth-order polynomial] in 
cos#. 

In principle, of course, the higher angular momenta of 
the nucleon-current interaction also contribute some- 
what to the differential cross section even below 450 
Mev. After all, we saw in Sec. 1 that the pole we are 
considering is not the only singularity and hence in 
principle Q(cos@) contains terms that have denominators 
originating from the other singularities. These de- 
nominators, if expanded into a polynomial, would give 
contributions in all angular-momentum states. In 
practice, however, the other singularities are much 
farther removed from the physical region than the pole 
we are considering, and hence the other denominators 
can well be approximated by the first two terms in their 
polynomial expansion in cos@. 

It is an important advantage in the extrapolation 
procedure to have a physical argument for the deter- 
mination of the functional form of the extrapolating 
curve. It would also be possible to rely exclusively on 
statistical criteria such as the chi-square test and the 
F test. As will be seen, however, these criteria are not 
always decisive or unambiguous, and therefore it is 
very reassuring to have theoretical physical criteria as 
well as statistical tests available. For practical reasons 
it is important to use the lowest order polynomial 
compatible with these criteria, and a double method of 
selection helps to assure this economy. The motivation 
for the lowest order polynomial is not so much in the 
fact that polynomials of different orders would give 
violently different residues, because this is usually not 
the case. The real motivation is in the fact that for a 
given set of data, the error ascribed to the residue 
increases rapidly as one increases the order of the 
polynomial, and hence an economy in the order of the 
polynomial contributes greatly to the precision of the 
determination. 


4. RESULTS 


In this section we give the results of our applying our 
scheme to the angular-distribution data presently 
available for positive pions produced from protons. 

Data have been used at four energies, and altogether 
six determinations have been made. These determina- 
tions used the complete set of data in the range between 
225 Mev and 235 Mev,''-* the Berkeley data at 260 
Mev," the complete set of data at 260 Mev,'** the 


© For a practical summary of these statistical criteria as well 
as for other properties of the method of least squares, see P. 
Cziffra and M. J. Moravesik, University of California Radiation 
Laboratory Report UCRL-8523, 1958 (unpublished). 

4 Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956). This paper also contains a summary 
of data obtained at Cornell University. 

#2 J. H. Malmberg and C. S. Robinson, Phys. Rev. 109, 158 
(1958). 

8 Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 (1955). 

4 Uretsky, Kenney, Knapp, and Perez-Mendez, Phys. Rev. 
Letters 1, 12 (1958). 

( 16 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
1955). 
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complete set of data at 265 Mev,"''® the Berkeley data 
at 290 Mev,'? and the complete set of data at 
290 Mev."*.!5.'7 We singled out the Berkeley data at 
260 and 290 Mev for special consideration simply to 
illustrate the point that the chi-square test tends to be 
much more favorable for a single experiment than for a 
collection of experiments from various laboratories, and 
that therefore the accuracy of the coupling constant 
cannot always be improved by increasing the number of 
experimental data used in the determination. We also 
calculated the average coupling constant as obtained 
from the four complete sets. All these results are given 
in Table I. 

Table II gives the quantities obtained from the chi- 
square tests and the F test, as a function of the degree 
of polynomial used to represent Q(cos@). For the x? test 
the value of x? is given together with the pertaining 
probability percentage. This latter entity gives essen- 
tially the probability that a good fit to the set of data in 
question would yield a x? of that value or larger. The 
F test has been applied to the question “What is the 
probability that a one-higher-order polynomial is 
needed to represent the data?” Again the value of F and 
the percentage probability are given. It is evident from 
the table that these statistical tests alone would not 
give a very definite indication as to the degree of 
polynomial to be used. 

The over-all average we obtained is not inconsistent 
with the usually accepted value, which is around 
f*?=0.08. It should be mentioned, however, that this 
present average is more illustrative than factual. Even 
in addition to the uncertainties that are expressed in the 
large error on f?, there are other sources of possible 
inaccuracy. Firstly, the 225-, 230-, and 235-Mev data 
were all lumped together, and this 10-Mev-wide band 
introduces an error which is unknown in magnitude but 
certainly not negligible. This lumping together was 
necessitated by the scarcity of data at the three 
individual energies. Secondly, as is well known, the 
results in references 13 and 15 are inconsistent with each 


TaBsLeE I. Values of the residue as obtained from experimental 
extrapolation, and the corresponding coupling constants, at 
various photon energies, given in the laboratory system. 





Experimental residue Coupling constant, 
(microbarns/steradian) f2 


0.852+1.48 0.042+0.073 
1.86 +0.52 0.131+0.037 
1.54 +0.91 0.108+-0.064 
1.74 +1.59 0.129-+0.168 
0.165+0.32 0.016+0.031 
0.167 +0.66 0.016+0.064 


0.064+0.041 


Data 


E 
(Mev) 








230 complete 
260 Berkeley 
260 complete 
265 complete 
290 Berkeley 
290 complete 


Average of complete data 








16L. S. Osborne, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956), p. 25. 

17 Edward Knapp (private communication). We are indebted to 
Dr. Knapp for giving us the results of his experiment prior to 
publication. 
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TABLE IT. Results of the statistical tests applied to the experimental extrapolating procedures. 





Set 
Order 
oO! 
a Value 


230 Mev complete 


% 


260 Mev Berkeley 


Value 


% 


260 Mev complete 


Value 


% 


265 Mev complete 


Value 


% 


290 Mev Berkeley 


Value 


% 


290 Mev complete 


Value 


% 





. 1532 
F 23.2 


, 163.5 
J 13.3 


76.44 
3.55 


65.12 
0.246 


64.42 
0.0027 


64.42 
0.175 


63.88 
0.473 


<0.1 
>99 


<0.1 
>99 


<0.1 
93 


<0.1 
40 


<0.1 
8 


<0.1 
30 


<0.1 
50 


2289 
9.69 


69.7 
7.80 


9.31 
2.99 


5.82 
2.52 


Sita 
5.14 


0.53 
1.04 


0.42 


<0.1 
99 


<0.1 
98 


30 


3000 
21.6 


179 
13.3 


70.4 
2.62 


61.62 
1.40 


29.33 
0.12 


56.98 
0.10 


56.67 
0.09 


<0.1 


>99 


<0.1 


>99 


<0.1 
80 


<0.1 
75 


<0.1 
25 


<0.1 
25 


<0.1 
25 


696 
13.96 


48.3 
7.04 


24.1 
2.54 


19.3 
3.81 


13.2 
0.008 


13.2 
0.012 


13.2 
1.31 


<0.1 
>99 


<0.1 
98 


3 
85 
8 
95 
27 
9 


22 
10 


15 
80 


2053 
8.41 


135.7 
5.60 


40.6 
6.20 


4.61 
0.010 


4.60 
0.020 


4.58 
0.048 


4.53 
2.64 


<0.1 
98 


<0.1 
92 


<0.1 
95 


60 
10 


48 
12 


35 
15 


21 
70 


3410 


21.0 


288.3 
10.6 


149.4 
5.44 


110.7 
0.04 


110.5 
0.18 


109.5 
0.00 


109.5 
0.19 


<0.1 
>99 


0.1 
>99 


<0.1 
95 


<0.1 
15 


<0.1 
30 


<0.1 
1 


<0.1 
30 








other, and either of these is in turn inconsistent with 
the Berkeley data of references 14 and 17. This fact is 
in part expressed by the large x? value for the complete 
sets at 260 and 290 Mev. It is also peculiar that the 
shapes of the angular distributions obtained at 260 Mev 
and 265 Mev are so different from each other. It is our 
belief, therefore, that in addition to carrying out new 
experiments perhaps some attention should be paid to 
the clearing up of some of these obvious systematic 
inconsistencies in the presently available data. 


5. SUGGESTIONS FOR FUTURE EXPERIMENTS 


The results presented in the preceding section have 
been derived from the experimental data already 
available. Although the results are encouraging, it is 
clear that improved experiments will have to be carried 
out in order to extract the maximum amount of benefit 
from the method described in this paper. In this section 
we give a few qualitative and quantitative hints con- 
cerning future experiments in this direction. 

The first remark is directed toward finding the 
optimum energy for an accurate determination of the 
coupling constant. It can be seen from Fig. 3 that the 
absolute value of the residue drops off rapidly with 
increasing energy. This would suggest that for the same 
percentage accuracy in the coupling constant, ceteris 
paribus, a lower energy would be preferable. On the 
other hand, the distance of the pole from the edge of the 
physical region decreases with increasing energy. This 
fact alone would suggest that, again other things being 
equal, a higher energy would be preferable. A closer 
investigation shows that the second effect wins out, 
and therefore a given set of experimental data (for 
instance differential cross sections at ten given angles, 
all with given percentage errors) determines the 
coupling constant more accurately at higher energies 





than at lower energies. At the same time, however, once 
we reach the energy at which D waves begin to con- 
tribute appreciably, the precision decreases again be- 
cause a higher-order polynomial is needed to represent 
the angular distribution. Thus, the optimum energy 
appears to be the highest energy at which D waves are 
not yet important. This energy seems to be around 
500-Mev photon energy (lab). At present no measure- 
ments at all are available in the neighborhood of this 
energy. 

The second remark concerns the relative importance 
of the various angles. It is easy to see that the knowledge 
of the differential cross section at small angles is 
particularly important for the determination of the 
coupling constant. This is so far two reasons. Firstly, 
these angles are the nearest to the pole we are con- 
sidering, and hence have the largest influence on the 
error ascribed to the extrapolating curve at the pole. 
Secondly, the function Q(cos@) has a small radius of 
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Fic. 3. The value of the residue vs the photon 
energy in the laboratory system. 
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Fic. 4. The quantity Q(cos@)= (do /dQ)(1—£ cos@)? vs cosé in 
the center-of-mass system for 260-Mev photon energy in the 
laboratory system, as obtained from the polynomial fit of all 
experimental data at this energy. The figure shows the extra- 
polated part of the curve in the unphysical region which leads to 
the value of the residue at cos#= 1.31, together with the forward 
half of the physical angular region. 


curvature at small angles and hence the extrapolation 
depends very sensitively on how well we know the 
curve in this region. This point is quite evident from 
Fig. 4. It is just another way of saying that the quad- 
ratic" representation of the photoproduction angular 
distribution fails to give the proper functional de- 
pendence only at small angles.'* 

The third remark is directed toward the relative 
importance, in obtaining an accurate coupling constant, 
of the relative and absolute errors in the measurements. 
On account of the extrapolation procedure, the per- 
centage error ascribed to the coupling constant is 
larger than the error pertaining to the experimental 


18 This does not mean, however, that the meson-current term 
has an effect on the angular distribution only at small angles. The 
quadratic representation obtained from the data excluding the 
small-angle region is very much affected by the meson-current 
term. To see this we just have to observe that the meson current 
term vanishes at zero angle, and hence the quartic and quadratic 
representations should give the same differential cross section at 
zero angle in the absence of the meson-current term. The quadratic 
representation based on data excluding the small-angle region, 
however, gives a strikingly different prediction for the zero-angle 
differential cross section. Some confusion resulted in the past from 
attempts to identify the coefficients in this limited quadratic 
representation with theoretical coefficients describing the nucleon- 
current interaction, 
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points or to the curve in the physical region. Thus a 
small change in the shape of the angular distribution in 
general brings about a large change in the coupling 
constant. On the other hand, a certain percentage 
change in the absolute normalization of the whole 
angular-distribution curve results in the same per- 
centage change in the coupling constant. Thus it would 
appear that it is more important to get a high relative 
precision in the angular distribution than high accuracy 
in absolute normalization. In the past there has been 
more experimental uncertainty with respect to the 
absolute normalization of the angular distribution than 
with respect to relative errors. Such a normalization 
should be possible, even with present-day techniques, to 
within 1%. If this is accomplished, most of the error in 
the coupling constant will come from the relative 
errors in the angular distribution, even if the errors on 
individual differential cross sections can be reduced to 
1%—a figure only one-third that in the best presently 
available experiment. 

The fourth remark simply states that for a given set 
of differential cross sections at a given set of angles with 
a given set of errors, if the errors are all multiplied by 
the error on the coupling constant will also be multiplied 
by n. This plausible result follows immediately from the 
method of least squares.!° 

In conclusion we give some illustrations of the 
accuracy that can be obtained from the present method 
in determining the coupling constant. Let us consider 


for this purpose a set of measurements of the differential 
cross section at every five degrees from 0° up to and 
including 30°, and at every 10° thereafter up to and 


including 180°. Let us assume that the absolute 
normalization of these data is known with infinite 
accuracy. (From what has been said above, a deviation 
from this assumption introduces only a trivial modifica- 
tion in the results to be quoted below.) Let us also 
assume that the relative errors on these differential 
cross sections are all 1%. Then the coupling constant, 
f’, will be determined at 260 Mev with an absolute 
error of about 0.006, at 400 Mev with an error of about 
0.003, and at 500 Mev with an error of about 0.001. 
Since this illustrative set of experiments is by no 
means outside the realm of possibilities, we are confident 
that our method will soon result in a quite accurate 
determination of the pion-nucleon coupling constant. 
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The elastic scattering of 150-Mev negative pions by complex 
nuclei was experimentally studied by the use of energy-sensitive 
Cerenkov detectors with a pulse-height analyzer. The elastic 
scattering could be distinguished from inelastic processes within 
the 10-Mev resolution width of these detectors. The differential 
cross sections of carbon, aluminum, copper, and lead were meas- 
ured at angles between 18.5° and 43.6°. In addition, measurements 
on carbon and lead were extended to large angles between 45° 
and 139°. 

It was found that elastic scattering was confined predominantly 
to the forward angles less than 60°. Calculations based on the 


I. INTRODUCTION 


HE scattering of pions from complex nuclei has 
been described in terms of the optical model.! 
According to this model, the interaction between pions 
and nuclei is represented by a complex potential in a 
wave equation, from which the angular distribution of 
the elastic scattering and the total cross section for the 
absorption and inelastic processes can be calculated. 
The knowledge of the elementary pion-nucleon inter- 
action has become sufficiently extensive so that theo- 
retical accounts for the optical model potential based 
on this might be possible.? In particular, Frank, Gam- 
mel, and Watson*® have evaluated both real and imagi- 
nary parts of the potential from the knowledge of 
pion-nucleon scattering and also of the capture process 
a +d=n-+n for the pion energy range below 300 Mev. 
The present experiment was undertaken to see to what 
extent such calculations could be made to fit the 
observation of the elastic scattering at 150 Mev. 
Earlier studies of the elastic scattering from various 
nuclei have been carried out in detail at 80 Mev by the 
Columbia group using scintillation counters and a 
copper absorber. A number of cloud chamber experi- 
ments have yielded information on the elastic scattering 
distribution as a part of their results. Such experiments 
have been done at 48 Mev for carbon by Shapiro,° at 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+A thesis submitted to the Department of Physics, the Uni 
versity.of Chicago, in partial fulfillment of the requirements for 
the Ph.D. degree. 

1S. Lindenbaum, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 317; a review article 
on pion-nucleus scattering. 

2 R. Jastrow, Phys. Rev. 82, 261 (1951); K. M. Watson, Phys. 
Rev. 89, 575 (1953); N. C. Francis and K. M. Watson, Phys. 
Rev. 92, 291 (1953); R. M. Sternheimer, Phys. Rev. 101, 384 
(1956). 

3 Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 

4Tsaacs, Sachs, and Steinberger, Phys. Rev. 85, 718 (1952); 
Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
100, 1419 (1955); Williams, Rainwater, and Pevsner, Phys. Rev. 
101, 412 (1956); Williams, Baker, and Rainwater, Phys. Rev. 
104, 1695 (1956). 

5 A. M. Shapiro, Phys. Rev. 84, 1063 (1951). 


optical model with a square well were carried out to obtain the 
values of parameters which provided the best fit to the data. 
They are —30 Mev>Vpr>—40 Mev, —65 Mev> V;>—75 Mev, 
and 1.3X10-8A! cm<R<1.4X10-%A! cm, where Vr and V, 
are real and imaginary parts of the potential, R is the nuclear 
radius, and A is the nuclear mass. The corresponding values of 
the reaction mean free path were of the order of the pion Compton 
wavelength. These values are close to those predicted by Frank, 
Gammel, and Watson from the knowledge of the pion-nucleon 
interaction. 


62 Mev for carbon and at 125 Mev for carbon and lead 
by Lederman et al.,* and at 230 Mev for carbon and 
at 250 Mev for lead by Dzhelepov et al.’ The present 
work, using energy-sensitive Cerenkov detectors and a 
pulse-height analyzer, complements the elastic scatter- 
ing data at the energy where the effect of the 180-Mev 
resonance in pion-nucleon interaction can be expected. 
The experiments may serve as one of the tests for the 
assumption that the two-body pion-nucleon force is 
not appreciably modified inside the nucleus.?* 


Il. ARRANGEMENT 


The experimental arrangement was essentially the 
same as that used in the work on inelastic scattering of 
pions by carbon and lead by Miller.* The general layout 
of the experiment is illustrated in Fig. 1. Negative 
pions emerging from a beryllium target inside the 





Fic. 1. Experimental arrangement. The monitoring counters 
are 1, 2, and 3. The gating counters are 4 and 5. The Lucite 
counter is 6. The shielding is shaded. The target is oriented to 
be normal to the bisector of the scattering angle. 

6 Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952); 
J. O. Kessler and L. M. Lederman, Phys. Rev. 94, 689 (1954). 

7A, E. Ignatenko, Proceedings of the CERN Symposium (CERN 
Organization for Nuclear Research, Geneva, 1956), Vol. II, p. 
313; a review of Russian work. 

8 R. H. Miller, Nuovo cimento 6, 882 (1957). 
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Fic. 2. Side view of the Lucite Cerenkov counter. 


cyclotron were brought to the experimental area 
through a strong-focus magnet and a proper channel in 
the rotary shield. After momentum analysis by a pion 
magnet, the beam passed through a steel collimator of 
2-in. diam and entered a set of monitor counters No. 1, 
2, and 3. Normally a flux of 510° pions per minute 
was available for the scattering measurements. 

The energy of the incident beam was determined by 
measuring the range at the position where the scattering 
targets were placed (45 in. from the exit face of the 
collimator). The mean range was 70.5 g/cm? in copper, 
corresponding to the pion energy 150 Mev. The rms 
spread of the beam was estimated to be +3 Mev. The 
fraction of muons and electrons was (8+1)%. 

The intensity distribution of the beam was surveyed 
with a } in.X} in. traveling counter at the target 
position. The distribution was approximately Gaussian 
in both horizontal and vertical directions with a 1/e 
radius of 1 in. The angular spread of the beam was 
about +1°. The results were used to obtain an angular 
resolution width for correcting the elastic cross sections. 

Two targets of different thicknesses, one being half 
the other, were prepared for each element to check the 
effect of multiple scattering as well as the general 
consistency of the measurement. They were 1 in. and 
4 in. for carbon, ? in. and ? in. for aluminum, ? in. and 
is in. for copper, and } in. and } in. for lead. Each 
target was in the form of a 6-in. square and was mounted 
on a thin aluminum frame. For scattering angles less 
than 90°, the target was oriented along a bisector of 
its supplementary angle so that the pion would travel 
through the same amount of material regardless of its 
scattering position. For angles larger than 90°, the 
target was oriented along the bisector of the angle 
itself to avoid a large amount of energy loss. 

Counters No. 1 and 3 were made of a plastic scintil- 
lator 2X2} in. To avoid excessive counting rates in 
the monitor, counter No. 2 was made of 2X2? in. 
Lucite, about one tenth of whose area was spotted by 
five small disks of plastic scintillators. The ratio of the 
actual flux entering the target to the monitor rates was 


frequently calibrated. It was 10.1+0.1 as expected 
from the fraction of the sensitive area in counter No. 2. 


III. DETECTORS 


The detector for the present experiment was designed 
not only to measure the elastic cross section but also to 
examine the upper part of the energy spectrum of the 
scattered pions at each angle. For this purpose, the 
Cerenkov counter was used as an energy spectrometer 
by analyzing the pulse height of its output.’ The light 
output increases with the pion energy if the radiator is 


long enough to include the full range over which the 
pions are capable of producing Cerenkov light. The 
pulse height response of the counter can be calibrated 
using pions of known energies. Once this calibration 
has been done, the energy spectrum can be obtained 
by means of a least-squares analysis from the observed 
pulse-height distribution for the scattered pions. 

A similar procedure can also be used with a large 
scintillation counter whose sensitive material extends 
over the full range of the incident pions. While such a 
counter is expected to produce a greater amount of 
light output than the Cerenkov counter, it has certain 
disadvantages for the present purpose: (1) the pulse- 
height response varies considerably for individual pions 
due to a large contribution from charged star products 
when negative pions are captured in the scintillator 
material, and (2) the large volume required produces 
many accidental counts in the presence of nucleonic 
background. In fact, when such a counter was used for 
negative pions of energy less than 100 Mev, its resolu- 
tion was 15-20 Mev in comparison with that of the 
Cerenkov counter 10 Mev at 150 Mev.® Thus, for 
detecting the elastic scattering, the Cerenkov counter 
is more suitable because of its discrimination against 
low-velocity particles. 

Two Cerenkov counters were constructed for the 
present experiment. They are called “the Lucite 
counter” and “the water counter” according to their 
® Winkler, Mitchell, Anderson, and Peterson, Phys. Rev. 98, 
1411 (1955). 
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radiator material. A side view of the. Lucite counter 
was shown in Fig. 2. The radiator, of cast Lucite, was 
tapered into a conical shape from the input end of 2-in. 
diameter to the output end of 5-in. diameter. This 
shape served to improve the light collection efficiency 
by internal reflection. The length of the cone was 18 in., 
corresponding to the full range over which the pion of 
150 Mev can emit Cerenkov light. The output end was 
viewed by a DuMont 6364 photomultiplier. The 
photomultiplier and part of the radiator were enclosed 
in a steel tube and magnetically shielded by a DuMont 
mu-metal cylinder. 

The water counter was constructed in a manner 
similar to the Lucite counter. The radiator consisted 
of 17 liters of distilled water with a mixture of DuPont 
light shifter MDD 3169 (Amino G. Salt)! contained in 
a conical Lucite shell, 14 in. long with an input diameter 
of 5{ in. and an output diameter of 133 in. About one 
third of the output area was viewed by four DuMont 
6364 photomultipliers. 

As a detector system, a pair of scintillation counters 
(Nos. 4 and 5 in Fig. 1) were added to each Cerenkov 
counter. Its functions were to define the solid angle of 
the system and to provide gating pulses for the pulse- 
height analyzer. The sizes and positions of these scintil- 
lation counters and the amount of tapering of the 
Cerenkov counter were properly chosen so that most 
of the scattered pions would not enter or escape from 
the side-wall of the radiator. 

When No. 5 counter was set at 24 in. from the 
target, the Lucite counter system subtended a solid 
angle of 0.0055 steradian with an angular half-width 
of 2.4°. This system was used at the forward angles 
where a rapid variation of the cross section with the 
angle was expected. At angles larger than 45° where 
the amount of scattering decreased considerably, the 
water counter system was used with a solid angle of 
0.12 steradian and an angular half-width of 11.3°. 

A block diagram of electronics for the present 
experiment is shown in Fig. 3. The counting system 
for the scintillation counters was similar to those already 
reported in detail by Glicksman, Martin, and Ander- 
son,!' but a part of the fast coincidence circuit was 
modified through the introduction of an improved 
trigger circuit.’ The resolving time of 3X 10~* sec was 
established by means of clipping lines. The Cerenkov 
pulses were stretched at the input of the pre-amplifier 
and split into two branches. In one branch, the pulses 
were clipped to make a fast coincidence with counters 
Nos. 1, 3, 4, and 5. In the other, the pulses were shaped 
to be 1 usec long and fed through a series of linear ampli- 
fiers into a 100-channel pulse-height analyzer." The input 


10 E. Heiberg and J. Marshall, Rev. Sci. Instr. 27, 618 (1956). 

1 Anderson, Glicksman, and Martin, Proc. Nat. Electronics 
Conf. 9, 483 (1953). 

122 W. C. Davidon and R. Frank, Rev. Sci. Instr. 27, 15 (1956). 

18 Model PA-3; Pacific Electro-Nuclear Company, Culver City, 
California. 
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Fic. 3. Block diagram of electronics. 


of this analyzer is blocked for (4V+23)X10~ sec after 
receiving a pulse in the Vth channel. To avoid a high 
counting loss, the counting rate was kept less than one 
pion per cyclotron burst (10~ sec) in the detector 
systems. The linearity of the amplifier system was 
checked up to 102 volts at the input of the analyzer. 
The threshold of the analyzer was set at 12 volts to 
discriminate against noise pulses from Cerenkov 
counters. 

Three coincidences were set up: the triple 723 for 
monitoring the incident beam, the quadruple Q1345 for 
counting both elastically and inelastically scattered 
pions above 15 Mev, and the quintuple Qisas6 for 
counting those pions which can produce Cerenkov 
pulses. The quadruple Qi34s was also used to gate 
Cerenkov pulses at the analyzer. An example of the 
counting rates for scattering from the 1-in. carbon 
target was given in Table I. 

Each detector system was mounted as a unit on a 
movable cart and set up at the scattering angle within 
+1°. A series of target runs and background runs were 
repeated at least once to check the internal consistency 
of the data. Whenever a set of scattering measurements 
was completed at one angle, the detector system was 
brought back into the incident beam and a calibration 
procedure (Sec. IV) was made. 


IV. CALIBRATION 


The pulse-height response of the Cerenkov counter 
was calibrated for monoenergetic beams of 150+3, 
135+4, 120+4, 105+5, and 90+5 Mev. The original 
beam of 150 Mev was degraded into lower energies by 
polyethylene stacks placed at the entrance side of the 
pion magnet. The magnet current was re-adjusted each 
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TABLE I. Observed counting rates of scattering from }-in. carbon target. From 18.5° to 43.6°, the solid angle was 5.45X10- sterad, 
while from 45° to 139°, the solid angle was 120 10- sterad. 


Angle 


(deg) 108 K (Qisas/T 123) 


5.014+0.036 
3.185+0.023 
1.792+0.021 
1.151+0.017 
0.606+0.012 
10.480+0.036 
4.569+ 0.027 
4.436+0.027 
5.486+0.023 
5.883+0.031 
5.899+0.031 


18.5 
24.3 
30.8 
36.5 


10? X (Q1345/T 123) no 


1.298+0.018 
0.756+0.010 
0.3234,0.009 
0.260+0.009 
0.135+0.006 
1.210+0.014 
0.142+0.006 
0.072+0.004 
0.100+0.003 
0.112+0.004 
0.172+0.005 


103 XK (O1845/T 123) net 


3.716+0.040 
2.429+0.025 
1.470+0.023 
0.891+0.020 
0.471+0.013 
9.270+0.037 
4.427+0.028 
4.364+0.027 
5.386+0.023 
5.771+40.031 
5.727+0.031 


108 X (O13456/T 123) c 


103 XK (O18456/T 123) no 


108 X (O13456/T 128) net 





3.427+0.030 
2.044+0.018 
1.184+0.017 
0.631+0.013 
0.278+0.008 
4.805+0.025 
0.910+0.012 
0.630+0.010 
0.715+0.009 
0.463+ 0.009 
0.472+0.009 


0.628+0.013 
0.255+0.006 
0.092 +0.005 
0.049+0.003 
0.019+0.002 
0.091 +0.004 
0.006+0.002 
0.005 +0.001 
0.004+0.001 
0.004+0.001 
0.006+0.001 


2.800+0.033 
1.789+0.019 
1.092+0.018 
0.583+0.013 
0.260+0.008 
4.714+0.025 
0.904+0.012 
0.625+0.010 
0.711+0.009 
0.459+0.009 
0.466+0.009 


time to maximize the monitor counts for the beam of 
the lower momentum. In this way, most of the muons 
and electrons were removed from the degraded beam. 

Typical pulse-height distributions for calibration 
energies obtained with the Lucite counter are shown in 
Fig. 4. Each curve was normalized to a fixed number of 
pions entering the Cerenkov detector. The pulse-height 
analysis was limited to an effective range of channels 
between 0 and 80, which corresponded to an input pulse 
height between 12 and 92 volts. These limits were 
chosen to eliminate possible distortions due to the noise 
background and the nonlinearity of the amplifier sys- 
tem. The muons associated with the 150-Mev beam 
appeared as a separate peak beyond the 80th channel 
and are not shown in this figure. 

The distribution has a peak with a roughly Gaussian 
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Fic. 4. Smoothed calibration distributions for 4 different 
monoenergetic pion beams at 150, 135, 120, and 105 Mev, taken 
with the Lucite Cerenkov counter. 


shape on which is superimposed a flat tail extending to 
the lowest pulse height detected. The peak corresponds 
to pions which travel the full Cerenkov range in the 
radiator, while the flat tail can be attributed to those 
which are absorbed or scattered out by the radiator 
material before they reach the end of the Cerenkov 
range. For 150 Mev, a ratio of the area under the peak 
to the total area of the curve was 0.49. This was 
approximately equal to the attenuation factor resulting 
from nuclear processes expected for the Lucite counter. 
A similar agreement was observed for the water counter 
for which the ratio of the peak to the total area was 0.60. 

The total number of Cerenkov photons emitted by 
pions decreases with decreasing pion energy because of 
the shorter Cerenkov range and the smaller velocity in 
the radiator. The relation between the peak pulse-height 
channel and the calibration energy was almost linear 
as shown in Fig. 5. 

The spread of the peak is mainly due to the energy 
spread of the calibration beam, the straggling in the 
Cerenkov range, and the statistical fluctuation in the 
number of photoelectrons of the multiplier. The energy 
spread and the straggling amounted to about 4 Mev 
for the 150-Mev pions. The remainder of the observed 
peak width could be ascribed to the number of photo- 
electrons if this was taken to be about 100. From the 
standard formula for Cerenkov emission’ and the 


energy loss table, it was possible to estimate that the 
150-Mev pions can produce 5000 photons in the spectra 
range between 3000 A and 5000 A before their velocity 
to the threshold of the Lucite radiator 
(v/c=0.67). Thus, the observed width implied that the 
combined efficiency for light collection and photon- 


is reduced 


electron conversion was about 2%. 

The pulse-height response of the water counter was 
essentially similar to that of the Lucite counter. The 
observed peaks were narrower for this counter, indi- 
cating a light collection efficiency twice as good as for 
the Lucite counter. 


4 See, for instance, L. I. Schiff, Quantum Mechanics (McGraw - 
Hill Book Company, Inc., New York, 1949), Sec. 37. 
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V. DATA ANALYSIS 


Figure 6 shows a typical pulse-height distribution of 
pions scattered at 18.5 from the 1-in. carbon target. 
The energy response of the Cerenkov counter, while 
far from idea], made it possible to deduce the energy 
spectrum from the observed pulse-height distribution 
with a reasonable accuracy. The method of analysis is 
discussed in this section. 

Let K;(E,) be the probability of a pion of energy FE, 
being counted in the ith channel of the analyzer. This 
may be obtained from the calibration distributions as 


K,(E,)= Nix No, 


where .V;, is the number of pulses received in the ith 
channel when a total number of .Vo of pions of energy 
E, enters the Cerenkov counter. The efficiency of the 
pulse-height analyzing system is then given by 


m= Di K(E)=TiNin/No, 


where the index 7 extends from 1 to 80, the number of 
channel used. For the Lucite counter, this efficiency 
varied from 88% for 150 Mev to 40% for 90 Mev. 
The efficiency decreased with the energy since a larger 
fraction of pulses were below the threshold of the 
analyzer for lower energy pions. 

Let g(£) be the number of pions leaving a given 
target with energy E at a given angle. The number of 
scattered pions counted in the ith channel will be 


(1) 


M;= f K(E)q(E)dE. 


For practical calculations, the variation of g(£) over 
an energy interval AE may be neglected and the integral 
can be replaced by a summation over a finite number 
of energy intervals: 


M;=>, Ki(E,)q(E,)AE,,. (2) 


Defining a calibration matrix with A;,=K;(E,), Eq. 
(2) may be written 


M:=Dy Aing(EySEy=LXip AiO 


where Q, is the number of scattered pions in the energy 
interval of E,+3AF,. In this form, the continuous 
energy spectrum is approximated by a histogram 
centered at several calibration energies F,. 

The least-squares method was used to determine the 
Q,’s from the measured M;’s; namely a set of Q,’s was 
sought which minimized the quantity, 


P [== ai A =) 


(3) 


r=) 


The value of M,’s was taken to be a difference of the 
target and the background counts in the ith channel, 
while the variance of the counts Av; was taken to be 
the sum of the target and the background counts. 
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Fic. 5. Channel in which the peak of the calibration distributions 
appears for various energies of monoenergetic pion beams. 


Elements of the calibration matrix A were treated as 
constants of the analysis since the statistical accuracy 
of the A,,’s far exceeds that of the M,’s. 

In view of the large amount of scattering data to be 
analyzed for different angles and targets, the numerical 
calculation of the least-squares analysis was pro- 
grammed for AVIDAC, the electronic computer at the 
Argonne National Laboratory. The code was prepared 
by R. H. Miller of this laboratory. For a given set of 
input data M;, Av, and Aj,, the code was capable of 
evaluating Q,’s corresponding to a minimum x’. In 
addition, the error matrix associated with these Q,’s 
was calculated so that the mean square errors in the 
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Fic. 6. Pulse-height spectrum of pions scattered from the 1-in. 
target at 18.5°, measured with the Lucite Cerenkov counter. 
The counts are summed in each 5 channels. The background is 
also shown. 
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TABLE IT. Counts per 15 Mev reduced by energy analysis 
for 1-in. carbon target at 18.5°. 


90 Mev 


135 Mev 
1819 
—76A4 
2388 


150 Mev 120 Mev 


535 
908 


Energy 


On 


Error matrix 


105 Mev 


221 
—121 
384 
— 1033 
1511 


—77 
178 
— 1330 
1918 


16 
— 287 
515 
—990 
1536 


(),’s as well as their correlation coefficients were made 
available. 

The number of energy intervals into which the pulse 
height distribution can be analyzed was inherently 
limited by the resolution of the counter. After several 
trials, the optimum number was chosen for each counter 
so that the error matrix could properly be obtained 
from the analysis. The data taken with the Lucite 
counter were analyzed in terms of five calibration 
energies with an energy interval of AE,=15 Mev. A 
typical result of the analysis is given in Table II for 
the scattering data at 18.5° from the 1-in. carbon 
target. Although Q, is essentially a positive quantity, 
the analyses occasionally give negative results. These 
could be taken to be zero within their statistical errors. 
A re-analysis with such Q,’s forced to zero produced 
no substantial change in the other Q,’s. 

In the analysis of the water counter data, a standard 
function was deduced which fit the measured calibration 
distributions. This function had the form 


A;,=A,F(n;—n,), 


where A, is a normalizing coefficient, n; a variable 
channel number, and m, the peak channel number 
which corresponds to the pion energy E,. The function 
F(n;—n,) represented a Gaussian with a 10-channel 
peak width for n;>n,, with a flat tail of height corre- 
sponding to ? of the peak height added for n;<n,. All 
water counter data were analyzed in terms of six 
calibration distributions having their peak at n,=70, 
55, 40, 25, 10, and —5. During each scattering run, 


TABLE ITT. da /dQdE in mb per steradian per 15 Mev for carbon. 


\ Energy 
\ (Mev) 
Angle. 


18.5° 


150 
Target 


63.84 5.0 
109 +10 


1 in. 


$ in. 


1 in. 


4 in. 


1 in. 


4 in. ( 


1 in. 
} in. 
1 in. 
4 in. C 


47.34 3.2 


109 + 


24.3 


26.8+ 
44.7+ 


3. 
8 
r Be 
3. 


4.9+ 0. 
20.0+ 2. 


1.94 


1. 
7.52 1. 


A: 
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a new calibration measurement was obtained which 
served to establish an energy corresponding to each 
peak channel. In this way, the effect of the gain drifts 
of the photomultiplier was taken into account. 

Once the Q’s were determined by the energy analysis, 
the differential cross section for the scattered pions 
with energy E2-3AE at a given angle was calculated 
by the following formula: 


Q, cos(6/2) 


do 


dE NAQS,faRmeT 123 


Qu 
0 % 
Ti25 


(4) 


where Q,/7 23 is the ratio of the number of scattered 
pions with energy £,+3AE, to the triple rates of the 
incident beam monitor. The solid angle subtended by 
the detector system at the center of the target is 
represented by AQ: (5.45+0.11)X10~ steradian for 
the Lucite counter and (1.20+0.02)X10~ steradian 
for the water counter. The number of target nuclei 
per cm? is V. The factor cos(6/2) takes into account 
the effective increase of NV due to the particular orien- 
tation of the target described in Sec. II. This was 
replaced by sin(6/2) for angles larger than 90°. The 
fraction f, of pions in the beam was 0.92+0.01. The 
quantity f, corrects for the attenuation of the incident 
beam in the target. The average attenuation varied 
from 2% to 4%, depending on the target and the angles. 
The ratio R, of the true counts at the target to the 
monitor counts was 10.1+0.1, as already described in 
Sec. II. A further correction was made for the attenu- 
ation of the scattered beam between target and the 
Cerenkov counter. The fraction of pions which decayed 
in flight before reaching the Cerenkov counter was 
calculated, using the pion mean life 2.92X10-® sec. 
This varied between 4% and 5.5% for the energies 
between 150 and 90 Mev when the Lucite counter was 
used. The corresponding variation was between 2% 
and 3% for the water counter, which was operated at 
a shorter distance from the target. In addition, 5% of 
the scattered pions were absorbed or scattered out by 
the gating counters Nos. 4 and 5. These losses were 


105 





26.64 1.5 
40.3+10.5 


16.04 3. 
3.92 3: 


13.14 2. 
13.44 3. 
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TABLE IV. d¢/dQdE in mb per steradian per 15 Mev for aluminum. 








\ Energy 
\(Mev) 
Angle\, 


150 


120 





18.5° 
24.3° 
30.8° 


36.5° 
# in. 


a: 
4 in. f 


din. / 


taken into account by the factor e. All nonstatistical 
quantities in the cross section formula were collected 
in the coefficient Bo. 

The error estimate for d’s/dQdE was complicated by 
the fact that the values of the Q,’s were correlated. The 
uncertainties in Bo and 723 had to be combined with 
the errors in the Q,’s through an error matrix. For 
practical purposes, the statistical error in T23 could be 
neglected and the value of By could be taken to be 
constant over various energy channels. The error 
matrix for a set of d’¢/dQdE at a given angle from a 
given target was given by 


(5) 


1 
LB At (ABo)*0,0,], 


123 


where A,, is the error matrix associated with Q,. The 
systematic error ABy/By was of the order of 5% for 
all angles and targets. 


VI. EXPERIMENTAL RESULTS 
The energy-dependent cross sections, d’¢/dQdE, ob- 
tained at angles less than 45° for carbon, aluminum, 
copper, and lead are summarized in Tables III, IV, V, 
and VI, respectively. The error shown for each cross 
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section was determined from the diagonal element of 
the error matrix as given by (5). The energies listed 
are those of the scattered pions coming out of the 
target. Because of the difference in the ionization loss, 
the value of d’¢/dQdE for the full-thickness target is 
not necessarily equal to the corresponding value for the 
half-thickness target. At angles less than 45°, the 
energy loss due to ionization in the full-thickness target 
was about 10 Mev, while the loss due to nuclear recoil 
was negligibly small (less than 1 Mev). Thus, the 
histogram representation of the energy spectrum ob- 
tained with the full-thickness target differs by 5 Mev 
in energy from that obtained with the half-thickness 
target. 

A general feature of the energy spectrum can be seen 
in a plot of all values of d’¢/dQdE as a function of 
energy. Figure 7 shows an example of such a plot for 
carbon at 18.5°. In this figure, the difference in the 
energy loss between the 1-in. and }-in. targets was 
already taken into account. If a reasonably smooth 
curve is drawn through all measured points, the spec- 
trum indicates a distinct peak centered at 140 Mev and 
a small amount of inelastic scattering below 120 Mev. 
The full width of the peak at half maximum was about 
20 Mev as expected from the counter resolution. A 


TABLE V. d*a/dQdE in mb per steradian per 15 Mev for copper. 


\ Energy 
(Mev) 
Angle 


18.5° 


150 





60 +12 
335 +24 
24.3° 36 + 6 

ve in. Cu 97 +11 
2 in. Cu 

vs in. Cu 


30.8° 6.1+ 


2; 
17.54 5, 
36.5° 1.2+ 
90+ : 


2 in. Cu 
zs in. Cu 
2 in. Cu 
7 in. Cu 


43.6° 1.9+ 


6.14 


120 105 


128 +24 
178 +22 


278 +17 
104 +23 


30 + 9 42 


J + 9 
12 +12 75 


+12 


18.7+ 5.6 
22.0+ 6.7 


17.5+ 5.0 
934+ 6.3 


4.5 
6.9 


16.5+ 
13.24 5. 


14.0+ 
14.1+ 
44+ 3.5 9.9+ 3.8 
0.94 4.5 
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TABLE VI. d*c/dQdE in mb per steradian per 15 Mev for lead. 








\ Energy 
\ (Mev) 
Angle. 


150 135 


Target 


120 105 90 





rer 
Pb 


1070487 
872477 


in. 18.5° 


in. 
395+ 
227+ 


258+25 
237+34 


24.3° 


163+ 
126+ 


74+12 
124+ 20 


30.8° 


91+ 
58+ 


6+ 7 
6+12 


36.5° 


33+ 
7+ 


7+ 5 
31410 


43.6° 


similar behavior was observed for the scattering at the 
forward angles from aluminum, copper, and lead. The 
separation between the peak and the inelastic con- 
tinuum, however, became less distinct for heavier ele- 
ments and at the larger angles. In Fig. 7, the peaks of 
the energy spectra for carbon at 24.3°, 30.8°, 36.5°, 
and 43.6° are illustrated on the same scale for com- 
parison. 

The energy spectra obtained with the water counter 
for carbon at angles larger than 45° are shown in Fig. 8. 
A distinct peak was still present at 45° but diminished 
quite rapidly with increasing angle. At 60°, the peak 
became broader and most of the scattering appeared 
to be inelastic. The spectrum at 115° was almost flat 
in the energy region above 120 Mev. This is typical 
for the spectra of both carbon and lead obtained at 
angles larger than 90°. 

The elastic scattering cross section was determined 
from d’o/dQdE in the energy intervals where the 
distinct peak appeared. At large angles where the peak 
was not clearly distinguished, the energy intervals 
where the elastic scattering should be split by the 
analysis were identified by the energy of the elastically 
scattered pions at these angles (e.g., 132 Mev at 115°). 
The results are given in Table VII. 

The term “elastic,” in the strict sense, applies only 
to the scattering in which the nucleus is left in the 


TABLE VII. Elastic scattering cross sections of 150-Mev pions, 
in mb per steradian. 


Lead 


957 +80 2270 +140 
272 +16 583 + 90 
51.24 4.1 241 + 18 
35.54 5.5 78 + 16 
33.54 3.1 36 + 6 
29.0+ 3.0 
9.2+ 1.7 
28+ 0.8 
2.94 0.7 
2.44 0.7 
16+ 0.8 


Carbon 


295 

178 

104 
50.6 


Angle 


18.5° 
24.3° 
30.8° 
36.5° 
43.6° 
44.8° 
61.0° 
74.8° 
90.1° 
115.0° 
138.6° 


Aluminum 


551 +32 
260 +15 
98 + 7 
24.54 2.2 
10.24 1.1 


Copper 





2085+ 144 
1400+ 166 


842+ 106 
732+110 


347+ 42 
230+ 57 


164+ 27 
166+ 36 


118+ 21 
56+ 30 


57+ 15 
46+ 19 


978+ 100 
997+115 


317+ 37 
272+ 48 


23 
33 


891+ 100 
739+ 95 


256+ 34 
104+ 40 


37 
43 


158+ 
79+ 


76+ 19 
554 14 


20 
26 


70+ 16 
274 23 


13 
18 


14 
19 


50+ 
57+ 
20+ 11 
15 


9 23+ 9 
12 334 12 


original state. The measured elastic scattering cross 
sections, however, possibly include some amount of 
inelastic scattering with energy loss less than the half- 
width of the peak (10 Mev). Such an inelastic contri- 
bution may come from those pions which have excited 
the nucleus to nearby levels or ejected a nucleon from 
the nucleus. If the contribution from the excited levels 
were a substantial fraction of the elastic scattering cross 
section, this would broaden the lower side of the elastic 
peak. In the case of carbon, such an effect was not 
apparent in the energy spectrum at angles less than 45°. 
To verify this point, an independent check was made 
as follows. A monoenergetic pulse-height distribution 
was calculated by the standard function (Sec. V) with 
its peak corresponding to the energy of the elastic pions 
at the given angle. By an energy analysis of this 
distribution, the relative number of the elastically 
scattered pions which fell into each energy interval 
could be determined. At 45°, the relative values of 
this number were in agreement with the d’0/dQdE’s 
obtained from the scattering measurement within their 
experimental accuracy. This indicates that no large 
contribution came from the excited levels of carbon at 
angles less than 45°. Recently, Baker has roughly 
measured the cross sections for scattering of 80-Mev 
pions from the excited levels of carbon with an improved 
differential range method.'® He found that the contri- 
bution from these levels became comparable with the 
elastic scattering cross section at angles larger than 90°. 
If it is assumed, according to Baker, that the relative 
amount of inelastic scattering depends mainly on the 
momentum transfer of the pions, we would expect a 
large inelastic contribution at angles larger than 56° 
for the present energy. This is consistent with our 
observation of the broadened peak at angles larger than 
60°. The experimental results for electron scattering'® 

18 W. F. Baker, Columbia University Nevis Cyclotron Labora- 
tories Report, NEVIS-48, 1957 (unpublished). 


16 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956); J. H. 
Fregeau, Phys. Rev. 104, 225 (1956). 
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and proton scattering!” also suggest no large inelastic 
scattering from the excited levels at forward angles. 

The inelastic continuum observed below 120 Mev 
could be ascribed to the process in which the pions were 
encountered by individual nucleons. Because of the 
continuous nature of the spectrum, it is possible that 
some fraction of this process was included within the 
experimental elastic energy width. The inelastic contri- 
bution of this type was estimated on the basis of Monte 
Carlo calculations,'® which were originally carried out 
for the analysis of the inelastic scattering data at 150 
Mev.® The result of this correction will be discussed 
in Sec. VIII. 

Besides the inelastic scattering, the following effects 
were considered which may give a spurious contribution 
to the elastic cross sections. (a) The multiple Coulomb 
scattering of the incident beam from the target may 
increase the elastic scattering cross section at small 
angles. (b) Muons which arise from decay in flight 
of pions may travel with a slight angle to the inci- 
dent beam (the maximum angle is 9° for the present 
beam). Some of these muons may be scattered into the 
detector and produce a pulse in the same channels as 
the elastically scattered pions. (c) Neutral pions pro- 
duced by the charge exchange scattering of negative 
pions decay promptly into two gamma rays, part of 
which can in turn be converted into a pair of electrons 
inside the target. Since the radiators of both Cerenkov 
counters were about one radiation length, there is a 
finite probability of these electrons contributing to 
do /dQd4E in the high-energy intervals. 

The effects of (a) and (b) were appreciably large (5 
and 10%, respectively) only at 18.5° for the }-in. lead 
target. Hence, the elastic scattering cross section of 
lead at this angle was determined from the measurement 
with the }-in. target alone. The contribution from 
muons which came through the pion magnet was 
automatically rejected by the pulse-height analysis 
because of their high velocity. 

The effect of (c) was estimated in the order of magni- 
tude by using the total charge exchange cross section 
of 100 mb for lead as measured by Lederman é al.6 and 
the electron range in the radiator calculated by Wilson’s 
Monte Carlo method.” Simplified assumptions were 
made concerning the angular and energy distributions 
for neutral pions and electrons. The estimated contri- 
bution of 3 mb per steradian per 15 Mev was consistent 
with the observed d’c/dQdE in the highest energy 
intervals of the spectra at backward angles. The 
correction for the other targets were negligible. 


17K, Strauch and F. Titus, Phys. Rev. 103, 200 (1956); 104, 
191 (1956). 

18 Bivins, Metropolis, Storm, Turkevich, Miller, and Fried- 
lander, Bull. Am. Phys. Soc. Ser. II, 2, 63 (1957). The writer is 
indebted to Dr. N. Metropolis, Dr. M. Storm, Dr. R. Bivins, 
and Dr. A. Turkevich for their kindly providing the results of 
Monte Carlo calculations conducted on the MANIAC electronic 
computer at the Los Alamos Scientific Laboratory. 

19R. R. Wilson, Phys. Rev. 84, 100 (1952). 
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Fic. 7. Energy spectra_of pions scattered from carbon, as 
measured with the Lucite Cerenkov counter. Pe circles are the 
1-in. target points and closed circles are the 4-in. target points 
at 18.5°. For the energy spectra at 24.5°, 30.8°, 36.5°, and 43.6°, 
only the height of the elastic peaks are shown on the same scale. 
The experimental elastic energy is 140 Mev. The ordinate is in 
mb per steradian per 15 Mev. 


VII. OPTICAL MODEL CALCULATION 


The optical model treats the nucleus as an optical 
medium with a complex index of refraction. This 
medium changes the phases and attenuates the ampli- 
tude of a plane wave of the incident particles. The 
wave inside the nucleus can be described by a solution 
of the wave equation with a complex potential. By 
matching appropriate conditions at the nuclear bound- 
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Fic. 8. Energy spectra of pions scattered from carbon at 45°, 
61°, and 115°, as measured with the water Cerenkov counter. 
The experimental points are shown only for 45°; the open circles 
are for the 1-in. target and closed circles are for the 4-in. target. 
The ordinate is in mb per steradian per 10 Mev. 
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Fie. 9. Angular distribution for elastic scattering of 150-Mev 
negative pions by carbon. The solid curve is the optical model 
calculation with parameters ro=1.4X10-" cm, Ve=—40 Mev, 
and V;=—65 Mev. The broken curve is the calculation folded 
into the angular resolution. The closed circles are the measured 
elastic scattering cross sections. The crosses are the cross sections 
after subtraction of the inelastic contributions. 


ary, the equation can be solved to provide the differ- 
ential cross section for the coherent scattering and the 
total reaction cross section. The latter includes all 
incoherent processes such as absorption, inelastic scat- 
tering, and charge-exchange scattering in the case of 
the pion-nucleus interaction. 

The model has been widely used in the analysis of 
the scattering data for proton,” neutron,” and alpha- 
particle scattering* since the original application by 
Fernbach, Serber, and Taylor. The procedure of the 
analysis for the present experiment was similar to those 
adopted for the earlier experiments on pion-nucleus 
scattering.‘:? A brief description will be given. 

The Klein-Gordon equation for a pion of total energy 
E, 

(E—V)?—pict 
ef 8, (6) 


he 

%See, for instance, Melkanoff, Nodvik, Saxon, and Wood, 
Phys. Rev. 106, 793 (1957). 

*1 See, for instance, Eisberg, Gugelot, and Porter, Brookhaven 
National Laboratory Report BNL-331(C-21), 1955 (unpublished) ; 
T. B. Taylor, Ph.D. thesis, Cornell University, 1954 (unpublished). 

% See, for instance, G. Igo and R. M. Thaler, Phys. Rev. 106, 
126 (1957). 

% Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 


can be solved by a partial wave method: 


u,(r) vn). 


¥(7,9) =h 


r 


The radial wave function of angular momentum / 
satisfies the equation 


@u, I(l+1) 2EV V? 
— ——at(1- + )ui=0 (7) 
dx oe Pe Pe 


where x= kr and k and # are the wave number and the 
momentum of the incident pion, respectively. 

Within a nucleus of radius R=r,A}, the potential 
was assumed to be V=Vr+iV 7. The equation for the 
inside solution has the form 


@ I(l+1) 
| oe ——+a+ib|u =0, (8) 
| dx? x 


a=1—(2EVre—V 2+ VP)/ pc, 


9 
b=2V1(Vr—E)/p°e’. ©) 


In analogy to the optics, the complex index of refraction 
n is given by n?=a+ib and nk represents the wave 
number of the pion inside the nucleus. Since the 
reaction mean free path ), is related to the imaginary 
part of the index of refraction by n=mo+1/2KX,z,™ Az is 
in turn related to Vz and V; through parameters a 
and b by 


1 hi 
= —(2E (a+ 8)! a] }=— -{2[(a?+0*)!—a]}*. (10) 
K cn 


This can be reduced to the nonrelativistic formula 
\:=hv/2V, for VKE? 

Outside the nuclear radius (r>R), the potential was 
taken to be the attractive Coulomb potential V 
= —Ze*/r. The equation for the outside region is 


2n- 
u,=0, 
x 


(11) 


where n-= —Ze®/hv and the V? term was neglected.” 
The inside solution for the /th partial wave can be 
given by a spherical Bessel function of the /th order, 
while the outside solution by a linear combination of 
regular and irregular Coulomb functions.2® The phase 
shift 5; is determined by matching the logarithmic 
derivative of both solutions at the nuclear boundary. 


% See, for instance, N. C. Francis and K. M. Watson, Am. J. 
Phys. 21, 659 (1953), 

2% At the nuclear surface R= (#/uc) X A}, the Coulomb potential 
is of the order of Z/A! Mev. This is much smaller than the 
total energy E=239 Mev. 

26 Reference 14, Sec. 20. 
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The scattering amplitude for the outgoing wave is 


1 
{@= fe) +— ¥ 1(21+-1) e+ sind, P;(cos6), 


where fc(@) is the pure Coulomb amplitude 


Ne 
— —— exp[—incln(1—cos0)+i20» |, 


1—cosé 


o;=Arg(1+/+inc). 


The numerical computations of this partial wave 
method were performed on the AVIDAC at the Argonne 
National Laboratory. A code which was originally 
prepared for proton-nucleus scattering by Solmitz was 
modified for the present purpose.?” The input for the 
calculation consists of the wave number of the incident 
pions &, the nuclear radius R, the potential parameters 
a and b, the Coulomb parameter 7, and the maximum 
angular momentum number L. A typical] value for these 
parameters are listed in Table VII. The value of L was 
taken large enough to include any significant contri- 
bution from the higher partial waves. The code was 
capable of calculating the differential cross sections at 
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Fic. 10. Angular distribution for elastic scattering by aluminum. 
The parameters are ro=1.4X10-% cm, Ve=—30 Mev, and V, 
=—05 Mev. The description is the same as in Fig. 9. 

Fic. 11. Angular distribution for elastic scattering by copper. 
The parameters are 7o>=1.4X10-% cm, Ve=—30 Mev, and 
V;=—75 Mev. The description is the same as in Fig. 9. 


27 F, T. Solmitz (private communication). 
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Fic. 12. Angular distribution for elastic scattering by lead. 
The parameters are ro>=1.4X10-" cm, Vr=—30 Mev, and 
V;=—O65 Mev. The description is the same as in Fig. 9. 


two-degree steps between 2° and 136° as well as the 
total reaction cross section with a rounding error of 
0.1 mb. An average time required for one set of calcu- 
lations was about 1.5 minutes. 


VIII. COMPARISON 


The angular distributions of elastic scattering from 
carbon, aluminum, copper, and lead are illustrated in 
Figs. 9, 10, 11, and 12 respectively. In each figure, a 
solid curve represents the result of the optical model 
calculation which was carried out with parameters 
listed in Table VII. The measured cross sections are 
plotted with closed circles. The experimental error and 
the angular resolution width are shown at each point. 
The broken curve and crosses in each figure will be 
described later in this section. 

The calculated angular distribution shows an oscil- 
lating diffraction pattern with sharp minima and 
maxima, which are the characteristic features for the 
square well model. The minima occur at angles which 
are close to these predicted by the modified Born 
approximation formula,‘ 


2nokR sin(0/2)=4.49, 7.73, «+> 


Ove... 


where R is the nuclear radius, k the wave number of 
the pion, and m the real part of the index of refraction 
(Sec. VII). Since the wave number inside the nucleus, 
nok, is increased by the presence of the attractive 
potential Vp, the minima shift to smaller angles for 
the larger negative value of Vz assumed in the calcu- 
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lation. For carbon, aluminum, and copper, the calcu- 
lated curve starts to rise steeply as the angle decreases 
below 10°, where Coulomb scattering overtakes diffrac- 
tion scattering. In the case of lead, the effect of the 
Coulomb potential is dominant in the angular range 
below 45°. This was borne out by comparing the results 
of two calculations, one with the nuclear potential alone 
and the other with both nuclear and Coulomb po- 
tentials. 

For a comparison with the experimental results, the 
calculated curves were modified to take into account 
the finite angular resolution of the detector. The broken 
curve in each figure shows the result of folding the 
original distribution (the solid curve) with an angular 
resolution function, which includes the effects of the 
finite extention of the detector, the beam distribution 
at the target, and the multiple scattering in the target. 
With the Lucite detector, the effect was small (2-5%) 
for carbon, but it was appreciably near the diffraction 
minima for aluminum, copper, and lead. The large 
angular width of the water detector (12°) suppressed 
the diffraction pattern at the large angles. 

The measured cross sections (closed circles) include 
presumably some amount of inelastic scattering as 
discussed in Sec. VI. The inelastic contribution esti- 
mated on the basis of Monte Carlo calculation was 
subtracted from the measured cross section at each 
angle less than 45°. The results are plotted with crosses 
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Fic. 13. Variation of angular distribution of carbon for three 
different radii. Ve=—40 Mev and V;=—55 Mev. (1) ro=1.3 
X10-% cm, (2) ro=1.4X10-" cm, and (3) ro=1.5X10-" cm. 
The angular resolution is folded into all calculations shown here. 
— experimental values are corrected for the inelastic contri- 

utions. 
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in Figs. 9, 10, 11, and 12. This subtraction process was 
not meaningful at angles larger than 60° since the 
correction became of order comparable to the measured 
cross section. At these angles, however, the measure- 
ment has already indicated much less elastic scattering 
(by a factor of 2 to 5) than any of the square well 
calculations predicts. This is in contrast to the results 
of the earlier experiments in which a slight rise of the 
elastic scattering cross sections above the calculated 
values was observed at the backward angles.*:* Such 
large cross sections in the earlier experiments were 
possibly due to the inelastic scattering against which 
the present experiment was able to discriminate better. 
This was confirmed by the recent results of Baker, who 
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Fic. 14. Variation of angular distribution of carbon for three 
different real potentials: (1) Ve=—30 Mev, (2) Vr=—40 Mev, 
and (3) Ve=—50 Mev with ro=1.4X10-" cm and V;=—65 
Mev. The description is the same as in Fig. 13. 


repeated the measurement at 80 Mev with the improved 
energy resolution.'® He found that the cross sections 
at large angles were reduced by a factor of 2 to 10 from 
the old values. 

By comparing the calculated curves and the experi- 
mental results (Figs. 9-12), it is evident that any 
qualitative fit can be expected only over the angular 
region below 45°. The calculation could be improved at 
large angles by modifying the square well shape, such 
as the surface term suggested by Kisslinger®® or the 
diffuse-edge potential initiated by Saxon and Woods.” 
In either case, an additional parameter is required 


#8 L. S. Kisslinger, Phys. Rev. 98, 761 (1955). 
* R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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which depends on the surface condition of the nuclear 
matter. In view of the uncertainties involved in the 
large-angle cross sections, such an extra effort in the 
calculation would not be justified for the present 
purpose. 

The three optical-model parameters, ro, Vr, and Vz, 
were varied to see their individual effects on the 
forward angular distributions. The effect of varying 1 
is illustrated in Fig. 13 for carbon. The experimental 
points could be fitted quite well by the curve calculated 
with r9>=1.4X10-" cm. Figures 14 and 15 show the 
effects of varying Vz and V; for carbon and aluminum, 
respectively. The angular distribution is more sensitive 
to the value of Vr at the smaller angles, while the 
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Fic. 15. Variation of angular distribution of aluminum for 
three different imaginary potentials: (1) V;=—85 Mev, (2) 
V;=—65 Mev, and (3) V;=—45 Mev with ro=1.4X10-% cm 
and Vre=—30 Mev. The description is the same as in Fig. 13. 


variation of V; produces little effect except near the 
diffraction minimum. 

An attempt was made to determine the best-fit values 
of ro, Vr, and V; by the least-squares method. Namely, 
those values of parameters were sought which minimized 


P o4(8;)—o.(0;) 2 
ear 
i é; 


At each angle 6;, 7z(0;) is the experimental cross section, 
6; the error attached to og(0;), and o-(0;) the calculated 
cross section. The variation of the x? value was exam- 
ined in a two dimensional potential space for the few 
fixed values of ro. Figure 16 illustrates such a plot for 
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Fic. 16. Variation of = -70 
the x? value for carbon 
data in the Vr—Vy 
plane. The radius pa- 
rameter is ro = 1.410" 
cm. 











the carbon data with ro>=1.4X10-" cm. The minimum 
of the x? value (5) was located at Ve=—40 Mev and 
V;=—70 Mev. No better fit was obtained with ro>= 1.3 
<10-* cm nor with 1.5X10-" cm. A similar but less 
extensive search was done for heavier elements. A 
broad minimum of the x? value was found at Vg=—28 
Mev and V;=—64 Mev with ro>=1.4K10-" cm for 
aluminum, and at Vp=—30 Mev and V;=—75 Mev 
with ro= 1.3 10-" cm for copper. 

The errors associated with these parameters may 
come from several sources: the standard deviations in 
the least-squares analysis, the uncertainties in the 
corrections applied to the cross sections, and a particular 
choice of the angular range (less than 45°). The accurate 
estimate of each effect was difficult. However, taking 
all effects into consideration, a reasonable estimate 
would be +6 Mev for Ve and +10 Mev for V; with 
the carbon data, and twice as much for aluminum and 
copper. More confidence can be attached to the carbon 
data than to the heavier nuclei since (1) the angular 
distribution is most sensitive to the variation of 
parameters for carbon and (2) both angular and inelastic 
corrections were smallest for carbon. In view of these 
uncertainties, one can choose the ranges of the best-fit 
parameters for the present results as Vg=—30 to 
—40 Mev, V;=—65 to —75 Mev, and ro= (1.3 to 1.4) 
X10-" cm. The corresponding mean free path can be 
calculated by Eq. (10). It was of the order of the pion 
Compton wavelength, (1.2 to 1.4)X10~% cm. 

There was a difficulty in obtaining a good fit to the 
experimental data of lead even in the angular range 
below 45°. The value of x? was quite large (30-40) and 
did not vary significantly in the wide range of param- 
eters: Vp=0 to —45 Mev, Vr=—45 to —85 Mev, and 
ro= (1.0 to 1.4)X10-" cm. The measurement indicated 
a smoother variation of cross sections than any calcu- 
lated curves (Fig. 12). This trend may be accounted 
for by using the diffused edge model as has been done 
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Fic. 17. Energy dependence of optical mode! potential. The 
solid curves are the theoretical values calculated by FGW (refer- 
ence 3). They are replotted as a function of the incident energy 
(broken curves). The experimental points labeled 1-7 are de- 
scribed in Sec. IX. 


by Woods and Saxon.” In the angular range below 25°, 
Coulomb interference seems to play a major role. The 
calculated angular distribution also depends on the 
charge distribution inside the nucleus. A simple cutoff 
of the point-charge Coulomb potential at the nuclear 
boundary, which was assumed in the present calcula- 
tions, may not be adequate for the heavy nucleus.!® 
Whatever model be chosen, however, the present result 
could hardly be a sensitive test because of the large 
size of the lead nucleus. 

Besides the elastic scattering angular distributions, 
the total reaction cross sections of carbon and lead were 
obtained by subtracting the elastic scattering part from 
the attenuation cross section. The attenuation cross 
sections were determined by a transmission measure- 
ment in a manner as described by Miller. The results 
are compared with the values calculated for the 
parameters which provided the best fit to the angular 
distribution of carbon in Table VIII. The observed 
reaction cross section for carbon is larger than the 
calculated value by 14 standard deviations. The calcu- 
lated cross section varies only as much as +10 mb 
within the uncertainties in Vg and V;. Thus, the 
observed reactions cross section of carbon seems to 
indicate a slightly longer radius parameter (ro>= 1.45 
X10-" cm) than the value which gives the best fit to 
the forward angular distribution of elastic scattering 
(ro=1.40X10-" cm). The experimental cross section 
of lead is in agreement with the values calculated with 
ro= 1.40X 10-* cm. 

In comparison with the experimental results obtained 
at 125 Mev by Kessler and Lederman® and at 135 Mev 
by Martin,® the present value of the reaction cross 
section for carbon is larger but the total attenuation 
cross section is comparable. This is due to the small 
amount of large-angle elastic scattering found in the 
present experiment. Indeed, the sum of the elastic and 
inelastic differential cross sections at large angles is in 


® R. L. Martin, Phys. Rev. 87, 1052 (1952). 


good agreement with that of Kessler and Lederman’s 
data, as has been already pointed out by Miller.’ 


IX. DISCUSSION 


In analogy to the classical dispersion theory, the 
optical model potential can be related to the properties 
of nuclear constituents by*! 


2rh? 
V (w) =_— ——pnfo(w), 


1 
4 


where E£ is the total energy of the incident pion, p, the 
nucleon density of the nucleus, fo the forward scattering 
amplitude for pion-nucleon scattering averaged over 
protons and neutrons in the nucleus, and w the energy 
at which scattering takes place inside the nucleus. This 
relation leads to the possibility of calculating V from 
the pion-nucleon scattering data. The basic assumption 
required is that fo for free pion-nucleon scattering 
would not be modified appreciably in the presence of 
many-body forces inside the nucleus. 

The simplest approach to the problem is to use 
directly the values of fo obtained in pion-nucleon 
scattering at the similar energy. This neglects several 
effects due to nuclear binding, such as the momentum 
distribution of nucleons and the correlation in nucleon 
positions.’ The real part of fo can be calculated from a 
set of pion-nucleon phase shifts, while the imaginary 
part is related, via Im(fo)=k/4motcta, to the total 
cross sections for r++ p and r+ scattering. Recently, 
Frank, Gammel, and Watson’ have improved such a 
“free-particle calculation” in several aspects; (1) the 
values of R,(fo) were used which were determined 
directly from the total cross sections by the principle 
of causality,** (2) a correction due to the Pauli exclusion 
principle was applied to reduce the free pion-nucleon 
cross section in calculating Jm(fo), and (3) an absorption 
term was included in the imaginary part of V. The 
absorption cross section of the nucleus was obtained by 
oq(nucleus)=I'o(x++d— p+), where I’ takes into 
account the probability of forming a quasi-deuteron 
state in the nucleus. 

The theoretical values of Ve and V; thus calculated 
from the pion-nucleon interaction are shown by solid 
curves in Fig. 17. They are given as a function of the 
kinetic energy of the pion “inside the nucleus” by the 
original authors.’ In order to compare with the experi- 
mental results, however, it is more convenient to replot 
both curves as functions of the incident energy of the 
pion. This can be done by converting the variable of 
the abscissa according to an equation Fjncident = inside 
—Vpr. The result of such a conversion is shown by 
broken curves. The results of the present and earlier 
experiments are labeled as follows: 1, x~ of energy 48 


1 The relativistic equation was used with the approximation 
V<KE. 
% Anderson, Davidon, and Kruse, Phys. Rev. 100, 358 (1955). 
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Mev for carbon by Shapiro’; 2, m- of 62 Mev for 
carbon by Byfield et al.6; 3, r* of 78 Mev for copper 
by Williams et al.4; 4, r+ of 80 Mev for aluminum by 
Pevsner et al.4; 5, w~ of 125 Mev for carbon and lead 
by Kessler e a/.6; 6, the present experiment, and 7, 
m~ of 230 Mev for carbon by Dzelepov et al.’ For the 
experiments labeled 2, 5, and 7 the value of Vr was 
calculated from the quoted value of the mean free 
path A; using Eq. (10). 

The value obtained for V; in the present experiment 
agrees well with the theoretical value, indicating the 
influence of strong r++ (x~+-n) scattering near the 
resonance energy. This is in contrast to some results 
at the lower energies, where a smaller imaginary 
potential (longer mean free path) has been given by 
the experiment. The real potential at the present energy 
was found to be attractive as predicted, but somewhat 
deeper than the calculated value. A similar result 
(Vr=—24+6 Mev) has been obtained from the recent 
emulsion work on the energy spectrum of inelastic 
scattering at 160 Mev.* The qualitative disagreement 
in Vr would not be too surprising in view of the 
assumptions made in the model of Frank, Gammel, and 
Watson. In particular near the resonance energy, the 
short mean free path increases the uncertainty in the 
pion energy between scatterings with nucleons inside 
the nucleus. This would make it less valid to use the 
forward scattering amplitude on the energy shell for 
calculating Vr.’ The effect of correlation in nucleon 
positions inside the nucleus may also serve to increase 
the value of Vr.?* 

It is interesting to note that Russian cloud chamber 

% Nikol’skii, Kudrin, and Ali-Zade, J. Exptl. Theoret. Phys. 


U.S.S.R. 32, 48 (1957) [translation: Soviet Phys. JETP‘5, 93 
(1957) ]. 
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TABLE VIII. Typical values of parameters used for the calculation. 








Vr 
(Mev) 


—65 
—65 
—75 
—65 


Vr 
(Mev) 
—40 
—30 
—30 
—30 


ro 
Element (10-13 em) 


Carbon 
Aluminum 
Copper 
Lead 


—Ze*/hy kR L 


0.050 4.12 7 
0.108 5.40 8 
0.242 7.19 10 
0.683 10.65 13 











work has recently suggested the possibility of Vz being 
positive at 230 Mev.’ This is, when taken together 
with the present result, indicative of a change in sign 
for Vez in the pion energy between 180 and 200 Mev. 
In view of the large uncertainty involved in the experi- 
mental determination of the potentials, a further evi- 
dence on the positive Ve above 200 Mev would be 
desirable to confirm the characteristic features the 
calculation by Frank, Gammel, and Watson. 
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Evidence Against the Mass-500 Particle* 


E. Brerman, R. Lea,ft J. OrEaR,f AND S. ROSENDORFF 
Department of Physics, Columbia University, New York, New York 


(Received September 29, 1958) 


The existence of a mass-500 particle was investigated by exposing a nuclear emulsion to cosmic.rays at an 
altitude of 10 600 feet and geomagnetic latitude 39°. Particles of average range, 60 g/cm? of copper, were 
stopped in the emulsion and grain counted at a residual range of 1 cm. The available track length was such 
that the existence of a mass-500 particle would have been established on the basis of a single occurrence. 
About 1100 muons were found with no particles in the region of 500 electron masses being observed. This is 
not consistent with the abundance reported by Alikhanian et al., since the probability of finding none, 


assuming their reported abundance, is 0.4%. 





I. INTRODUCTION 


HE existence of a cosmic-ray particle of about 540 
electron masses was reported by Alikhanian ef al.! 
Subsequently, several attempts were made to confirm 
the existence of such a particle but none has met with 
success.? The present experiment which utilizes nuclear 
emulsions, rather than cloud chamber and counter 
apparatus as in the Alikhanian experiment, is one such 
attempt. 

The major features of this experiment are the follow- 
ing: (1) it is carried out at an altitude, geomagnetic 
latitude, and particle energy which almost exactly du- 
plicates that in the Alikhanian experiment ; (2) particles 
are detected by a method which would have established 
the existence of a mass-500 particle on the basis of a 
single occurrence; and (3) the nonoccurrence of such 
particles not only fails to confirm the reported abun- 
dance, but contradicts it. 


Il. EXPOSURE 


A stack of 100 Ilford G-5 nuclear emulsion pellicles, 
each 3 in. by 5 in. by 600 microns was exposed on Mt. 
San Jacinto, California, from September 29 to October 
19, 1957, at an altitude of 10 600 feet and geomagnetic 
latitude 39°. Alikhanian et al. worked at 10 600 feet and 
36°. Copper was placed above the stack so that par- 
ticles stopping in the center of the scanning region 
passed through an equivalent amount of absorbing 
material as did those in Alikhanian’s experiment, i.e., 
60 g/cm? of copper. This corresponds to an average 
momentum of 370 Mev/c for muons. The pellicles were 
shuffled and the stack kept upside down except during 
the exposure so that only particles which traversed the 


* Research supported by the National Science Foundation, the 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 

¢ Permanent Address: The City College of New York, New 
York, New York. 

¢ Present Address: Department of Physics, Cornell University, 
Ithaca, New York. 

1 Alikhanian, Shostakovich, Dadain, Fedorov, and Deriagin, 
J. Exptl. Theoret Phys. U.S.S.R. 31, 955 (1956) [translation : 
Soviet Phys. JETP 4, 817 (1957). 

* For a summary of these experiments see 1958 Annual Inter- 
national Conference on High-Energy Physics at Cern, edited by B. 
Ferretti (CERN, Geneva, 1958). 


series of pellicles during the exposure time could be 
traced back through upon scanning. 

Figure 1 shows the geometry of the exposure and the 
region scanned. 


III. MEASUREMENT PROCEDURE 


Area-scanning was carried out on 25 cm? of the stack 
for stopping particles that entered the field of view 
within 45° of the zenith. All particles that were not 
clearly protons, as judged by the grain density and 
scattering in the last three millimeters and the lack of 
a secondary, were followed back to the pellicle where 
the central region of depth was traversed closest to 1 cm 
residual range. There they were grain-counted; the 
average count was about 300 grains in 600 microns of 
track length. Each count was then corrected for dip, 
normalized to that for 1 cm residual range, and nor- 
malized to 1 for each scanner’s average count. No at- 
tempt was made to reach a scanning efficiency of pre- 
cisely 100% or to follow the angular criterion exactly; 
rather what was sought was an efficiency which was at 
least as great for mass-500 particles as for lighter par- 
ticles since Alikhanian expressed the frequency of 
occurrence of the mass-500 particle relative to that of 
muons. 

Particles entering the emulsion at its leading edge 
travelled an average of 4.3 cm, thus giving a track 
length sufficient for about 50 independent counts of 
400 grains each on any possible mass-500 particle. 
Fluctuations of about 0.8 times the square root of the 

Fic. 1. Arrange- 
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number of grains counted were expected due to sta- 
tistics alone. This corresponds to an error of 12% in the 
mass inferred from any one count of 400 grains. A 
conclusive mass measurement was therefore possible 
on any particle entering from outside. In fact, any 
particles produced in the emulsion having a residual 
range greater than 2 cm would have been identified. 
All 15 of Alikhanian’s mass-500 particles entered his 
apparatus from outside. Particles produced in the 
emulsion at less than one cm residual range were not 
grain-counted because the mass measurement would 
not have been conclusive and they were irrelevant to 
the findings of Alikhanian. 


IV. RESULTS 


Figure 2 is a histogram of the grain densities of the 
1202 particles of less than proton mass which were 
found in the experiment. The standard deviation of the 
1094 muon counts is 8%, of which 5% is due to sta- 
tistics. The remaining contribution to the error is 
probably due to small variations in grain-counting 
criteria. The errors due to straggling, scattering, shrink- 
ing, and nonuniform development were negligible. 

As a particle of 540 electron masses would have a 
grain density 1.36 times that of the muon at 1 cm 
residual range, Fig. 2 tentatively indicates that none 
of the particles observed in this experiment have that 
mass. To make this conclusive, the particles on each 
end of the tail were counted in another plate and the 
count normalized by the same procedure. This yielded 
an independent measurement of the mass which in 
every case confirmed the conclusion that the particle 
was a pion or a muon. 

The grain densities of the 108 particles having char- 





' T T T 
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NUMBER OF EVENTS 











MASS 
“ 7 MASS 


MASS 540 


Fic. 2. Histogram of the grain density, relative to the average 
muon grain density, of the 1202 particles found of less than proton 
mass. The shaded area of the histogram represents 108 events 
which had characteristic x endings. All events above 1.185 and 
below 0.815 were grain-counted again at different residual ranges. 
In each case the additional grain-counting indicated that the 
particle was a muon or pion. 


MASS-500 PARTICLE 711 
acteristic r endings (r—y—e decay and visible capture 
stars) are indicated by the shaded region in Fig. 2. 

In order to make certain that mass-500 particles were 
not missed as a result of their incorrect identification as 
protons by the scanners, the following test was carried 
out: old plates were area-scanned under similar condi- 
tions in a region where there were both K and proton 
endings. Under the magnification used the secondaries 
were not visible, making identification depend on scat- 
tering and grain density. Ninety-two percent of the K 
mesons were identified as probable or possible K mesons. 
In scanning the mass-500 emulsions, care was taken not 
to overlook any K mesons and as the efficiency of the 
scanners at this mass was proven to be high, it is con- 
cluded that mass-500 particles were not overlooked as 
protons. The efficiency for finding mass-500 particles 
was actually higher than for other masses since many 
particles were followed back and grain-counted because 
they “looked interesting,” despite being outside the 
angular criteria. 

All possible K mesons were carefully examined under 
intermediate magnification for secondaries. As the min- 
imum grain density was 24 grains per hundred microns, 
secondaries were fairly obvious, and in fact the majority 
of the muon secondaries were noticed without searching. 
If any doubt remained, the heavy particle was followed 
back and grain-counted. No K mesons were detected 
in the experiment. 

Fifty positive pions were found with ranges which 
were at least 1 cm long using the same angular criterion 
as for the muons. The corresponding number for nega- 
tive particles producing visible capture stars was 58. 
According to Fry,’ 3.1% of negative muons stopping 
in G-5 emulsion produce stars with at least one prong 
longer than 10 microns. Assuming a positive excess of 
20% for the muons, 15 capture stars were produced by 
negative muons and therefore 43 of the aforementioned 
58 stars were due to negative pions. Assuming further 
that 30% of all negative pions did not produce any 
visible capture star, the conclusion is that about 110 
pions were found altogether. 

There seems to be some disparity in the results of 
various workers with regard to the relative frequency 
of the production of K mesons. It should be pointed 
out that the ratio K/2* is not independent of the choice 
of the range or momentum or velocity interval in which 
both K and w mesons are selected. The exact depend- 
ence is still unknown. However, the various experi- 
ments performed in connection with this ratio indicate 
that, whatever the conditions were, the K/= ratio is 
not larger®:® than 3% and very probably’ varies be- 
3 W. F. Fry, Phys. Rev. 85, 676 (1952). 

4Beneventano, Carlson-Lee, Stoppini, Bernadini, and Gold- 
wasser, Nuovo cimento 12, 156 (1954). 

5 Amaldi, Fabri, Hoang, Lock, Scarci, Touschek, and Vitale, 
Suppl. Nuovo cimento 12, 419 (1954). 


6 Bridge, Peyrou, Rossi, and Safford, Phys. Rev. 90, 921 (1953). 
7 J. Hornbostel (private communication). 
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tween 0.4% and 1.5%. The result of the present experi- 
ment is therefore consistent with other experiments. 

Alikhanian ef al., on the other hand, report a value of 
8% for K/x*. This value is still uncorrected* both for 
the difference in the lifetimes of the r and K mesons 
and the difference in the time of flight. The corrected 
value of Alikhanian should be 14% which is too large 
by at least a factor of five. 


V. CONCLUSION 


If the mass 540 existed in an abundance of one in 
every 200 muons, as claimed by Alikhanian, this ex- 
periment should have yielded five or six. The proba- 


8 This has been kindly pointed out to us by Dr. J. Hornbostel. 
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bility of finding none in that case is 0.4%. We thus 
conclude that the existence of the mass-500 in the 
abundance reported is not consistent with the present 
experiment 
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Further Evidence for a Variation in the Rate of Dense Extensive 
Air Showers with Solar Time* 


C. B. A. McCusker,f D. E. PAGE, AND R. A. REm 
Dublin Institute for Advanced Studies, Dublin, Ireland 
(Received September 16, 1958) 


The variation in the rate of dense extensive air showers with solar time previously found in Dublin, 
Ireland has been confirmed using a similar apparatus situated in Mona, Jamaica. It is suggested that this 
and other variations in rate with solar time may possibly be due to a periodic change in the structure function 


of the showers. 


N 1956 a variation in the rate of dense extensive air 

showers with solar time was reported.! It appeared 
to be correlated with the semidiurnal oscillations of the 
atmosphere. In order to corroborate the effect and to 
study it further, a similar (but completely new) ap- 
paratus was setup on the campus of the University 
College of the West Indies at Mona, Jamaica. A site 
on a tropical island was chosen because of the well 
known increase of the amplitude of the semidiurnal 
wave in the atmosphere near the equator. As in the 
previous experiment the apparatus consisted of 6 
M units, each M unit being 3 small Geiger-Miiller 
counters each of sensitive area 14 sq cm placed at the 
corners of a horizontal equilateral triangle of side 20 cm. 
A coincidence of the three counters provided a master 
pulse. The event was classed as an extensive shower if 
an unshielded tray of Geiger counters of area 2100 cm’. 
placed some meters from the M unit was discharged, 
and as a local shower if not. Events in which two or 
more M units were discharged simultaneously were 


* This work has been sponsored by the Office of Scientific 
Research of the Air Research and Development Command of 
the U. S. Air Force through its European Office. 

t Now visiting professor at the University of Sydney, Sydney, 
Australia. 

( 1C. B. A. McCusker and B. G. Wilson, Nuovo cimento 10, 188 
1956). 


called multiple events. Considerable care was taken to 
exclude spurious variations in rate. All voltages (even 
heater voltages) were stabilized using a Servomex A.C.7 
stabilizer which does not distort the wave form. The 
more critical voltages were then subjected to a further 
stabilization. Many precautions to avoid pickup were 
taken and the many tests applied failed to reveal its 
occurrence. The apparatus was tested at least twice a 
week. Finally the “local” events provided a monitor 
rate which showed no variation with time. 

Figure 1 shows the rates averaged over two-hour 
periods of the “extensive” events plotted against solar 
time for the Dublin station for the period March, 1955 
to March, 1956 and for the Jamaican station for the 
period August, 1957 to August, 1958. The average daily 
pressure variation at Mona is also shown. For the 
Dublin station the probability that the results could 
be due to chance assessed using a x’ test applied to 
4-hourly averages is 0.003, or for the “multiple events,” 
0.002. The amplitude of the semidiurnal wave for the 
extensive events (calculated by the method of Chapman 
and Bartels”) is 13% with a probability that it could 
be due to chance of 0.0008. 

For the Jamaican station the corresponding values 


2S. Chapman and J. Bartels, Geomagnetism (Oxford University 
Press, Oxford, 1940), Vol. 2, p. 580. 
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Fic. 1. The top curve shows the average daily pressure variation 
at Jamaica in cm of mercury. The two lower curves show, respec- 
tively, the rates in counts per hour of extensive air showers 
detected by 6 M units (a) for Jamaica, August, 1957 to August, 
1958 and (b) for Dublin, March, 1955 to March, 1956. 


are 19% and 0.03. The measurements are independent 
but the variation similar. The probability therefore 
that both could be due to chance is 0.00003. Since the 
publication of the first paper mentioned, various other 
authors*-* have reported variations of large amplitude 
in the rate of extensive air showers, with solar time. 
Previously a variation similar to that reported by 
McCusker and Wilson had been noticed by Cranshaw® 
and a variation in the rate of extensive air showers of 
high electron density with sidereal time during the 
course of a short run had been seen by Fornaca and 
Martelli.” The simplest hypothesis is that all these 
variations are in some way connected. It seems unlikely 
that there is change in the flux of the primary particles 
with solar time. The correlation with the atmospheric 
oscillations suggests that the cause lies in the upper 
atmosphere. If for instance the height of the first 
interaction varied periodically, one might obtain a 


3J. K. Crawshaw and H. Elliot, Proc. Phys. Soc. (London) 
A69, 102 (1956). 

4T. E. Cranshaw and W. Galbraith, Phil. Mag. 2, 804 (1957). 

5B. G. Wilson (private communication). 

6 T. E. Cranshaw (private communication). 

7G. Fornaca and G. Martelli, Proceedings of the Bagnéres 
Conference on Cosmic Radiation, 1953. 
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periodic variation of the structure of the shower at sea 
level. The electron distribution at sea level can be 
approximated by® 


N evtilro 


pen os 
2mro (r+1) 


where p; is the number of electrons per sq meter at r; 
meters from the core; N is the total number of electrons 
in the shower; ro is a parameter which is experimentally 
found to be 80 m. If we suppose that ro varies from 75 
to 85 m, then for a shower of 10° electrons the area of 
the region with p;>700 particles/m? changes from 12 
to 7.6 sq m. At the same time the density 200 m from 
the core changes from 0.73 to 0.87 particles/m*. From 
5 to 100 m from the core there is little change. Thus if 
such a change in ro occurred, one would find (a) a 
large change in counting rate from a device detecting 
>700 particles/m?, (b) a change in rate 180° out of 
phase with this from a device detecting showers spread 
over a large distance, and (c) little change in any device 
detecting at distances from 5 to 100 m from the core. 
Experimentally the first of these has been seen by 
ourselves in Dublin and Jamaica, by Cranshaw at 
Cambridge, Wilson at Ottawa and, possibly, Fornaca 
and Martelli. The second has been reported by 
Cranshaw and Galbraith and the results of Crawshaw 
and Elliot are not inconsistent with it. 

If the variation is indeed connected with the behavior 
of the upper atmosphere, then one may expect varia- 
tions in phase and amplitude with both time and place. 
While the theory®” of the 12-hour pressure wave has 
been, in many ways, successful, the approximations 
involved make it useless for predicting the day to day 
variation of a given millibar level. Nevertheless the 
theory does predict a change of phase of 180° at about 
30 km and large changes in amplitude and phase above 
that height. 

Experimentally, it is very difficult to follow the 
movement of particular millibar levels above 30 km. 
Indeed it seems possible that the recording of rates of 
extensive air showers detected by suitable apparatus 
may prove to be the best method of doing this. 
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Structure of the Neutron* 


Katsumi TANAKA 
Argonne National Laboratory, Lemont, Illinois 
(Received September 10, 1958) 


In an earlier paper, the contribution of the meson current to the electromagnetic structure of the nucleon 
was calculated by use of the dispersion relations for pion-nucleon scattering. Here the contribution of the 
nucleon current to the electromagnetic structure of the neutron is obtained analogously by use of the dis- 
persion relations for neutron-proton scattering. Only the contribution from the one-pion and two-pion 
states of nucleon-nucleon scattering is considered. It is found that both states reduce the neutron-electron 
potential, i.e., leads to a smaller charge radius of the neutron. The contribution from the deuteron state is 
shown to be negligible. The resulting mean-square radii of the neutron, including the contributions of both 
meson and nucleon current, are (0.23X10-" cm)? for the charge distribution and (0.41 10~ cm)? for the 


magnetic moment distribution with f?=0.08. 


1. INTRODUCTION 


HE electromagnetic structure of the nucleon has 

been studied by many authors using dispersion 
relation techniques. Compared to the conventional 
perturbation methods, the present procedure has the 
advantage of yielding rigorous or semirigorous values 
for such observables as the nucleon form factors without 
renormalization, because only observable quantities 
appear in the equations. 

One approach is based on mass spectral representa- 
tions of four real scalar functions of g? (the square of 
the energy-momentum transfer) on which the nucleon 
form factors depend. This procedure has been developed 
by Chew, Karplus, Gasiorowicz, and Zachariasen! and 
independently by Bernstein and Goldberger? and by 
Nambu? and pursued further by Federbush, Goldberger, 
and Treiman.’ They have shown that various features 
of nucleon structure can be understood in this way. 

Another approach that will be discussed further 
below attempts to relate the nucleon form factors to 
dispersion amplitudes obtained in pion-nucleon and 
nucleon-nucleon scattering.*® It is a relativistic gen- 
eralization of the cutoff-meson theory,® and the pro- 
cedure is such that the intermediate states of lowest 
mass in scattering reproduce the covariant perturbation 
result of Fried’ except that the unrenormalized coupling 
constant is replaced by the renormalized coupling con- 
stant. In previous articles,®* the contribution to nu- 
cleon structure from the meson current part has been 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev. 110, 
265 (1958). 

2 J. Bernstein and M. L. Goldberger, Revs. Modern Phys. 30, 
465 (1958); Y. Nambu (unpublished). 

’Federbush, Goldberger, and Treiman (to be published), 
hereafter referred to as FGT. 

4S. Okubo, Nuovo cimento 4, 542 (1957). 

5K. Tanaka, Phys. Rev. 109, 578 (1958). 

®*H. Miyazawa, Phys. Rev. 101, 1564 (1956); R. Sachs and 
S. B. Treiman, Phys. Rev. 103, 435 (1956); G. Salzman, Phys. 
Rev. 105, 1076 (1957). 

7B. D. Fried, Phys. Rev. 88, 1142 (1952). 

8K. Tanaka, Phys. Rev. 110, 1185 (1958). The notation of this 
paper will be used, with A=c=y=1, where uw is the mass of the 
meson. 


estimated and found to be in qualitative agreement 
with experiments. It should be emphasized that the 
latter procedure of using dispersion relations off the 
mass shell appears plausible on intuitive grounds, 
but there is at present a justification only for the static 
theory.? It was remarked in reference 5 that for the 
meson current contribution, the dispersion integral 
representations for the relativistic theory are expected 
to be valid off the mass shell, although there is at present 
no rigorous proof of their validity. In the present paper, 
in which the nucleon current contribution is treated, a 
similar procedure is adopted. The present approach is 
a possible way of making an estimate of the nucleon 
current contribution to nucleon structure, and obtain- 
ing information on the important contributors of 
nucleon-nucleon scattering. It is hoped that the pro- 
cedure here offers a good approximation but unfor- 
tunately another difficulty, violation of unitarity, 
appears; we shall return to this difficulty later. 

One of the puzzling features of nucleon structure is 
the large discrepancy that exists between theory and 
experiment for the neutron-electron interaction or 
charge radius of the neutron. When the recoil effects 
are included, the neutron-electron interaction arising 
from the electrostatic field of the electron is several kev, 
whereas the experimental result is vanishingly small. 
It is interesting to examine the contribution of the 
nucleon current to the electromagnetic structure of the 
neutron, in particular to see whether or not the dis- 
crepancy is reduced further. 

Dispersion relations for nucleon-nucleon scattering 
have been obtained by Goldberger, Nambu, and 
Oehme” and also independently by others." For our 
present purpose, we make use of the form presented by 
the former authors and do not discuss the proof, the 
difficulties connected with the unphysical region of the 


® This procedure has been shown to be justified for the static 
theory by H. Miyazawa [Phys. Rev. 104, 1741 (1956) ]. See also 
reference 5, footnote 11. 

10 Goldberger, Nambu, and Oehme, Ann. Phys. (N. Y.) 2, 226 
(1957), hereafter referred to also as GNO. 

4 Riazuddin, Nuovo cimento 6, 1252 (1957); S. Matsuyama 
and H. Miyazawa, Progr. Theoret. Phys. Japan 19, 517 (1958). 
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dispersion relations, nor the justification of our present 
procedure. 

One of the motivations of our present approach using 
dispersion relations is that empirical information (such 
as the phase shifts in the corresponding scattering prob- 
lem) may be used to estimate the values of observables 
such as nucleon structure. Each contribution that comes 
from the intermediate states corresponds to a sum over 
a large class of perturbation diagrams. In meson theory, 
one does not know whether or not a perturbation calcu- 
lation to a certain order in the coupling constant is a 
good approximation (i.e., whether or not the remainder 
is small), because the coupling constant is very large. 
In the present approach one may include contributions 
from certain intermediate states and use empirical data 
to estimate more or less that the contributions from the 
remaining intermediate states that were neglected (i.e., 
the remainder) is small. As we shall see in the particular 
case considered below, the empirical information such 
as the phase shifts is used only to estimate the size of 
the remainder. 

From such general principles underlying current 
field-theory as Lorentz invariance, current conserva- 
tion, and the Dirac equation of the nucleon, the matrix 
elements for the scattering of a nucleon by an external 
electromagnetic field A,(x) may be written to the first 
order in the electromagnetic field (suppressing the spin 
and isotopic spin indices of the nucleon and with 
= ko— ky) as 


M \3 
-( ) (10(Re) (€A y¥ptivoyrgrA,)u(ki)), (1) 
E\E; 


where M is the mass of the nucleon, and the invariant 
functions ¢ and u are related to the nucleon form factors 
for the distribution of charge and magnetic moment F; 
and F, by 


€=€oF), (2) 
w=polr. (3) 


In Eqs. (2) and (3), €0 is the total charge and yp is the 
anomalous magnetic moment. 

In Sec. 2, the method of the calculation is outlined, 
and in Secs. 3, 4, and 5 the contribution from the one- 
meson state, the two-meson state, and the deuteron 
state in nucleon-nucleon scattering, respectively, are 
cast into the form of Eq. (1) and their contributions to 
nucleon structure are evaluated. The contribution from 
the one-pion state is proportional to f? and it is com- 
puted exactly. The two-pion contribution is propor- 
tional to f* and is of the order of 15% of that of the 
one-pion state. The contribution from the deuteron 
state is shown to be negligible. Finally in Sec. 6 the 
results are discussed. 


2. METHOD OF CALCULATION 


Let us consider the elastic exchange scattering of a 
neutron and a proton. The initial and final momentum 
and spin labels of the neutron are represented by fi, r1 
and ke, r2, respectively, while those of the proton are 
pi, $1 and po, se. The scattering matrix is (suppressing 
the spin indices) 


(ko, po| R| ki,p1) 
=1(2m)'5(potke— pi—k1)(M?/E\E2)*F, (4) 


where E;= (M?+-k,’) and F is the Feynman amplitude. 
It is convenient to introduce in place of F the causal 
amplitude M, which (suppressing the spin indices) is 
related in turn to a covariant matrix IW by 


M (ko, po; Rips) 
= (ke) ti (po) MN (ke,po; Ripi)u(pi)u(ki). (5) 


At this point GNO expand 91 in terms of five invariant 
functions, thereby separating out the basic matrices in 
spinor space. In the present approach it is not neces- 
sary to do so because we are only interested in the 
absorptive part of SM, i.e., @. On changing the variables 
to 


K=}(kithk:), 

P=}(pitp2), (6) 
q=ko— khi= pi— pr», 

v=—P-K/M, (7) 


the dispersive part of SM, i.e., D, is expressible in terms 


of @ as” 
Pr? = ar’) 
o=-f dy’ —, (8) 


TY 2 eae 


In Eq. (8) the “P” before the integral sign means 
principal value. 
Combining Eqs. (5), (8) and (4), we have 


(ko, p2| R| ki,p1)=i(2m)45 (po+-ke— pi— ki) (M?/E,E2)! 


Le? Ay) 
x- J it—— & 


/ 
TY _» yoy 


where 
A= ti(ky)ti( po) Qu(ky )u(pr iE 


The amplitude A has been decomposed into con- 
tributions from various eigenstates of the four-mo- 
mentum corresponding to non-negative values of the 
energy, 1.€., 


2 The form of the dispersion relation depends on the assumed 
behavior of the cross sections at high energies. This form of dis- 
persion relation assumes a slightly different asymptotic behavior 
than that chosen by GNO for their G; functions and is the form 
that reproduces the covariant perturbation result. 
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A (ko, po; Rips) 
=r02n)( 
M? 


4 
) wal | (el fale 


,, \Pno 
X (n,Pn| fs! P13 (Pa— P—K)5(v—v(m,)) 


+(po| fa|n,pn)(n,Pn| fal pi) 


x 5(B— P+ K)8(o-+r(m,) ust), (10) 


0 
fax) = ( 1—+M) vo(x), 
OX, aB 


fals)=(— 


and ¥(x) and ¥(x) are nucleon operators. 

We must depend on various arguments to select the 
important and manageable intermediate states because 
it is hopeless to evaluate the contributions from all 
intermediate states in a reliable way. It is expected that 
the largest contributions to the amplitudes are from 
the states of lowest mass because a state with mass m, 
contributes to the nucleon structure only within a 
radius of the order of the Compton wavelength 1/m,,.! 
Adopting this, we turn our attention to the second 
term of Eq. (10) where all intermediate states have 
nucleon number zero. The state of lowest mass is the 
one-pion state which makes a discrete contribution at 


where 


0 
1 —+M ) Wa(x), 
a8 


OX, 


ue g 


—M-— (11) 


Vy=- 
2M 
This is the state that yields the exact exchange scatter- 
ing amplitude resulting from the exchange of one meson 
by physical nucleons in nucleon-nucleon scattering. The 
next state is the two-pion state, which has a continuous 
mass M2 at 


—, (12) 
“2. M 4M 
The nature of the spectrum of the contributions to A 
has been discussed in detail in GNO. 

The one-pion contribution is evaluated exactly and 
yields the lowest order perturbation result from the 
nucleon current, except that again the unrenormalized 
coupling constant is replaced by the renormalized 
coupling constant, a feature that obtains for the con- 
tribution from the meson current. 

For the two-pion contribution we evaluate only the 
perturbation part (modified Born approximation) since 
the additional contribution that depends on phase 
shifts is known* to be less than 20% of this part. Even 
for the perturbation part we must make a crude esti- 
mate which gives the lower limit of its contribution. 
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Since this contribution reduces the charge radius of the 
neutron, we thus obtain, after combining the various 
contributions, an upper limit of the charge radius. 

At the end, we shall make a remark about the pos- 
sible contributions from some other intermediate states. 

We turn next to the procedure of the calculation. In 
analogy to the meson-current contribution to nucleon 
structure, we take the initial and final proton lines off 
the mass shell and introduce an external field at the 
intersection. Then the scattering matrix element de- 
scribing the elastic scattering of a nucleon by an ex- 
ternal electromagnetic field A, is given to the first 
order in the electromagnetic field by 


é 
S=—-A, ( fe Je 2 
(an)! q) pif op 


ices ani 
ipit M ipot M 
In Eq. (13), propagators for the protons have been 
inserted because they became internal. These energy 
denominators secure convergence of the invariant func- 
tions that appear later. The proton interacting directly 
with the external electromagnetic field is treated as bare. 
The factor (k2,p2|R|kipi) is actually an analytic con- 
tinuation of the scattering matrix, i.e., it depends on 
the four-momenta #; and #2 of the initial and final 
proton. 
Substituting Eqs. (9) and (10) into Eq. (13), and 
then integrating with respect to the variable v’, using 


2 ¢ P-K 
—— M—-—F =) 
21 2M M 

= (P#K)?+m,”, 


4(p2)(ko,p2|R|ki,p:). (13) 


24 o(m,)-er]=2M ( 


(14) 


we have 


Ass E, -) ‘ Ho) farorf ar 
2M 
«)(—) 


. ti(p1)(—ipit+M)y,(—itpet+M)u( pe) 


(p2-+ M2) (p2-+M?) 
y= A, (v(m, )) 


X45 (potke— pi— 





A, OO (m n)) 
—K) +m, 


(P+K)? +m? 
where 
A, (v(m,))= r(on)(~ wn rs 
M? 


X (n,Pn| fa| pi)ua( 


3 
A, (v(m,))=1(2r (= a ‘) 
M? 


X (n;Pn| fal b1)9(h1)5(Pn— 


=} (15) 
Pro 


ta (k2)( po | te | ,Dn) 
M 


i 


ky)6(Pa— 


Pno 
tha( ke) {po | fa|2,Dn) 


P—K), (16) 


P+K). (17) 





STRUCTURE OF NEUTRON 


Equations (16) and (17) are nonzero only for such 
intermediate states which have nucleon number two 
and zero, respectively. 

As was discussed earlier, the one-meson state is ex- 
pected to reproduce the lowest order perturbation result 
of the nucleon current contribution to nucleon struc- 
ture, much as the one-nucleon state in pion nucleon 
scattering reproduced the lowest order perturbation 
result of the meson current contribution to nucleon 
structure.*:§ This was accomplished in the latter case by 
taking the meson lines corresponding to the denomi- 
nator (P—K)*+m,2 off the mass shell and evaluating 
the integral. Similarly for the nucleon current part, the 
energy denominator (P—K)*+m,? of Eq. (15) is 
evaluated off the mass shell. For the one-meson state, 
A,(v(m,)) is evaluated on the mass shell. In the next 
two sections the respective contributions from A, and 
Ao, are evaluated, after which the invariant functions 
e and yw are identified. 

The functions ¢ and y are given by Eqs. (2) and (3) 
and are expressed in terms of invariant functions D(q’) 
and G(q’) to be defined in Secs. 3 and 4 as 


2e 
e=_—_[D(¢)—MG(¢)], (18) 
(2m)! 
é 
.=— —G ( q’) e 
(2m)! 


(19) 


Then ¢ and yu are expanded in terms of ¢ to obtain 


i 


e=>- (— iss”, 


n=O 


(20) 


B=>d> (—1) "ung". (21) 


n=0 
From these, it follows that the numbers e, and up are 
expressible in terms of D™ and G™, the nth deriva- 
tives of D and G with respect to gq’, as® 
(—1)" 2e 
= —_[D(0)— MG(0)], 
(27)! 


simon (22) 


ta 


(23) 


The mean-square radii of the distributions of charge 
and magnetic moment (r?); and (r*)s, respectively, are 
calculated from! 

(24) 


(25) 


(r? = 6€; €0, 

(r”)o= Ous/ Mo. 

The next two sections will be concerned with finding 
the quantities given in Eqs. (20) to (23). Without 


18 The definitions of the mean-square radii of the distributions 
of charge and magnetic moment which were used in reference 8 
are different from Eqs. (24) and (25). The essential features of 
the results are unchanged when Eqs. (24) and (25) are used. 
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further discussion the renormalized coupling constant 
is taken as f?=0.08 and 1/y?= (h/uc)*=1.957X10-** 
cm?, 

One might expect that the contributions to nucleon 
structure from the one-pion state and two-pion state 
should have opposite sign because of the pseudoscalar 
nature of the pions. The contributions, however, turn 
out to have the same sign because they depend essen- 
tially on the square of a matrix element as can be seen 


in Eq. (17). 
3. ONE-MESON STATE 


Equation (17) for the one-meson state is given in 
GNO as 


OP 20 4 n 
Ax()=4(28)9( ) lb) 


9 


X (po| fa| Pn)(Pn| fa| pi)ua(Re) 


= 24 (apron bs) (a (bs) (PD)), (26) 


ai 


where “(p:) and #(2) are positive-energy spinors. We 
must extend these to negative-energy spinors as well 
and sum over both energies. The mass-shell relations 
for p; and pz have been used to obtain the second line 
of Eq. (26). Substituting Eq. (26) into Eq. (15), de- 
fining its contribution to S as S, and summing over 
spinors u(p;) and #(p2), one has 


2ie M* \3 ) ) 
S,=— He) Ay(q) i (ke 
(2n)* \E,E,/ * 


x far fae: 5(potko— pi-— hi) 


(2M)?LysA (pi) yuA (po) Ys _jee(hi) an 
rmmnmantamnmhinncminecs, if 
(pe+M?)(p2+M)[ (PK) +e] 
where for convenience we define the operator 


A(p)= (—ip+M)/2M. 


The momenta P and K are given by Eq. (6). Insert 
Eq. (28) into Eq. (27), integrate over 2 with the delta- 
function, and change the variable from p,; to P. Then, 
after rearrangement, one finds 


—i2eg? ¢ M? \3 
S= ——( +) Ayla) fa 
(2r)4 \E, Ep 


[{i(P+49)+M}y,{i(P—3¢)+M} ]u( ki) 


(28) 


[(P-+4q)°+MP JL (P—4q)?+MPIL(P—K)'+4"] 
(29) 


By the techniques of Feynman, Eq. (29) can be cast 
into the more appropriate form, 
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(2m) 


S,= 


A, ~40(——) ti(ke) 


X(Di(P)¥et+iK .G,(q*) Ju(hs), 
where 


1 1 ~ 
D.(¢)=ig2 f dt uf yf d‘p 


Ss $+ Me+¢ey(l —y)J 


(30) 


[Pe Mee (1—)+¢y(1—y) 


1 1 a 
G,(¢°)=ig? f dt uf dy f d‘p 
“e 0 o 


2M? 
P+ Mee (1—)+¢°F y( i—y) 


Then Eq. (1) follows from Eqs. (18) and (19) and the 
Dirac equation for the variable K. 

From Eqs. (23) and (32), the contribution to the 
magnetic moment from the one-pion state uo” is given by 


2M H2 M’) 28 
Mf 
e va 9 f—ni+n 


f?(2M 
anit +2n+n(1—n) Inn 


T 


—2n'(3—n)(4—n)-! cos™ 


'(m4/2) ]=—2.139 nm, (33) 


where n=1/M?. The renormalized pseudovector coup- 
ling constant f? is related to g,? by f?=g7/16rM". 

The second moments ¢;7 and y;" of the distribution 
of charge and magnetic moment from the one-pion 
state can be found from Eqs. (22), (31), and (32) and 
Eqs. (23) and (32), respectively, to be 


2Ay(1—y)  2t*y?(1—y) 
co fof 2 
f—nitn [f—ni+n 
ffi 
-; 
2 
- na( 4 5n— —) (4—n)-4 cos-(nl/2) 


—n 
2f? 1 
w*(2M/e) = —— fa dt 
3a 0 


8 
+5n———+4n(4—5n) Inn 
4—n 


=0.0119/u2, (34) 


[e— nin} 


2frt 2n 
— | in + 42-3) Inn 


32 4-—n 


+ni(- 


inh 


4—n 


-) (4—n)-3 cos-"(nt/2 | 


=—0,0247/p2. (35) 
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The one-meson contribution here has many features 
in common with that of the nucleon-antinucleon pair 
states discussed by FGT when the lowest order ampli- 
tudes are substituted in their dispersion formula. Such 
perturbation-theoretic calculations, as emphasized by 
FGT for a slightly different case, seriously violate 
unitarity which can be stated as the requirement that 
certain scattering matrices cannot exceed a certain 
limit ; that is, the results obtained here are several times 
their allowed values. Thus the present values should 
be taken with reservations and the apparent agreement 
of the radii given here with experiments might be 
regarded as fortuitous. Possible ways to remedy this 
situation is to cut off the integrals at a suitable value or 
introduce a meson form factor, but a reliable method of 
handling this difficulty is not known. This difficulty 
also prevails for the meson current contributions.5- 


4. TWO-MESON STATE 


Equation (17) for the two-meson state 1s given in 


GNO as 
op20 
10 ‘) fen for 
M? 


Aor (m2?,q") 
p 
=r(2m(" 
a ee 
(qi tqe— P+ Ky) (bs! Jel a14.0h) 
~— -X(quj,qok| fa px) up (hr) 
po=[(P—K)*+m?]}. (36) 
Chew ef al. have shown that matrix elements which 


appear on the right-hand side may be evaluated by! 


tha(ke)(g1j,qok | fa\ pr) 
= — (M/pyo)*(2m) (42) Sha (Re) U aaa’ (Pr), 
(peo| fa| q1j,g2k)us (ki) = [tip (ki) (qn 7,92 | fa! pe) ]* 
= — (M/p2)4 (24) (4wyw2)4 
X tig: (pe) (BU*B) g-gus(hi), 
U=(—AM+iy-OB)b 
+(—A@+i7-OB)3[71,7;], (39) 
Q=2(-92), ¢=gitge. (40) 
In Eq. (39), A‘ and B@ are dispersion amplitudes for 
pion-nucleon scattering.’ If Eqs. (37) and (38) are 
inserted into Eq. (36) and the three-dimensional inte- 


grals over g; and gz are extended to four dimensions by 
adding the mass-shell delta functions, the result is 


x fan fon 
(2r)8 ik 

6 (gi?+u?)5 (qo? +") (qit+qe— 
[m?-+(P—K)*} 
x 


tha(ke ps 
(2x) i,k 


(37) 


(38) 


Ao,(m:2?,q’) = 


P+K) 





(a(k2)Uu(p,)) 


X (a (p2)BU*Bu(ki)). (41) 
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Changing the variables of integration from g; and q2 to 
land Q given by Eq. (40) and putting R= P—K=(r,ro), 
which is evaluated on the mass shell, leads to 


1 
Asem: g)=2—> [ao f a 
2r)8 ik “ 


I 
XH(P+AP+H)6(21-0)— HI-R) 


1) )(a(p2)BU*Bulk (42) 


lo= (m2+r°)}. 
Integrating over Il, and changing the variable of inte- 
gration over Jy to pst yields 


X (ai(k2) Uul(p 1)), 


where 


Avtetg=——xf eof ¢ 
(m:?,q) ae = # vof é 
X5(—fE&+u")d(4-Q— (E+7°)100) 
X (ai (k: a)l ‘u(ps) (a (be ») BU*Bu( (F)). 


(43) 
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From now on, we shall consider only the modified Born 
approximation, i.e., 


A(+)=0, 





B =," a | 
(P+0)-+M? (P—Q)?+M? 


This is a reasonable approximation because previous 
calculations indicate that the Born term gives a large 
contribution and the remaining higher order term is 
not more than 20% of the Born term.®* It turns out 
that this contribution from the Born term is ~ 15% of 
that of the one-pion state, so that the additional con- 
tribution from the higher order term is within the 
calculational error and need not be computed. 
Combining Eqs. (43) and (15) and summing over 
j, k, and spinors u(p;) and u(p2), we obtain for S2,, the 
contribution to S from the two-meson state, 





1 
a= E. 


R(petk , ( =) va 1 
x sinilphsoeMll ce cets Minerk monciembianes 
ee ee ane, 


feof 
—o (2u)? 


K)?+€ (27) 


i apr \(—ifrtM)y4(—ip +M)u(p2) 
). 1,.(q) y d*p, J. d} py —-— —— - “ — 
(pr+M?*) (p?+M?*) 


a 


dé 5(Q°—}E+p2) 


X6(r-Q— (E+1°)!Q) (ai (ko) Uu(pr) (ai p2)BU*Bu(ki)) 


> 6(@— t+ oC: Q- (E+7°)'Q0) 
y of anf d'ps Yq of gg pen 
cou)? (pr?-+M*) (ps 4+ M)E(P— K)+€] 


X5(potke— — k;)4M*(ii(k:) UA(pi)yuA (p2)BU*Bu(k:)). 


1e (—)4 
—— 2(2m)7N EE 


As in Sec. 3, we integrate over p2 and change the variable of integration from p; to P to obtain 


(45) 


dé 5(—4E+-u")8(4-Q— (E+1°)'00) 


~) 4 of af wof 


X {a (ko)iQL—i(P+3q)+M Jyu[—i(P— 39) 
1 
4q)?+M?][(P— 


Using the techniques of Feynman, one obtains 
_ te c 
(2x)? 

xf aa dz(1 


where 
A= M?(tz+1—2)? 
+4¢°[ (2t+-1—2)?—2°F(1—2y)?—1+2] 
+é(1—!)2+0?(1—2)2+2(1—2z)(1—4)20-K, 


_ tebe (= M? 
(2m)? 
+M jiQu(k:)} 


1 1 


Xo - —— x| + | (46) 
C(P+39)?+M?][(P— K)’*+é&] L[(P+0)?+M?P [(P—-Q)?+M*? 


wn) * Df oof dé 5(Q®—hE+u2)6(r-Q— (E+r°)400) [ ial 
2p)? ret 


+(Q—> —-Q)7, (47) 


— {LP+4q(1—2y)s-+K(t— e+-O(1—2) P+ ay? 


and (@-> —(Q) means a similar term with Q replaced 
by (—Q). 

The following coordinate system, in which the initial 
neutron is at rest, is chosen in order to carry out the 
integration with respect to Q in Eq. (47). As mentioned 


ksiQL—i(P+3q)+M byl —i(P MJiQu(k 
yaaa) faa fay] 2»)iQL—1 +g)+ dull 1( +29) + JiQu 1} 


(48) 
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previously, R= P—K is evaluated on the mass shell. 
(Here e is a unit vector.) 

ko= (Ae, M+), 

k,=(0,M), 

g=hk2—hi= (Aew), 

p2= (pe, (p’+M’)!), 

pi=potg=(At+ ple, w+ (p?+M’)!), 

A=((M+w)?—M?}, 


ieg,* 
Sor=— d‘ 
=(= ~) 4 of e 


(49a) 
(49b) 

(50) 
(51a) 
(51b) 
(52a) 








” a5 


(2)? 
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p=mz_(m;?/4M*) —1]}}, 
R= (r,r0) 
= (pe, (M?+p’)!—M) 
=(r, (m:?+r°)!). 
Conservation of momentum has been used to obtain 
Eqs. (52a) and (52b). 
When P+4q(1—2y)i2+K(t—1)2+Q(1—z) is re- 


placed by P’ and we integrate over P’, using standard 
invariance arguments, the result is 


(53) 


—}£+1)6(r-Q— (E+1°)'Qo) 


xf aaren—s fa af 4(-=)aea{ (-; — tr GLH 8 2)? 


1 
+3¢°[(st+1—2)?—2F(1—2y)?]—@?(1—2)*} scam” tl 1 -s)o 


| 


(K-Q)? 
X 
Ve 


1 
+[ect.-9 tim, ( 2) ——[e 
A 4K? 


—Q) ju(hi). (54) 


Combining each term on the right-hand side of Eq. (54) with its corresponding term (Q — —Q) and integrating 


over Q), one obtains 


eg,' M? 
Sion =) Aso f dsoa—9 fa af dy 
8(27)4 E\E: Mess 


xa(t)| of BI: + [M2 (2t-+1—2)° +4 9((2t-+1—2)*— 2 (1 —2y)?)—gae(1—2)* 2} ger? 


¢ 
+2iMK,(2t+1—2)*Joqe? +7 ug?s(1— nitainK,(—( —2y)*P2?—2?(1—1)?—-1 )r 


where 
400% 
msl a?-+-2-%6*(1— £/4M")] 
4aqer 
maLa-+-g2-%8*(1— ¢/4M%) 


4aM? [ 





Ji(§)= 


J(%)= 





2g2" 


9 
aden 


+2iMK,3I fu), 





J3(§)= 


+ 
mK [a?-tg2-26%(1—£/4M2) 2 [a?-+92496?(1—£/4M2) 





1 Bg2r(1—£/4M*)} 
ee) 
B(1—£/4M?)* a 
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2a 


a dor 





4M? 
Ji(§) = | 


mK 4s? F 

qor= (4¢—p")}, 
a= M?(t2+1—2)?+4¢[(st+1—2)?—2(1—2y)?— 
B=2(1—A)(1—2)sM, 

K?=— M?— (q°/4M). 


No approximation has been made so far in the evalu- 
ation of the perturbation term. Let us examine the 
integration with respect to é. The range of integration 
is over the unphysical region from (2u)? to (2M)? and 
the physical region from (2M)? to . After integrating 
over &, the labor of carrying out the remaining integrals 
is prohibitive. Further, the integrals over the terms with 
J; and J, of Eq. (55) are finite, but those over terms 
with J; and J, are divergent. The calculation can be 
simplified tremendously by the observation that each 
term in the integrand of the integral over £ vanishes at 
(2u)?, and the terms with J3 and J, vanish at (2M)? a 
well. Since the integrand is positive and continuous in 
the range between (2u)? and (2M)?, one may expect 





S4-—- F(— —) A “of 20a af ay 


X i(k) { vu! 


+ ae an 
a?-+92,36%(1—&/4M*) B(1—¢/4M?)A 
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a) 


a 


1+2]+é&(1—A)2+q2."(1—2)z, 


(62) 
(63) 





that a linear interpolation between these two points 
will give a reasonable approximation to cutting off the 
integral in the neighborhood of (2M). In other words, 
any deviation of our approximation from a rigorous 
calculation may be compensated by suitably adjusting 
the upper limit in the neighborhood of (2M). The con- 
tributions calculated with this approximation are 
smaller than those found from the fourth-order per- 
turbation calculation of the magnetic moment." 

With this approximation the terms with J; and J, in 
Eq. (55) do not contribute and the remaining integral 
over é is replaced by its value at (2M)?, multiplied by 
a factor 2M?, i.e 


—3Ji +[M?(2t+1—2)?+3¢((2t+1—2)?—2F (1—2y)?)—g202(1—2)? Vo} gar? 


+2iMK,(2t+1—2)*Jogon?}e-c2my?2Mu(ki). (64) 


Substituting Eqs. (56) and (57) at = (2M)? and q2x-M into Eq. (64), one gets 


M? 


2eg,4M* 
( ) A do f 2-2 f af ay 
8(2m)* \EyEs 


1 
a(t] rf ——+ {ML (ot-+1—2)*— (1-2) 4 4gL (at 1—2)*— 24 (1 —2y)"}}- ) 


2e 


2 
+2iMK,(st-+1—2)*— Jun - 
aé (2m)! 


where 


M? 3 
( ) A, (q) (ko) [Dox (Q)¥u+iK wGor(q’) Ju(hi), (65) 
Ey, E2 


Daeg) =— beat dz ea-9f dt af ay(—+0t i+1—2)*—(1—z)?] 
0 


, i 1 (#t+1—32)? 
Gex(q*) = — seca f dz 22(1—z) fa 2 f dy ————-, 
0 fo 0 aé 


—2te(1+-2)+ (1432) ]MP+4¢°[ (2t-+1—2)?— 2° (1—2y)?— (1—2)]. 


4 Nakabayashi, Sato, and Akiba, Progr. Theoret. Phys. Japan 12, 250 (1954); S. K. Kundu, Proc. Phys. Soc. (London) 72, 49 
(1958). Kundu has calculated the nucleon current part of the magnetic moment of the neutron using Chew’s cutoff model. 


a(q?)=[P2? 


When his results are adjusted to correspond to /?= 


0.08, it is found that the fourth-order term in f is about 70% 


2 
+4¢[(st+1—2)?—-#A(1 -I-), (66) 
a 


(67) 


(68) 


of the second- 


order term and both terms are negative. In the present calculation, both terms are again negative but the fourth- order term in f is 


only 20% of the second-order term. 
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From Eqs. (23) and (67), the contribution to the magnetic moment from the two-pion state jo’ is 


é 


po? = a ae Go, (0) 
(2r)4 





e fas ’ (st+1—2)? 
aalites 2(i-—g 
~ 2M (2n)! tN aet— Diels) + (+32) } 


. 7 
—— —16M‘9. 
2M rr 


: : (2t+1—2)? 
= f asea—s f a2 —_— ‘ 
0 0 [ @2?— 2te(1+2)+(1+32) } 
First the integration over / is carried out. 
dz 1+52z Z (1—2z+27) 6 5 : z(s—2*)4 
ee ee a 
22l2(1+s—2”) (1 42-23)? 2(1+3s) 1-—s 4 4 Z 1+2:—<2? 


The arc tangent in the last term of Eq. (71) may be approximated closely by expanding its argument and retaining 
the first three terms, i.e., by 





tan“ y= y— }y*+ 3 y'. (72) 
Equation (72) permits Eq. (71) to be integrated analytically over the variable z. This leads to 
ip 37 3+/5 7 23 1 6 41 47 In3+y ‘8) 
j= -in( —s pa’ ) ina -In(3+ 8)|- -(- —— — +41n2) 
45y/5 2 : » 2 \/8 48 48 /8 
-{ : > 17X33 In(3+8) 


pi esreiccemeneiansions )=o018733, (73) 
10\48 32x32 32x32 1/8 
and 

po?™ (2M /e) = —0.381 nm. (74) 


The second moment of the magnetic moment distribution from the two-pion state 4?" can be found from Eqs. 


(23) and (67). It is 
e f' 
G2,'(0)=— _( 2080), (75) 
2M r 


—— [ $22? + 22t(1—s)—2(1—2) ] 
som f ass (1—s) f dt 2: - ? (76) 
: 22 9te(1+2) +1432}! 





These integrals over the variables ¢ and z may be carried out with the aid of the approximation Eq. (72) to obtain 


1 23 11\ In(+3V/5) 2 9 In( (3+) 
somto+ {24+ - (22+ ) . +(-2-=+—) m+ (264 ). 
ol 60 40 J/5 9 16 - we 


8 1 19 In(3+v 8) 
+—| 2+-+— ~(24- ) ina+ (5+ -— >): - | 
45| 2 128 6 128) 4/8 


211 \ In(3+4/8) 40 
(31+ ) sini dnds Wet ind] ~0.00445, (77) 
/8 3 


1 75 1 
+ |-1+—— - 
12X64 


90 256 6 
Substituting Eq. (77) into Eq. (75), one obtains 


us’* (2M /e) = —0.0015/n°. ae 
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Similarly, from Eqs. (22), (66) and (67) the second moment ¢,”" of the charge distribution from the two-pion state 


is found to be 


2e 
e”* = -——[D’(0)—MG'(0) ] 
(2m)4 


4fteM? 


=——— ($n +35a), 


Tv 


where 9g is given by Eq. (77) and 


22%2(1—2y)? 


1+<2 





1 72(et+1—2)?—22 - 
=f asva—» f dt uf isl 
0 0 0 2[ Ps? — 2t2(1+2)+1+32 }* 


_3L@t+1—2)'— (1—2)? JL (st+1—2)?—2F(1—2y)?—1+2] Y 








(f2*—2ts(1+2)+1+3s} 


Integration of Eq. (80) over y, ¢, and z, using Eq. (72), leads to 


+45) 
a (28+ 
J5 


1 9\ In(3 
sy=¥8- ot] - (1s+—) - 
12 20 


From Eqs. (77), (79), and (81), we finally obtain 
‘e=0.0022/p?. (82) 


For the various quantities considered above, the 
perturbation calculations from the meson current part 
were as follows.'® 


po? (2M /e) = —1.57 nm, (83) 
uy”(2M/e) = —0.0321/p?, (84) 
€:?/e= —0.0187/p?. (85) 


The magnetic moment found by adding all three 
contributions given by Eqs. (33), (74) and (83) is 
uo(2M/e) => (uo? +07 + 0?") (2M, ‘e) = —4.09 nm. 


Similarly the second moments of the distributions of the 
charge and magnetic moment given by Eqs. (34), (82), 
and (85) and Eqs. (35), (78), and (84), respectively, are 


€,/e= (€,? +e" + €:°")/e= —0.0046/n?, (87) 


(86) 


and 


oy (2M /e) = (uy? +ui* +422") (2M /e) =0.0583/u?. (88) 


The mean-square radii of the distributions of charge 
and magnetic moment are given from Eqs. (24), (25), 
(86), (87), and (88) as 


(r*),= (0.23 10-" cm)?, (89) 
(r?)2= (0.41 X 10-" cm)?. (90) 
15 The correction terms are neglected both for the nucleon and 


meson current part. The contributions from these parts are not 
expected to be larger than 20% of the perturbation result. 


73 
—) In2 
80 


1 $77 41 \ In(3++/8) 921 
+(36+--——+ .) 4 
6 160 64x32 


‘meal °°" (81) 
J/8 


32320 
For the neutron the charge-n -mean- square radius is 
defined as (r?),; = —6¢;/e. 


5. DEUTERON STATE 


We have so far considered only those states whose 
nucleon number is zero. For the neutron-proton system, 
the lowest state with nucleon number two [i.e., the 
states corresponding to the first term of Eq. (15) ] is 
the deuteron state which makes a discrete contribution 
at 
mot gt QM-BY og 


vp=— —___—-—M-—, 
2M 2M 2M 


——M—— (91) 


2M 


where B is the magnitude of the binding energy. Other 
states which contribute to the first term of Eq. (15) 
have m,>2M. The continuum resulting from the 
states of two free nucleons starts at y= M—(q?/2M). 

In the case of dispersion relations for neutron-proton 
scattering at low energy, it is known that the deuteron 
state and the free nucleon states are of the same order 
of magnitude and contribute the bulk of the dispersive 
part of the scattering amplitude, whereas the one-pion 
state contributes at most several percent.'® One would 
therefore expect that the former states might play a 
dominant role in nucleon structure, but it will be shown 
below that their contributions are negligible. In order 
to estimate the magnitude of the contribution from these 
states, it would be sufficient to compute the discrete 
contribution of the deuteron state. Fortunately, this 


16S, Matsuyama and H. Miyazawa (private communications). 
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contribution has features akin to that of the one-pion 
state and may be obtained similarly. 

When Eq. (16) is written for the deuteron state, the 
result given in GNO (with slight modification and with 
the tensor forces neglected) is 


A »(v pie: u ke U( peo Pya(py u(ky ° 


—T; 


(92) 


The operator P; projects out the triplet states and may 


1€ (- M? a 
” (mn)! E Es 
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be written as 
P,.=[3+ (e-¢) |/4, 
o> 1YsY>- 


The R= (MB)~} is the radius, and r,=1.7X10-® cm is 
the effective range for the spin triplet state of the 
deuteron. 

Substituting Eqs. (92) and (93) into Eq. (15), de- 
fining its contribution to S as Sa, and summing over the 
spinors “u(p:) and “(p2), one has 


(93) 


yeaa d*p, | d*p. 8(po+ks—pi—hi) 
o—(=) f rf a. Ps — 


X (ke) [3(—ipit+M)y.(—ipet+M)+40.(—ipi+ My, 


( ces ipot+M)oy |u(hki) 
1 
i ; 
(p.2-+M?)(p2-+M*)[(P+K)?+mp"] 





The calculations can be carried out in a manner similar to that for the one-pion state as is indicated in Sec. 3. 


The result is 
? 


Sa = 
2r 
where 


Di(qg?)=-— 


From Eqs. (23) and (97), the contribution to the 
magnetic moment from the ones -pion state uo? is given by 


-{3+2n+ (—n?+1) Inn 


2M 1 
e aM (R—r;) 


+ (2n?—4n—6)[(4/n)—1]}-! cos(n!/2)} 


=0.005 nm, (99) 
where n= (2M — B)*/M?®. 

Thus it is safe to conclude that the deuteron state 
(even if we had included the tensor forces) and the 
free-nucleon states make negligible contributions, i.e., 
less than one percent of that from the one-pion state, 
to nucleon structure. 

In low-energy nucleon-nucleon scattering, the one- 
pion exchange contribution is very small because the 
matrix elements of ys between positive spinors are very 
small. On the contrary, for nucleon structure, a nucleon 
after emitting a meson may go into a state with nega- 
tive energy and interact with an external field. Such 
contributions are very large because of the pseudoscalar 
character of ys. Further, as can be seen from Eq. (98), 
the integral for the deuteron state is smaller than that 


ze 
my u(q)@(k2)[Da(q?)vutiK .Ga(q’) ]u(hi), 


—— | di auf af @PL—-3}P?—Mf+¢Py(1—y) ] — 
seal CP+Ap} 


Gulg)=- f dt 21 f dy f d'P - 
Pads 


Ap=M?+¢y(1—y)+(2M—B)2(1—2). 


(95) 


(96) 


2M (f+t—2) 


’ (97) 
[P'+Ap} 


(98) 


of the one-pion state because n~4 for the former Ww hile 
n=1/M? for the latter. These are the reasons why the 
contribution from the deuteron state is so small. 


6. DISCUSSION 


The contribution of the nucleon current to the electro- 
magnetic structure of the neutron has been estimated, 
thus removing the earlier assumption that the neutron 
has a point core.'.* The method is essentially based on 
using dispersion relations off the mass shell although 
there is no rigorous proof that this procedure is valid. 
Another difficulty is that such perturbation-theoretic 
calculations seriously violate unitarity; but there is no 
satisfactory method of handling this difficulty. As a re- 
sult, the one-nucleon state contribution to the meson 
current and the one-meson state contribution to the 
nucleon current are grossly overestimated. In particular, 
FGT have essentially shown for a slightly different case 
that the one-meson contribution or nucleon-pair con- 
tribution to nucleon structure is very small compared 
to the meson current contribution, whereas we find that 
the contribution of the former is almost as large as that 
of the latter. In the following discussion of the present 
results, both points mentioned above should be kept 
in mind. 
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In the present paper, only the contributions from the 
one-pion and two-pion states of neutron-proton scatter- 
ing were taken into account. The question remains as 
to what are the contributions of the additional inter- 
mediate states of nucleon-nucleon scattering. 

The next important intermediate states of nucleon 
number zero are the three- or more-meson states as well 
as those states with K mesons and nucleon-antinucleon 
pairs. As for the latter states, FGT have shown that 
these states contribute very little to nucleon structure. 
For the intermediate states of nucleon number two, one 
encounters the states of two free nucleons. These states 
are presumably small in analogy to the case of the 
deuteron. 

The contribution to nucleon structure from the two- 
pion states was found to be about 15% of that of the 
one-pion state, mainly because of the higher energy 
denominators in G and D functions of the two-pion 
state, compared to those of the one-pion state. If this 
fact may be regarded as an indication of the contribu- 
tions from more than two meson states, one might 
venture to say that these also give small contributions, 
unless something drastic happens with these states. 

Granted that the main contributors to the nucleon- 
current part of the nucleon structure are the one- and 
two-pion states, then the final result, incorporating the 
perturbation part of the meson current, is as follows. 

Both pion states reduce the charge radius of the 
neutron. The final value is (r?);=(0.2310-" cm)’. 
This corresponds to a neutron-electron potential of 1.7 
kev arising from the electrostatic field of the electron. 
For the two-pion contribution a lower limit was found, 
so that if the high-energy tail is included, (r*), will be 
reduced further. However, it will not be reduced to 
zero because this would require a factor of three, which 
appears extremely unlikely. Unfortunately, we have no 
way of estimating the errors introduced by integrating 
up to (2M)?, except to mention that in their approach 
Chew ef al. and Federbush ef al. found numerical re- 
sults close to those of the cutoff model. 

The calculated magnetic moment of —4.09 nm is 
about twice the experimental value —1.91 nm. This is 
the same difficulty that occurs in covariant perturba- 
tion theory when /?=0.08 is used. Perhaps this might 
be remedied by a proper treatment of the unitarity 
condition. The two-pion contribution to the magnetic 
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moment proportional to f* is much smaller than the 
result of the fourth order perturbation.“ The reason is 
that in our procedure, when higher order terms are 
included, we may separate out the unimportant con- 
tribution, for example, from the states of two free 
nucleons, and retain only the important contribution 
from the one-pion state. 

The value of (r?)2= (0.4110~-" cm)? which is ob- 
tained for the magnetic radius of the neutron is com- 
parable to the value of (r?)2= (0.45X10-" cm)? found 
for a point core. If the experimental value wo= —1.91 
nm instead of uo= —4.09 nm is used in Eq. (25), the 
result is (r?)o=(0.50X10-" cm)’. This is in better 
agreement with the most recent experimental value of 
(r*)o= (0.80K10-" cm)? obtained by Yearian and 
Hofstadter.'7 

Our numerical results are in only moderately good 
agreement with experiments. This apparently is an 
indication that a proper treatment of the unitarity 
condition is necessary and also that the dispersion 
amplitudes for nucleon-nucleon scattering'® must have 
a different form, i.e., a different assumption must be 
made about the behavior of the cross sections at high 
energies. Even after the dispersion relations are modified 
as mentioned above, the discrepancy in the electric 
radius of the neutron probably will survive. That is, 
the contribution from the nucleon current improves 
agreement with experiments as far as the neutron- 
electron interaction is concerned so that there is hope 
of resolving this discrepancy, but the mystery remains 
to be understood. 
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The treatment of large infrared contributions to electron scattering is discussed. An expression is given 
for any energy resolution, yielding a previously conjectured form in the limit of perfect resolution. 





INTRODUCTION 


CHWINGER' has conjectured a form for the radia- 
tive corrections to Coulomb scattering in the limit 
of perfect energy resolution (AE — 0, where AE is the 
experimental upper limit on the energy radiated by real 
emission of photons). The AF dependence of this con- 
jecture has been verified, but the E dependence was 
indicated to be that of the conjecture only to lowest 
order. The purpose of this note is to establish the cor- 
rect form to any order utilizing an earlier result of the 
author’s, valid for all AE. 


DERIVATION AND DISCUSSION 


In I was shown that 


o(AE,E,0) = b(AE,€,C)on(€,E,0)+0(¢/(E—m)) 
+O([a In(e/E)]"*), (1) 


where E is the total energy of the incoming particle, @ is 
the scattering angle, and ¢ is a parameter chosen so that 
e/(E—m)=[a In(e/E) ]"* to optimize the accuracy. 
'=C(E,9) = (2/x) (tanh~8’/p’—1), B’= | p’|/E’, where 
p’ and E’ are the momentum and energy of the outgoing 
particle in the rest frame of the incoming particle. 
a,(€) is the cross section up to mth order in the con- 
ventional perturbation series with ¢ as the lower cutoff 
on the photon energy. Thus, neglecting the effect of real 
and virtual photons with energy less than ¢, on(e) 
represents the cross section up to O((aIn(¢/£) ]"). 
b(AE,«) represents the modification of the cross section 
by virtual photons of energy less than e, and by the 
emission of an indefinite number of soft photons of total 
energy less than AE. It is in the separation of 6 from o, 
that the error O(¢/(E—m) ) arises. For large E and small 
AE, this error can be made less than [a In(AE/E) |", 
the error inherent in the usual perturbation theory. 
The function } has been given in closed form in refer- 
ences 3. By performing the last integration indicated, it 
becomes (using —AE for the lower limit, whose only 
restriction is to be negative) 


. me neg in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Permanently at McGill University, Montreal, Canada. 

1 J. Schwinger, Phys. Rev. 76, 790 (1949). 

2D. R. Yennie and H. Suura, Phys. Rev. 105, 1378 (1957). 

3 E. L. Lomon, Nuclear Phys. 1, 101 (1956), hereafter referred to 
as I. The result of I is based on the article by J. M. Jauch and F. 
Rohrlich, Helv. Phys. Acta 27, 613 (1954). 


b(AE,«,C) 


1 f* do * dw 
=— f — sin(cAF) exp] ac f —(e*r— »| 
o O 0 WwW 


1 7” dr OB dy 
= - f — sinr exp| aC “(r= 1) | (2) 
r 
0 


w (um T 


where r= —oAE and A=w/AE. 

Equation (2) can be compared with Eq. (7) of refer- 
ence 2. In the latter case the correction factor differs 
from 6 in that it does not include the effect of any 
virtual photons, which instead are included in the 
unknown o’. This shows up in the nonappearance of the 
— fo/*¥dd/d term in the exponential of the integrand, 
and in the necessity of including a lower cutoff on the 
soft photons in o’ and the correction factor. 

The integration over in Eq. (2) can be performed, 
giving 


2 aCr\ /AE\ % 
6(AF.40)=-( cos") ( ) 
T 2 ey 


© dr € 
xf sinr exp(ac ci r), (3) 
0 qitac AE 


for any AE<e. y is Euler’s constant and Ci is the cosine 
integral. Equation (3) differs from a similar expression 
given by Jauch and Rohrlich‘ in that they have treated 
the special case e= AE. Their expression then depends 
only on C. In doing this they have omitted from b(A£) 
a large part of the infrared contribution for the optimum 
value of ¢. Their } is thus small for any reasonable 
energy. In effect they leave the major part of the 
infrared contribution to be treated by perturbation 
theory, where it appears in the factor In(AE/£). 

As AE 0, exp[aC Ci(e/AE)7]— 1 and the asymp- 
totic dependence on AE is (AE)*°=exp(aC InAE) as 
conjectured by Schwinger! and verified in reference 2. 

Equation (3) together with Eq. (1) gives the energy 
and angle dependence, as well as the AE dependence for 
all AE up to O(e/(E—m)). The integral in Eq. (3) 
converges for non-vanishing AE. For AE=0 the integral 
diverges when aC > 1, corresponding to E>4X 10" mc’. 
Such energies are not likely to arise in practice, but it is 


4J. M. Jauch and F. Rohrlich, Theory of Photons and Electrons 
(Addison-Wesley Press, Cambridge, 1955), pp. 403-404. 


726 





RADIATIVE CORRECTIONS 


a formal point that for these energies the limit AE — 0 
should be taken after the integration. 

For AE/e~1, we may expand Eq. (3) in powers of 
aC and obtain*® 


b(AE)=1—aC In(e/AE)+---. 


Clearly then b(AE) can be appreciably different from 
unity for possible energies and energy resolution. This is 
in contrast to the case‘ in which AE=e and the lowest 
order contribution and all lograthmic terms drop out. 
For e#AE, subs‘untial parts of the infrared contribu- 
tion may be included simply in b(AE), permitting a 
rapid convergence of on. 
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It is likely that Coulomb scattering and Mller 
scattering in the Bev region will soon be possible, the 
latter requiring intersecting beams of electrons. The 
value of In(A#/£) in these experiments is likely to be 
such that the accuracy of the conventional perturbation 
treatment to lowest order in the radiative corrections 
will not be adequate. The modification described above 
will include the larger part of the higher order correc- 
tions (the infrared contribution), and extend the region 
for which higher order perturbation calculations are 
unnecessary. An analysis of high-energy scattering using 
Eq. (1) is being prepared by Arthur Shaw, to whom I 
am grateful for a discussion of the above remarks. 


NUMBER 2 JANUARY 15, 1959 


Radiative Meson-Nucleon Scattering. II* 


R. E. Cutxosxyt 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received September 11, 1958) 


A discussion is given of the corrections which must be made to the results of a previous calculation of 
radiative meson-nucleon scattering, in which the fixed-source model was used. Curves are given which show 
the spectrum and angular distribution of gamma rays emitted when positive mesons of energies 130 Mev, 


175 Mev, and 220 Mev are scattered by protons. 


I. INTRODUCTION 


N a previous paper! the author has discussed briefly 

the possibility of using the bremsstrahlung emitted 
in meson-nucleon scattering to obtain information 
about meson-nucleon interactions. It was there shown 
that the bremsstrahlung matrix element could be 
expressed in terms of the data obtainable from other 
experiments, provided a model was used in which only 
P-wave mesons interacted with a fixed nucleon, no 
information about such quantities as “bare” coupling 
constants, the cutoff, etc., being needed. This suggests 
that bremsstrahlung will give information about what 
may be considered as recoil corrections to the fixed 
source theory (assuming that the fixed source model is 
a reasonable first approximation to the correct theory). 
The object of the present paper is to discuss, although 
in a rather qualitative way, such corrections, and to 
give the results of some numerical calculations, with 
the hope these results will be of use in discussing 
possible experiments. 

It is important to keep in mind the following char- 
acteristics of the bremsstrahlung: the intensity of 
gamma radiation is a very rapidly decreasing function 
of the gamma-ray energy, and the intensity and angular 

* This work was supported, in part, by an Alfred P. Sloan 
Foundation Research Fellowship. 

t+ Alfred P. Sloan Foundation Fellow. 

1R, E. Cutkosky, Phys. Rev. 199, 209 (1958); hereafter 
referred to as I. 


distribution of the soft gamma radiation is completely 
determined by the scattering cross section, so only 
redundant information can be obtained from this 
relatively intense soft radiation. Thus, in order to 
provide significant information about meson-nucleon 
interactions, the intensity of high-energy gamma 
radiation must be measured very accurately, and in the 
presence of a much more intense low-energy radiation. 
For these reasons, it has seemed to the writer that it 
would be useful, for those who might be contemplating 
or attempting to perform bremsstrahlung experiments, 
to have an estimate of the expected spectrum, as an aid 
in searching for the recoil corrections and any un- 
expected effects. We shall give results for r+-p scattering. 

In the limit K — 0, the matrix element can be written 
down exactly in terms of the scattering matrix element, 
with all recoil effects of course being included auto- 
matically. We shall use the results of I as an aid in 
extrapolating the matrix element to finite photon 
energies. This extrapolation involves a certain amount 
of guesswork ; determination of the correct extrapolation 
is left to experiment. The starting point of the present 
work is therefore the result of I—Eq. (I52)—to which 
the reader is referred. Our first problem will be to 
modify (152) in such a way that it will be correct 
when K-—0. It has recently been shown? that not 


2F, E. Low, Phys. Rev. 110, 974 (1958). From this work the 
limit of 8 as K — 0 may be calculated. 
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only the K~ term, but also the term in the cross 
section which is constant when K — 0, may be expressed 
in terms of the elastic scattering matrix element. We 
have not availed ourselves of these results, since we 
are especially interested in rather large values of K. 


II. CORRECTIONS TO THE STATIC-NUCLEON THEORY 


The corrections which must be introduced to make 
the static-nucleon matrix element correspond to the 
result of an exact theory may be supposed to be of 
three types: (I) corrections to the current, (II) correc- 
tions to the meson-nucleon interaction, (III) trivial 
kinematical corrections, for center-of-mass motion, etc. 

The principle correcton to the current involves taking 
into account the convective current of the nucleon, 
which we do only in a nonrelativistic approximation: 
we add j,°=ev to the magnetic moment of the physical 
proton, where v is the velocity of the proton. The 
radiation from this part of the current interferes 
destructively with the radiation from the pion current 
in xt-p scattering, reducing appreciably the amount of 
radiation, especially in the backward direction. We 
shall not consider the corrections to the contribution of 
the proton current which arise from the finite momen- 
tum transferred to the proton, since at the energies in 
which we are interested these are minor corrections to 
a term which is itself not large. 

The interaction current which is added to the fixed- 
source model to make it gauge invariant is supposed 
to simulate the contribution of antiprotons, strange 
particles, etc., to the current of a proper theory. It 
does not represent this current exactly, except in 
certain nonphysical limits (as in the Kroll-Ruderman 
theorem). Experiments on photoproduction indicate 
that the contribution of the true current to positive 
meson emission near threshold is substantially less 
that is suggested by the fixed-source model. This 
suggests that we should include in M' (the contribution 
of the interaction current to the bremsstrahlung 
matrix element) a factor 8, which should not be strongly 
energy dependent, but which should decrease the 
magnitude of M' in the case of r*-p scattering, perhaps 
by as much as 20% near the resonance energy. This 
factor 8 would have a different value when negative 
mesons are scattered by protons. A measurement of the 
very-high-energy part of the bremsstrahlung would 
essentially be a measurement of the magnitude of this 
factor B.? 

The quasi-classical part of the contribution of the 
meson current is given by Eq. (125), which we rewrite 
here using a slightly different notation: 


2ieesarq:2(Wo, Ugix, Pps) 


(4Kw,)'(w,?— wai x’ +e) 


M?= 


2ieesspt(Vqa?, Ux—p, Wo) 


-. (1) 
(4Kw,)!(we—wp_x’ tie) 
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In I the symbol V,*=(2w,)-1U, was used. In the 
convariant theory, a similar term will arise, and will 
contain a modified meson current and modified meson 
propagation functions, as well as the appropriately 
modified scattering matrix element. We shall actually 
use Eq. (1) as it stands, with a minor correction for the 
motion of the center of mass, but it is desirable to 
have some idea of the qualitative differences that 
might arise in the covariant theory. 

An insight into the modifications to M® can be 
obtained by ignoring all differences between bare 
mesons and physical mesons, but otherwise attempting 
to use a relativistic theory. By so doing, one merely 
repeats the derivation of I, except that the momentum 
end energy of the nucleon appear in the result for M®: 


2ie€ sar i 2 


———(Wi-4- x), Ug x, pps) 
(4Kw,)'A, . wi 


M®= 


2iee susp @ 


————_(f- —K)— a, Ux- 7 a (2 
(4Kw,)'A, q—K)—q K—p, u¥ (—p) ) 


where 
Ag= (wot E,— Eq+x)?—wq;x?= 2Kw,—2K-q. 


In (2) a notation is used in which y.~¢—K) and Yip) ps“? 
are states in which the nucleon has momenta — q— 
and —p, respectively. The matrix elements appearing 
in (2) could be identified with the scattering matrix for 
meson-nucleon scattering, if the momenta were such 
that energy were conserved. However, unless K=0, 
Eq. (2) contains the scattering matrix off the energy 
shell. 

An examination of the way in which the matrix 
element can depend on the independent covariants that 
can be formed from the momenta in the general case 
suggests that one appropriate way to discuss the 
extrapolation off the energy shell is as follows: We 
express the matrix element (in the c.m. system) in 
the form 


di (Vi, Ove) _ 
(2w,E,Ey)* lJ 


p'r'A1y(0) Tis (wy*,A) a 
(4.04%,EpE,)? | 








where A,,(8) is a matrix in the spin space of the nucleon 
and 6 denotes the scattering direction, while 7 and J 
are the orbital and total angular momenta and w,*=w, 
+E,—M, (the isotopic spin is suppressed from the 
notation). The factor r' gives the effect of the centrifugal 
barrier on the virtual meson; all nontrivial features of 
the extrapolation off of the energy shell appear through 
the dependence on the variable A= (w,+£,— E,)?—o,. 
For P-wave scattering, using the static model, and 
interpreting the result as holding in the c.m. system of 
the meson and the nucleon, is equivalent to using 
Eq. (3) but ignoring the dependence on A. We shall 
also extrapolate the S-wave part part of the matrix by 
ignoring the A dependence. 
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The form of the corrections to M® suggests several 
remarks. First, the success of the static model suggests 
that for P-states, the A dependence will not be impor- 
tant. However, for S- and D-states, the variation of 
the matrix element with A may be quite strong. 
Second, the factors A;-' and A,~' in the two terms of 
M® are responsible for the characteristic features of 
bremsstrahlung—the large amount of soft gamma 
radiation, and the strong forward peaking of the 
radiation from relativistic particles. Therefore, the 
measurement of the corrections to M, which depend 
on A, or A, being large, will require looking for an 
isotropic, or nearly isotropic, component of the high- 
energy gamma radiation. 

While the effects we have discussed above do not 
exhaust the corrections that must be made in the static 
model, we may expect that they are the most important 
effects. The term M®) does not need a further correction 
for the effect of the physical structure of the r meson, 
as has been pointed out by Low.? 


III. KINEMATICAL EFFECTS 


The relation between the matrix element 7,, and 
the scattering cross section is 
Ging = + (2r)-*y,?| Las | "dQ, (4) 
spins 
where y,'!=1+w,/M. Therefore we redefine the 
quantity hk, by including the statistical factor: hy 
=(1+w,/M)p- siné,. The scattering matrix element 
is then 


T ga, pp= — 44 (4wqwy) *[hpe”?(3p-q—q-ap-a) 
—~ a3e"*? |(Sap— } TaTB), (5) 


where we include, in addition to scattering in the 
(3,3) state, only an approximation to scattering in the 
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Fic. 1. Spectrum of gamma rays, in the c.m. system, emitted 


in the radiative scattering of positive mesons with initial labora- 
tory energies of 130, 175, and 220 Mev by protons. 


130 Mev 








Fic. 2. The function S(K,@) which gives the angular and 
spectral distribution of gamma rays in the c.m. system at the 
laboratory energy 130 Mev. For these curves it was assumed 
that B=1 and y=0. 


S-state. The phase shift in the 7= 3 S state is a,, and 
a’ is (1+1/M) times the scattering length. 

The bremsstrahlung matrix element which was 
calculated from the static theory (152) is interpreted as 
applying in the c.m. system, and the momenta p and 
K are taken to be the momenta of the initial meson 
and the photon in the c.m. system. However, we 
shall interpret q as referring to the final momentum 
of the meson in the system in which the center of mass 
of itself and the nucleon is at rest, if the last interaction 
of the meson is with the nucleon; otherwise, if the last 
interaction of the meson is the emission of the photon, 
we replace q by q’, where q’ is the momentum of the 
meson in the total c.m. system. The relation between 
q and q’ is 


Wa K, q-K 
M+a4 


/ 


Ge es 


where we have assumed that K/M is small. We shall 
also use the relations 
Kw,— K-q’=0'(Ka,—K-q), T=75/%e 
wp*=K+u.+3¢/M+}K?(Mt+a,+3¢/M)'=E, 
dE/dag=Yq', 


Bq! = Bqug'/wa= d'gl1— q: Kug (M+) ]. 


IV. RESULTS 
In place of the matrix M we write 


M = 4me(8Kww,) XX. 
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175 Mev 








Fic. 3. Same as Fig. 2, with laboratory energy 175 Mev. 


Then our final result for the cross section for radiative 
meson scattering is 


a dK qk? 
do= sage F Saati —_ 


4r° 
x(1-——_) r [Xl2 (8) 
wq(M +a) spins 


For r*-p scattering, we use, with X= X,+X2+X3+X,: 
X,=Bh,e*>(3e-p—e-ea- p) 
+ Beh, (3e-q—o@-qo-e), 
. ( qitreK: qi 
X 22> Ig ‘fe F 
Kw,—K-q KM 
pi pi 
—hge*«(3q;—@- qo; ( Fa _ ~)p 
Kw,—K-p KM 
—Iq-e[ (Kw,— K-q)"— KM Ja;e"*” 
+p-eaze*«[ (Kw,—K-p)"—K“M™ ], 


(9.1) 


a pe’? (3p;—o@- Pp) 


(9.2) 


X;=u,(2MK)-{ —to- (KXe)[3q- p—o- qo: p |h,e* 
+[3q-p—o-qo-p jio-(KXe)h,e%, (9.3) 
X= —3 hohye®vt atin (g;—@- qo;) (eK j;— Ke) 
X (pj— 3050 p), 
— 3h yhgze®*vt att (9;—4@- qo;) (eK j+6;K;) 


X (pj;—- (9.4) 


}0;0°p). 
No attempt has been made to include correctly, in X, 
terms which are of order M~*. 

We shall not write down an explicit expression for 
the cross section as this would take too much space. 
The qualitative behavior of the cross section can be 
inferred most easily from the numerical results. 

The numerical calculations were confined to the 
resonance region: 130-Mev, 175-Mev, and 220-Mev 
laboratory energies. The experiment may be more 
interesting at higher energies, but the information 
about elastic scattering is not sufficiently detailed to 
permit a precise calculation. The rescattering correction 
also becomes much more important at higher energies. 

Several unknown parameters were introduced into 
the matrix element (9) to represent unknown effects. 
For the calculations it was assumed that the electric 
quadrupole rescattering correction is negligible. Calcula- 
tions were made with y=3 and 7=45°, and with y= 
(as an illustration, to estimate the effect of the rescatter- 
ing correction on the numerical results). The parameter 
B was given the values 1.0 and 0.8 in order to show the 
experimental accuracy that would be required to 
measure this quantity. 

The spectrum of gamma rays in the c.m. system, 
integrated over all angles, is shown in Fig. 1. For these 
curves we let B=1 and y=0. 


220 Mev 








Fic. 4. Same as Fig. 2, with laboratory energy 220 Mev. 
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The remaining figures (Figs. 2-5) show the photon 
spectrum at three different angles in the c.m. systems. 
The quantity plotted in these curves is not the differen- 
tial cross section, but a quantity S, defined so that 


do=a(rK)“SdKdQx. 


The quantity S is a useful quantity to consider because 
it shows most conveniently the departures from the 
semiclassical, point-scatterer approximation. If that 
approximation were valid, the curves for S vs K would 
be horizontal straight lines. It is apparent that the 
intensity of high-energy radiation is much less than the 
semiclassical theory suggests. In Figs. 2-5 the unit in 
which the photon energy is expressed is the rest energy 
of the meson, while S is given as a multiple of the 
square of the Compton wavelength of the x meson. 

It is evident from these curves that in order to 
obtain significant information a very high experimental 
accuracy would be required. At the higher energies it 
is apparent that uncertainty in the rescattering correc- 
tion tends to mask the more interesting effects. A 
measurement of the angular distribution of the outgoing 
meson would help to separate these effects because the 
rescattering correction requires the outgoing meson to 
be in a P-state, while the interaction current term is 
especially important when the outgoing meson is in an 
S-state. The corrections to the scattering matrix element 
discussed in Sec. II are likely to have an effect on the 
energy and angular distributions which is similar to 
that of the rescattering corrections, and so could not be 
so easily measured. It might appear that other uncer- 
tainties at the end point of the photon spectrum 
would appear as a result of the uncertainty in the 
extrapolation of the S-wave scattering matrix off the 
energy shell, but it is found that the contribution of 
S-wave scattering at this energy is only a few percent of 
the contribution of the interaction current. 

A particularly noteworthy feature of the 220-Mev 
curves is the hump in the function S(K) at 45°. The 
hump corresponds to an energy for the outgoing meson 
which is near the resonance energy. It will be recalled 
that the forward peaking is most important in the term 
in Eq. (9.2) which contains the scattering matrix for 
the final meson energy. At higher energies this hump in 
the S(K) courve would be shifted to higher proton 
energies and be more pronounced. 
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A classical theory of free fields corresponding to quanta of arbitrary integral spin has been formulated 
by Dirac and Fierz. Sources of such neutral fields were considered by Harish-Chandra, who also obtained 
the equations of motion for arbitrary multipole singularities. It is noted that for fields of nonzero rest mass 
and spin the conditions imposed on the sources by Harish-Chandra are more stringent than is required by 
the invariance properties of the fields, and a more general set of equations is proposed. The corresponding 
equations of motion are obtained for arbitrary multipole singularities. The theory is extended to charged 


and charge-symmetric fields. 


I. INTRODUCTION 


CLASSICAL relativistic theory of wave fields 

which after quantization describe neutral or 
charged particles of arbitrary integral spin has been 
given by Fierz.! A field corresponding to spin s(2 1) is 
described by a tensor of rank s; this description is 
equivalent to an earlier one by Dirac’ in terms of 
spinors. The equations for spin one are those of the 
vector meson field considered by Proca* and others, 
and contain the electromagnetic field equations as a 
limiting case. 

Fierz only considered the case of free fields. Sources 
of the spin-one field had been discussed by many authors 
in connection with the theory of nuclear forces; in con- 
nection with the problem of obtaining equations of 
motion of particles interacting with such a field they 
were considered by Bhabha‘ for neutral and by 
LeCouteur® for charge-symmetric fields. The case of 
neutral fields of arbitrary integral spin was treated by 
Harish-Chandra,*® who obtained the general form of the 
equations of motion of the multipole singularities of 
such fields. 

In introducing the sources Harish-Chandra assumed 
that they satisfied an “equation of continuity” anal- 
ogous to the one valid for the electric charge-current 
density. In the case of electrodynamics this equation 
(and thus the conservation of charge) is a consequence 
of the gauge invariance of Maxwell’s equations,’ which 
in turn is related to the fact that the electromagnetic 
field has rest mass zero. Fierz’s equations are similarly 
invariant with respect to the transformations of a 
generalized gauge group, but again only in the case of 
rest mass zero.! Thus Harish-Chandra’s assumption is 
not a necessary consequence of the transformation 
properties of the Dirac-Fierz fields of nonvanishing rest 
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mass, and does not bring out the features distinguishing 
such fields from those of zero rest mass.® 

It is the purpose of this paper to show that sources 
of the fields considered by Fierz and similar charge- 
symmetric fields can be introduced without the re- 
strictions imposed by Harish-Chandra, and to obtain 
the general form of the translational and rotational 
equations of motion obeyed by these sources if they 
are taken to be multipole singularities of the fields. 

For physical reasons it appears necessary to impose 
restrictions beyond those required by the rotational 
equations on the intrinsic angular momentum of the 
singularities, as has already been pointed out by 
Harish-Chandra. In a paper to be published shortly, the 
consequences of these further restrictions are inves- 
tigated for fields of spin one, and the general form of the 
multipole singularities of such fields is established. In 
the case of the interactions considered by Harish- 
Chandra, it has been noted that for fields of spin two or 
higher it is not possible to satisfy these further re- 
strictions’; similar conclusions can be drawn with the 
more general interactions introduced in this paper, as 
will be shown in a subsequent publication. 

In the case of a spin-zero field the source function is 
a scalar and therefore the question of the imposition of 
an equation of continuity does not arise. For this case 
the general form of the equations of motion in neutral 
fields was given by Harish-Chandra‘®; the theory has 
also been extended to charge-symmetric fields and the 
general form of the multipole singularities compatible 
with the further restrictions on the intrinsic angular 
momentum has been established.” 


II. EQUATIONS FOR NEUTRAL FIELDS 
WITHOUT SOURCES 


We shall first outline Fierz’s theory for neutral fields. 
The original theory was given for charged fields as well, 
but for our purposes it will be more convenient to treat 


§ For the invariance properties and transformation laws of zero 
rest mass fields see J. A. McLennan, Jr., and P. Havas, Phys. 
Rev. 87, 898 (1952), and J. A. McLennan, Jr., Nuovo cimento 3, 
1360 (1956); the relation to the equations of motion is discussed 
by P. Havas, Phys. Rev. 87, 898 (1952). 

® P. Havas, Bull. Am. Phys. Soc. Ser. II, 2, 189 (1957). 

1 P, Havas, Phys. Rev. 93, 1400 (1954). 
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charged fields as a special case of the charge-symmetric 
fields considered in Sec. IV. The neutral fields discussed 
here are obtained from Fierz’s equations (in addition 
to some changes in notation made in accordance with 
reference 6) by taking all field quantities as real. 

We consider a four-space with coordinates x*, Greek 
letters taking the values 0, 1, 2, 3, where x° is the time 
coordinate. Repetition of an index implies summation 
over this range. The velocity of light is taken as unity. 
The metric tensor g,, is given by 


gw=0 if uxv, go=—gu=—g2=—gss=1. (1) 


We shall use the abbreviations 


0,=0/dx", ap...=Ias..., [J=0d, (2) 

A neutral field of spin s(21) is characterized by a 
real symmetric tensor U... of rank s, satisfying the 
generalized wave equation 


(+x’)U...=0, (3) 
and the subsidiary conditions 
a°U,...=0, 
(5) 


Here x is a constant with the dimensions of reciprocal 
length (corresponding to particles of mass hx/c after 
quantization). The conditions (4) and (5) are necessary 
to assure that the quantized theory should describe 
particles of spin s only, without admixture of particles 
of smaller spin. Therefore we shall have to introduce 
sources in such a manner that these conditions will 
remain valid outside the sources. 

Equations (3)-(5) correspond to the description of 
the electromagnetic field by means of potentials. It is 
also possible to introduce quantities and equations cor- 
responding to a description by means of fields. We 
introduce 

U (ag}...V= OaUg...— OpU a...; 


which, from Eqs. (3)—(5), satisfies 


O°U [ap}..-P+x7U5...=0, Usagi... 8 =0. 


This procedure can be continued by defining 
Uap}... O= OqUs...-Y — OgU g...-Y 


(U...=U...) (6) 


for all values of g<s. Here and in the following it is 
understood that the dots indicate that the various 
indices, their order and the way they are paired inside 
square brackets are exactly the same on the two sides 
of any equation except for the indices written explicitly. 
Any tensor is antisymmetric in the indices inside a 
square bracket. For dots appearing in corresponding 
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covariant and contravariant positions, contraction is 
implied. 

As a consequence of the definition (6), and thus even 
in the presence of sources, we have 


U apy.» +U yayp...O+U pyja... =0, (7) 
aU (By)... + OU (ap)... + OU (ya)... =0. (8) 


By successive applications of the process (6) to Eqs. 
(3)-(5) we obtain 


(O+x2)U...©=0, (9) 
d°Ug... =0, (10) 


U,...M%=0, (11) 
These equations imply 


O°U (ap... TU +-7U 5... =(), 
U ap}. 


(12) 
(13) 


These relations hold for all values of g for which the 
appropriate quantities can be defined; i.e., Eq. (9) is 
valid for all g<s, Eqs. (10) and (12) for all g<s—1, 
and Eqs. (11) and (13) for all gg s—2. 

It was shown by Fierz that there exist s different 
symmetric tensors of rank two whose divergence 
vanishes by virtue of the field equations and which are 
thus all suitable for use as energy-momentum tensors. 
Although they correspond to different density dis- 
tributions, they all give the same (positive definite) 
total energy. They are defined for g>1 by 


4nT,, "= (2x7)! tf — 1)... toupee OCU O>*-tr) >: 
+46,U...9U@ > +-47(U...,@ 1) [J (a 1)+++» 
~44U... DUD), 


at DB—(), 


(14) 


For future use we evaluate the divergence making use 
only of definition (6) and the relations implied by it. 
We then obtain 


ArT,” = (2x?) 9f[ ((J+x7)U...6 
— 9,U...y) JU @ ton 
+x70U... pS MU >}, (15) 
which clearly vanishes, if the free-field equations are 
satisfied. 
Ill. NEUTRAL FIELDS WITH SOURCES 


We now introduce a symmetric tensor p... of rank s 
to describe the source density. From this we can define 
s other tensors 


Pag}... VE Dapp... 2) — Ogpa... TY (16) 


analogous to the fields introduced by the definition (6) ; 
we have, by virtue of (16), 


(17) 
(18) 


Ptas}y-+« + ppyays--- + pypyja.-. =0, 


Dapipy)--- +9 ypjagy--. + Opp{7a}.-. =0, 





734 PETER 
analogous to Eqs. (7) and (8), which, as noted before, 
remain valid in the presence of sources. The problem is 
to modify Eqs. (9)—(11) in such a manner that the 
divergence (15) becomes an expression bilinear in the 
sources and fields. Harish-Chandra® suggested that Eq. 
(9) be replaced by 


(+x VU... =4ap..., (19) 


and that one also require 


Opa... =0, 
and 
Pa... Y2=0,. 
Then we have 
(22) 


oT, oom (2x7)! Ip, ..9°f 1) [J (@)---[or] | 


However, as noted in the Introduction, this choice 
appears to be unduly restrictive. 

The form of Eq. (15) suggests the possibility of a less 
restrictive choice by relating the divergence of the field 
to the divergence of the source density, instead of setting 
them both equal to zero. Care has to be taken to main- 
tain the required symmetry in the unpaired indices for 
any tensor, as the expression in square brackets in Eq. 
(15) by itself does not have the required symmetry. 
We propose to replace Eqs. (3)—(5) by 


(CJ+x2)U...=4a(p... +x Dd 0,0%pa...) (23) 


x70°U a... =490"pa:..; (24) 


7U a@...°=4rpa..."; (25) 
where the summation in Eq. (23) extends over the s 
terms for which o equals successively the s indices of 
U..., with 0%pq... containing the other s—1 indices. 

By successive application of the process (6) and (16) 
to Eqs. (23)—(25), we obtain the relations 


(26) 


(27) 


(J+x2)U... =4r(p...M +7 ¥ 0,0%pa... 
x70°U a... =478"pa...™, 


VU «...O%=4apg...*. (28) 


From Eqs. (6), (26), and (27) we obtain 
0°U (ap)... TY +X7U 5... © 


=Ar(ps...O+x-? F 90% pas... ), 


and from Eqs. (6), (16), (27), and (28) we get 


x7U ap}... SFB = Aarpj apy... STVB, (30) 
The summation in Eq. (26) extends over the s—gq 
terms for whjch o equals successively the s—q different 
unpaired indices of U..., with 0%pq...“ containing 
the other s—q—1 unpaired indices. In Eq. (29) o 
equals successively all unpaired indices of Uz... 
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except 8. The values of g in Eqs. (26)—(30) correspond 
to those in Eqs. (9)—(13). 

Using Eqs. (26) and (27), we can reduce Eq. (15) to 
the form 


see 
HT, "= (xy panei - $8 o.m'e| 
x 


a Ae (31) 


The equations proposed here appear to be the simplest 
ones possible which are more general than Eqs. (19)— 
(21) and still imply Eqs. (9)—(11) outside the sources." 
Using the Green’s function G(x,x’) defined by 


((J+x?)G =6 (xo— x0')6 (41 — 14’) 5 (X2— x2") 5 (x3— 3’) 
(32 


where 6 is Dirac’s 6 function, we can obtain a particular 
solution of Eq. (19): 


U0 =a f Gla')p. (a 
From this we get 


aU g...O =4e f Ga'*pa...Od'x’, 


where 0’* indicates differentiation with respect to x9’, 
and 


UVani— der f Gp 


thus we must require conditions (20) and (21) to 
assure the validity of Eqs. (10) and (11) outside the 
sources if Eq. (19) is to be retained. We propose instead 
to replace it by a more general relation; our Eq. (26) 
is the simplest generalization of Eq. (19) with the 
required symmetry properties. 

The factors in Eqs. (26)—(28) were chosen as shown 
to assure the simple form of Eqs. (29) and (30). 
Actually, however, the derivation of the equations of 
motion in Secs. IV and V does not require the use of 
Eqs. (28) and (30) at all. Thus Eq. (28) could be 
replaced by a different condition without changing the 
results of this paper. 

It might be thought that one could introduce the 
interaction through Eq. (29) without the last term. 
This would imply Eq. (27), but would lead for s>1 to 
a wave equation for U... without the correct sym- 
metry properties. For s=1 the schemes are identical. 

Equations (26)—(28) imply certain restrictions on the 
source density. We shall return to this question in 
Sec. VI. 

1 Some special cases of the equations proposed here and of the 
corresponding charge-symmetric equations discussed in Sec. V 
for s=1 were considered in references 4 and 5; their relation to 


the present theory will be discussed in the forthcoming paper on 
singularities of the spin-one field mentioned in the Introduction. 
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IV. EQUATIONS OF MOTION OF SINGULARITIES OF NEUTRAL FIELDS 


In the following we shall assume that the sources introduced in the previous section are singular distributions. 
Then one can obtain the equations of motion of these singularities by requiring, following the method of Dirac,” 
that the laws of conservation of energy-momentum and of angular momentum, valid for free fields, should persist 
in the presence of the singularities.’* This method has been generalized by Bhabha and Harish-Chandra!*"5.* and 
we can apply the procedure used by Harish-Chandra® [assuming the special case of Eqs. (19)-(21)] with only 
minor modifications to determine the equations of motion in the general case. 

We shall first derive the translational equation of motion. According to the method of Dirac we have to 
evaluate the rate of flow of energy-momentum into a four-dimensional volume V enclosing the singularity under 
consideration and set it equal to a perfect differential. 

The energy-momentum tensors (14) and the corresponding angular momentum tensors are formed from the 
total fields. The essential result of the investigations of Bhabha and Harish-Chandra" is that the equations of 
motion are determined not from the full divergence of such a tensor, which is a bilinear expression in the source 
density and the total field, but only from the “‘mixed”’ part of this expression formed from the source density and 
the “modified mean field” U’. We shall discuss this field in Sec. VI; in the derivation of the equations of motion 
we only need the fact that in the neighborhood of a singularity U’’ satisfies the homogeneous equations of Sec. II 
rather than the inhomogeneous ones of Sec. III. 

Thus we have to evaluate [compare Eq. (2.10) of reference 6 | 


as 

= ff er .omveate=— x9 f || rn! 0a aa? ]UNO depgl 9UM -9 bdtye (33) 

2 
V V xX 


where V is a region bounded by a time-like tube Q surrounding the world line of the particle and by two space- 
like surfaces A and B intersecting Q. On Q the source density vanishes; any surface integrals over A and B can 
be ignored, because they were shown" to contribute only perfect differentials to the equations of motion. Therefore 
we can ignore the integrated terms in performing any integration by parts in (33). 

We first note that the term involving 0,0p...y¢°°?U’™@*"*"l") does not contribute, as this becomes by an 
integration by parts — 0“p...yo°°V0,U'@"*l""], which vanishes by Eq. (10). For the remaining terms we get, 
using definitions (6) and (16), { 


— (2y2)! f { (Dap.-.8¢F 2) — Ogp..-a0 2) (A2U! G1)" Blev} — QBU" (a1) **-aor}) 
V 
+ (Bap. -.84 2) — gO"... ®) (B8U" @-2)**"Br — BBY 2)" a9) dy 


ide — 2(2x?)! f {—p...B0% 2 Ue 1) Blov] + 9g F2)A%dgl T!(q—1)***B[ov] _ O"p...pyt-? | ]U! (a2) "Br 
- 
+ dp... ay? 2) 9%0gU" (a-2) "Bry dy, 
which, by Eqs. (9) and (10), equals 


— (2x?) f { p...6 2-2 U! Dor + Qty, @ 2) UJ" (a2) "+9 fy, 
V 


This is of the same form as the original expression, but with g replaced by g—1. This procedure can be continued 
until we obtain 


-f {p...gU! "(or + Bp... ,U" Fda. (34) 
. 
Now we take the source density of the particle under consideration to be of the form 


Puree =D. 8B Gapeee, wreeey (35) 


n=0 


2 P, A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 

13 For a short description of an alternative method, based on the linearized theory of general relativity, see P. Havas, Phys. Rev. 
108, 1351 (1957). A detailed account is in preparation. 

44H. J. Bhabha and Harish-Chandra, Proc. Roy. Soc. (London) A183, 134 (1944). 

18H. J. Bhabha and Harish-Chandra, Proc. Roy. Soc. (London) A185, 250 (1946), and references given in this and the preceding 
reference. 
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where the tensor ©... of rank m+s is the 2-pole density. m is the number of differentiations; clearly ©... can 
always be chosen to be symmetric in the first indices in addition to being symmetric in the last s indices. For a 
point particle we take 


Conf S ef-s, poss (7) (Xo— 0) 5 (41 — 21) 5 (X2— Z2)5(X3—23)d7, (36) 


—e 


where 7 and z,(7) are the proper time and the coordinates of the particle. In the following we denote differentiation 
with respect to 7 by a dot. The 2*-pole moment Saz...,,»... has the same symmetry properties as Gag..., ws... . 
We substitute (35) and (36) into (34) and continue to integrate by parts. Then (34) reduces to 


where 7; and 7 are the proper times at which A and B intersect the world line. For conservation of energy- 
momentum the proper time derivative of this expression has to equal a perfect differential A’. Thus we obtain 
for the translational equation of motion 


orU""r) 


which we can also write 


Aen? (—1)Sp...,..60?"U". 
To obtain the rotational equation of motion we introduce the angular momentum tensors 
My? =%T) — HT rv, 


and define M,,‘?™** in analogy to T,,‘?™™. Then we have 
& >, M 


s—q 
- f amt,,onvae=— 2x) f | ={o Deve aid 
; 


v x’ 


+x,dp)"2U..,/@D 1 dy (39) 


where the subsript minus sign at the end of the bracket denotes that the same terms are to be subtracted with the 
interchange of u and v. As before, we can evaluate the integral by integrations by parts and can ignore the 
integrated terms. For the terms obtained in this manner for which a differentiation is transferred from a p’” to 
a U..,’ we can proceed as before. However, there are additional terms obtained by transfer of a differentiation from 
ap to an x,. Therefore the integral (39) becomes after one application of definitions (6) and (16) to the first 
and last term, and a subsequent integration by parts and use of Eqs. (9) and (10), 


V 


_ 229-4 f (550° U son! HA MU ol de 2-4 (—I,2 pM QU ten! 
Vv , 


+6,8p'e)"299.U...g¢¢9)' YP — 5,0, ¢ 2)**BLOU...py' @ 24-5 FA pF-2)*9,U...g,/(@-®) 


—_ [(s—q)/2x? ]6,*0,9°F PU... «tory O}_d 4x. (40) 


Using Eqs. (7) and (8), the second integral can be reduced to the form 
2(2x’)! “f {90 °U... tun’ M+ [ (S—g)/2x7 JO. PU... ny Jed, 
a 
which by the usual integration by parts of the last term becomes 


2(2x2)-#(s—g+1) f Ap 2)"9U.. uy)", 
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Thus the expression (40) becomes 


— (2y2)2?-@ J {yp -2)*"U 95) teary Dgp 2)" Uy) dx +-2(2y2)!-9($—g-+1) f xp 2)"-9U tuys! Oddy, 
V V 


(41) 
This may be further reduced by an integration by parts. We obtain 


— (2x2)-« f {xp "U... ton)! Fad 9" 9U,,.. CD} dt +2 (2y2)-4(s—g+2) f Ap"... typi! Pde, 
Vv V 


In this expression the second terms is made up of both the reduced second term of (41) (with a factor s—q+1) 
and a contribution from the reduction of the first term of (41) (without such a factor). The resulting expression 
thus maintains the form of (41), with g reduced by one. 

This procedure can be repeated g—3 times without difficulty and thus our integral (39) reduces finally to 


s~f 
-{ (250° U ater! + 50,0" Uae) det —— fp" Ute (42) 
V x Vv 


Now we substitute the expressions (35) and (36) for the source density and continue to integrate by parts. 
Then we get 


s—1 
—ZueOap...U...» | dr+>,(—1)**! —-- 
n x? 


The derivative of this expression has to equal a perfect differential ®,,. However, the resulting equation is 
considerably simplified by subtracting from it the rate of change of orbital angular momentum, i.e., by considering 


By=@w— (d/dr)(2,A,—%A,), (43) 


where A, is determined by Eq. (37) and B,, is an antisymmetric tensor related to the intrinsic angular momentum 
of the particle. Then we get 


Byw=Dn(—1)" [1S yp... °°? (08 UV... tory! — Uv") — Sap . Fa | Poel 
4 (—1) "HC (s—1)/.2]S8 00 9Dag.eaU «tury — (44,—0,4,), (44) 


which can also be written 
Bw=>.(—1)" [nSus 
+> .(- 1)"#1[(s— 1)/x? |S NO aaeccnt lott i (v,A »— vA as (45) 


Therefore both the translational and rotational equation of motion are independent of the choice of q; all s 
distinct energy-momentum tensors (14) lead to the same equations of motion. 

Harish-Chandra’s equations® differ from Eqs. (37) and (44) by the absence of the term proportional to s— 1 and 
of all the terms involving U’. Thus they only contain the “field” U{agj...’" rather than the “potential” U...’ 
and appear to be “gauge invariant,”’ although the field equations do not admit a group of gauge transformations 
if x +0. These equations are a special case of our Eqs. (37) and (44), and follow from them if Harish-Chandra’s 
conditions (20) and (21) rather than the weaker ones (27) and (28) are imposed. Furthermore, if x=0, our Eqs. 
(27) and (28) reduce to Harish-Chandra’s conditions (20) and (21), and thus the equations of motion again reduce to 
the ones obtained by him. In this case the derivation could be greatly simplified because for x=0, as noted by 
Fierz,! only 7,," can be constructed, and thus no reduction is necessary. 
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V. CHARGE-SYMMETRIC FIELDS 


In analogy to the quantum-mechanical charge-sym- 
metric meson theory introduced by Kemmer'® and 
developed by Mller and Rosenfeld" a classical theory 
was developed first for vector meson fields’ and then 
for scalar meson fields.’*° In the following we shall 
generalize the theory to fields of arbitrary integral 
spin. 

The charge-symmetric theory treats all field quan- 
tities as three-component vectors in “charge space.” 
Using the notation of reference 5, we shall write such 
quantities in terms of orthogonal unit vectors a, 8, y as 

U= (U4, U8, Ur)= (QU, t+ BU Bt YU), (46) 
where the y component refers to the neutral field and 
the a and 8 components together describe the charged 
field ; capital Greek letters have been used as subscripts 
to avoid confusion with tensor indices. We shall denote 
scalar and vector products in charge space by - and 4, 
respectively. 

Then we can take as the field equations of the charge- 
symmetric theory the equations of Sec. II, with all the 
field quantities replaced by the corresponding vectors 
in charge space. In all expressions quadratic in the 
fields we have to replace the products by the corre- 
sponding scalar products in charge space. The principal 
new feature is that we can define vectors in four- and 
charge-space, whose y components represent the elec- 
tric charge-current density, by 

Any” = e(2y?)-9U.... © Y AU lor), (47) 
where e is a constant equal to c/h times the charge of 
the corresponding quanta of the fields. From Eq. (47) 
we have 


4, j” = (2x2)! 0,U...6Y a UO ler 


4+ U6 Ad,U@ lor), (48) 


Here the first term in the bracket can be written 
4(0,U....¢-)—0,U...,¢) aU@ to), 


which vanishes by the definition of U™ and the proper- 
ties of a vector product. The second term is seen to 
vanish similarly after use of Eq. (12). 

In the charged theory the y components of all field 
quantities are zero, and thus only the y component of 
Eq. (47) does not vanish. This theory, except for 
notation, is the one originally given by Fierz,! who 


16 N. Kemmer, Proc. Cambridge Phil. Soc. 34, 354 (1938). 

17 C. Moller and L. Rosenfeld, Kgl. Danske Videnskab. Selskab. 
Mat.-fys. Medd. 17, No. 8 (1940), and 20, No. 12 (1943). 

18 P. Havas, Phys. Rev. 91, 997 (1953). 
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also pointed out that all values of g correspond to the 
same total charge.” As the addition of a neutral field 
does not change the y component of (47), this statement 
also holds in the charge-symmetric theory. 

Similarly we can take as the equations of the charge- 
symmetric theory with sources the equations of Sec. ITI 
with the appropriate substitution of vectors and scalar 
products in charge space. Equation (48) now yields, by 
use of Eq. (29), 


1 
a,j" =e(2x)4( gr +— } % 0704p ve) 
x 


AU...@, (49) 
The derivations of Sec. IV are unchanged and we get 
for the translational and rotational equatiens of motion, 
in place of Eqs. (38) and (45), 

oy eee, ( eed 


A,=>,,(—1)"S*# (50) 


and 
B,=Xn(—1)"LnSya 
+Sas.... oui ge UL 


XU... fur)’ — (%Ar—7A,y), (51) 
where S...,... is the vector in charge space corresponding 
to the quantity introduced by Eq. (36). In the charged 
theory only the first two terms of each scalar product 
appear in Eqs. (50) and (51). 

We get a further equation from the requirement of 
conservation of electric charge, as it implies by the 
generalized Dirac method" that the rate of change of 
the integrated y component of (49) must equal a 
perfect differential. We have to consider the integral 


1 
—e(2x'y« f (ert 2. 070.0% ve) 
y  ¥ 


AU.../@ »| d'x, (52) 


which can be evaluated as before. The first term can be 
reduced as in Sec. IV without difficulty. The sum does 
not contribute, as ¢ is an unpaired index taking on all 
the values of the unpaired indices of U...’“~» ; therefore 
an integration by parts involving any term in the sum 
always leads to a term involving 0°U...,/“, which 
vanishes by the vector equivalent of Eq. (10). Therefore 


19 Fierz actually did not include the factor (2x*)!~@ in the 
definition of 7, but stated that all values of g correspond to the 
same charge up to a factor. The correctness of our choice is easily 
verified. 
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(52) reduces to 
-ef ( U...’) nd4x, 
> 


from which we obtain, after introduction of the multi- 
pole moments, 


From the requirement of conservation of charge we 
then get the equation for the variation of the electric 
charge Qr of the particle for both the charged and the 
charge-symmetric theory 

Qr=e > .(—1)"41(S# A Oag...U...’)p. (53) 
No conditions are imposed on the a and 8 components 
of the integral (52) by charge conservation. Never- 
theless, previous treatments of charge-symmetric 
theory®!°!8 have assumed the validity of Eq. (53) for 
all three components. The conditions thus imposed can 
not be maintained if interaction with an electromag- 
netic field is to be included in the theory and appear 
to be too stringent to allow the treatment of such 
processes as charge exchange even without such an 
interaction, as will be discussed elsewhere. 


VI. FIELDS AND PROPERTIES OF THE 
SINGULARITIES 


Until now we have not specified the fields U’ entering 
the equations of motion except for noting that they 
are solutions of the homogeneous field equations. The 
neutral fields have been discussed in detail by Bhabha 
and Harish-Chandra!®:*; the analysis is identical for 
charge-symmetric fields except for replacing all field 
quantities by the corresponding vectors in charge 
space, and we shall therefore, in the following, only 
write down the expressions for the neutral theory. 

The solution of the inhomogeneous generalized wave 
equation (23) depends on the Green’s function used. 
We shall only discuss the case g=0, as the other cases 
follow by differentiation. For the form (35) with (36) 
of the source density, it follows from Bhabha and 
Harish-Chandra’s results that particular solutions are 
given by the retarded potential 


SaBrrsy s+ 1 


Ji(xs) 
re “dr| (54) 


PARTICLES 


and the advanced potential 


a= iusoo| —( ———— 
n K 


1 SaBr+y pees 
+—¥ aa,——— 
x? , 


K 


Here we have used the abbreviations 
s= (s,5")!, x=s,0, 
with 


Su=Xyp—2(7), YW=%, %AM=1, v,=0. (57) 
t, and 7, are the proper times of the “retarded” and 
“advanced” points, respectively, i.e., the points on the 
world line of the particle such that s=0 and s9>0 and 
<0, respectively. J; is the Bessel function of order 1. 

The value of U’ in the equations of motion depends 
on the assumptions made concerning the total potential. 
For the case that it is taken as the sum of the external 
potential .x:// and of the retarded potential of the 
particle itself,” it follows from the work of Bhabha and 


Harish-Chandra that 


UO" =e," +3 (ret — navU"**) 


4 J \(xs) 
=X Gat f Sobre dy 
n _ 


5 


1 - i a a 
+—5 0%, f Se8-r eo ir| (58) 
x —x R) 


We can also put the total potential equal to the external 
one plus half the sum of the retarded and advanced 
potentials of the particle. This differs from the previous 
assumption by }(retl/***—aayl/"""), an expression which 
has been shown to be finite on the world line together 
with all its derivatives,!® and which is a solution of the 
homogeneous generalized wave equation. Then we have 


laa ——_e Sal 


Sie 5X Zz Garo] f A 


—w 


1 vg Ji(xs) 
+— > ara, f PS acl al - ar| (59) 
¥ Ss 


a 


* As discussed in P. Havas, Phys. Rev. 87, 309 (1952), we 
identify the “ingoing field” of Dirac, Bhabha, and Harish- 
Chandra with the external field. 
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Until now we have left the form of the multipole 
moments entirely arbitrary. Now we shall show that 
we can always impose the constraint 


Ve SB (60) 
We write the part of the 2"-pole moment not satis- 
fying condition (60) as 


y*TP""7."**(7), (61) 


and substitute it into the retarded potential (54) 
(without summation over 7). In the resulting expression 
we carry out the differentiation 0. The details of this 
calculation will not be given, as they are the same as 
in Sec. II of reference 10, where a similar proof was 
given for the multipoles of the scalar field. The result 
is that the retarded potential due to the part (61) equals 


['B--+¥,0+° 1 / i eee 
ret °° = Op...9 ( —-- med, 0°, a ) 


K 
'r 
-xf [Br .- 


1 7 7 Ji(xs) 
—--> ara, f Te» u-____dr], (62) 
x —o § 


This is of the form (54) of a retarded potential for a 
2".pole of moment 7'8--’", A similar result holds 
for the advanced potential. Therefore the part of a 
2"-pole moment not satisfying condition (60) acts like 
a 2""-pole and thus can be included in the 2"~!-pole 
moment of the particle; any pure 2"-pole moment has 
to satisfy (60) for its first m indices. No such condition 
is imposed on the remaining s indices. 

Other conditions may be due to the requirement that 
the solutions (54) and (55) of the wave equation (23) 
must also satisfy the remaining field equations. In the 
case of spin one they are satisfied automatically, 
provided x #0: Equation (25) does not exist and Eq. 
(23) follows from the properties of the Green’s function 
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defined by Eq. (32). We have 


°U = 4 f 0°61, )Lpa(a!) +2908 %p9(x?) We 


—" f al + d'e’=4n f Gale --Jdtx! 


4 
ee J G(L!+x*)0"*pa(x’)dtx’ 


x? 


4a 
a f CG 0-pae)ae 
x? 


4a 
=— fe (x— x’) 0'“pa(x’)d*x’ 
x? 


4r 
=—0"%p_(x); 
x’ 
thus no further conditions are imposed. 

In the case of s> 2 there are such conditions, however. 
Instead of discussing them in general, it is more con- 
venient to do this in connection with the conditions 
imposed on B,,. To be able to interpret this quantity 
as an intrinsic angular momentum, it is necessary to 
impose the restriction 


B,yv’=0, (63) 


as was pointed out by Harish-Chandra.** He also 
suggested requiring that the magnitude of the spin 
should remain constant, or 


By» B*=0. (64) 


The consequences of these restrictions have been sum- 
marized in the Introduction and will be discussed in 
detail elsewhere. 

% This is equivalent to the requirement that the singularity 


should be the limiting case of an extended particle with positive 
mass density; see J. Lubanski, Acta Phys. Polon. 6, 356 (1937). 
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Higher order electromagnetic corrections to the electron-proton scattering amplitudes are studied. The 
scattering amplitude is subjected to a dispersion analysis which permits the e* contribution to be written 
as the sum of two terms. The first corresponds to radiative corrections to the form factors, the second to 
virtual photon Compton scattering by the proton. A simple model is constructed for the resonant contribu- 
tion to Compton scattering which is shown to correct the form factor analysis negligibly up to ~1 Bev for 


all scattering angles. 


I. INTRODUCTION 


N this paper we shall discuss the validity of the form 

factor analysis of electron-proton scattering experi- 
ments.! Such analysis is based on the assumption that 
the electron and the proton exchange only one virtual 
photon: higher order electromagnetic effects are 
neglected. 

The e* contributions to the matrix element in electron- 
proton scattering are of course closely connected with 
nucleon Compton scattering. Indeed the electron emits 
a photon which, after having been scattered by the 
proton, is finally reabsorbed by the electron. 

However, not all e* corrections can be summarized 
in virtual Compton scattering as can be seen by Fig. 1. 
Figure 1(a) shows a contribution to virtual Compton 
scattering and 1(b) a radiative correction to the usual 
form factor analysis (of course there are also radiative 
corrections to the electron current as calculated by 
Schwinger’). 

We are primarily interested in showing that all terms 
of type 1(a) which, for real photons, are responsible for 
the large resonance in the proton Compton scattering 
cross section, do not lead to a significant correction to 
the form factor analysis. 

A first evaluation of the e' effects, based on a simple 
model for Compton scattering, has been given earlier.* 
It was found that such effects are small and do not 


6 =‘7—°e—_— G 
\ ‘ 
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\ / ' 
ya te 


Ca) (b) 


Fic. 1. Some diagrams representing fourth order corrections. 


*A portion of this work, carried out at Stanford University, 
was supported by the Office of Naval Research and the U. S. Air 
Force Office of Scientific Research. 

+ Ford Foundation Fellow on leave from Stanford University, 
Stanford, California, summer, 1958. 

¢ On leave from Universita di Torino, Italy. 

1 Hofstadter, Bumiller, and Yearian, Revs. Modern Phys. 30, 
482 (1958); Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 
29, 144 (1957). 

2 J. Schwinger, Phys. Rev. 76, 790 (1949). 

3S. D. Drell and M. Ruderman, Phys. Rev. 106, 561 (1957). 


invalidate the conventional interpretation of the Hof- 
stadter experiments below 500 Mev. 

Here, by means of a more refined calculation, we 
shall confirm the previous results and extend the va- 
lidity of the form factor analysis to ~1 Bev and back- 
ward angle scattering. 


II. REPRESENTATION OF THE ELECTRON-PROTON 
SCATTERING AMPLITUDE 


We want to study the 7-matrix element for electron 
proton scattering using the methods of dispersion the- 
ory. Different representations for such a matrix element 
are obtained depending on whether the reduction for- 
mula is applied (a) to the two electron operators, or 
(b) to one electron operator and one nucleon operator.‘ 

(a) By applying the reduction formula® to the two 
electron operators, one easily finds® 


4 (4warwa2)*( page| T | pg) f a'xaty 5(xo— yo)e*”? * 


X ul (g2){po| {O(y) Wt (x)}4| prdu(que igi-y 
+ f axaty n(xo— yo)e'42 71! (qo) 


X (po| {O(y),O' (x) }4| pidu(que "4, (1) 
where 
O(x)= (ty"d,—m)p(x). 


The equal-time anticommutator can be expressed 
simply in terms of the electromagnetic field A,(«). The 


second term can be transformed first into a time- 


ordered product, and, then to order e‘, the electron 
operators appearing in the O(x) can be replaced by 
incoming free operators and contracted together. 

4S, Mandelstam, Phys. Rev. 112, 1344 (1958). 

5 For example, see Lehmann, Symanzik, and Zimmermann, 
Nuovo cimento 1, 205 (1955). 

6 pp2 are the initial and final proton momenta; q and qo, the 
corresponding electron momenta. ¥, and y, represent the proton 
and electron fields; {a,b},=ab+-ba; we and Ey represent electron 
and proton energies; #=utyo. 
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We thus obtain 


i (4warwa2) "(page| T | pigi)= (2x) *6(pitgi— p2— qe) 


tf arxaty ig2-z 


x)yu(qie*¥ 
X(p2| PLA, (y),A»(x)]| pi). (2) 


X t(g2)ys(q1)(p2!| Ay | pi)—3€ 


X U(g2)¥ Se (y— 


Equation (2) shows clearly the structure of the e? and 
e‘ contributions to the scattering amplitude. The first 
term contains the complete e? amplitude which is usu- 
ally expressed in terms of the form factors for the charge 
and moment distributions; in addition, it contains the 
electromagnetic radiative corrections to the one-photon 
exchange terms as illustrated in Fig. 1(b). The second 
term contains the total contribution of the two-photon 
exchange. It is interesting to remark that while the 
first term is given in terms of the absorption of a virtual 
photon by a nucleon, the second term is described in 
terms of the Compton scattering of a virtual photon 
by a physical nucleon. 

In this paper we are mainly concerned with the 
evaluation of this second term. In order to give a 
precise treatment of this term, one is tempted to subject 
the matrix element 


fst PC4,0),4.(2)]| pre ‘aa-veia-zqixdty (3) 


to a dispersion treatment. However, we feel that such 
a program is still outside the present possibilities of dis- 
persion theory. 

In the next section we shall propose a simple model 
for this term which takes into account the effect of the 
transition to a resonant pion-nucleon state. Before 
entering into such a particular model, we wish to 
explore next the possibility of avoiding working with 
virtual particles as appear in (3) and to try to relate 
our calculation to real photon processes. We turn then 
to contraction (b). 

(b) Applying the reduction formula to the initial 
electron and final nucleon operators, and passing di- 
rectly to the commutator form for the matrix element, 
we obtain’ 


i (4wq1E pe) *( poga| T | piqr) 


= fasay e'P2"=n(x9— yo) ttn! (po) 


X (g2| {Oc(y),On' (m)}4| prdu(qre*@™ 4. (4) 


7 We obtain the anticommutator of the electron and proton 
source functions because we assume anticommutation relations 
between their field amplitudes. Here it is completely irrelevant 
whether we make this, or the opposite assumption of commutation 
between y, and yp, since the Lagrangian is bilinear in electron and 
nucleon amplitudes. Had we assumed commutation relations 
between y, and ¥, a commutator of the source functions would 
appear in (4) and all subsequent results would be unchanged. 
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Equation (4) can be taken as the basis for the con- 
jecture of a dispersion relation for ) in the momentum 
transfer (gi—g2)?=t, where (pi—q2)?=8 is taken as a 
constant. In the Appendix the So whens of reference 
which decouples those two variables is constructed. 
Our resulting dispersion relation is 


(4E paar) (pogo! T | pigi) = (2)*5(pot+ge— pi— qi) 


(a? 8) 1 p2(B°8) 
x{- i ram da’?+-— | ————_———d8 
oo —q:)? rd B— (qi+ pi)? 


where 


(q1t+-pi)?=2(M?+m’) — 3-1, 


and the weight functions are given by 


Aa=—t D (n)94*(G2—Gi— Pn) ut (po) 
X (g2|O.(0) | m){n| On" (0) | pr)u(qi), 


2=—T > n4(Qitpi- P,,)u' (pe) 
X (g2| Ont (0) | m)(n|O.(0) | p1)te(q1). 


To the sum (6a) contribute all states with zero 
nucleon and electron number; to the sum (6b), all 
states with nucleon number 1 and electron number 1. 
Let us analyze in detail such contributions. 

(A) The first terms appearing in Eq. (6a) come from 
photons. The one-photon term is favored by e?= 1/137 
and represents a pure Mdller scattering by a point 
particle. The two-photon terms are related to the 
polarizability effect we are discussing here and 
principle can be computed in terms of nucleon Compton 
scattering by real photons. 

(B) Next in (6a) there are terms corresponding to 
pions, nucleon-antinucleon pairs, etc. These states 
connect to the electron only through exchange of 
photons. Such contributions, particularly the two-pion 
term, can be analyzed in a similar way as Eqs. (4) to 
(6). It can be shown that the one-photon contributions 
correct the pure Mdller term by the form factors. The 
two-photon term corrects the matrix element of (6a) 
by taking into account virtual photon effects in nucleon 
Compton scattering. 

Thus, whereas this second type of application of the 
reduction formula permits us to work directly with 
real photons, it leads us to the complications of these 
strongly coupled states, such as the two-pion term, 
which must be taken into account in order to “dress” 
the proton with its observed physical structure. 

From our discussion it follows that the advantage of 
the dispersion method of giving only real-particle 
scattering is sometimes illusory. Indeed the structure 
of a “dressed” particle (here, a proton), which is probed 
by the virtual intermediate particles (here, photons) 
in a perturbation calculation, is here built up as a result 
of contributions from higher mass configurations. Such 
contributions are not necessarily negligible. 

(C) The first contribution to pe comes from a one- 


(6a) 


(6b) 
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nucleon one-electron state and is given in terms of the 
electron-nucleon scattering matrix. It represents of 
course a rescattering correction which in a simple 
potential theory corresponds to the higher Born 
approximation corrections to first Born approximation. 
Furthermore, we have contributions from eN7z states 
corresponding to electron production of pions. 

The complication of this analysis, together with the 
lack of a complete dispersion treatment of Compton 
scattering even for real photons, forces us to rely on a 
simple model. 


Ill. THE MODEL FOR NUCLEON POLARIZABILITY 
Let us consider the second term of Eq. (2), 
T°! (pogo, piqi) = (2m)45(pot+ge— pi— qiie” 
1 
Xd | M (poke, piki)a(q2)e——— 
e1€2 Q2—Ri—™m 


Xeu(qi)d*k:, (7) 
k2=ki+ pi— pro. 


with 


The matrix element M is given by the virtual Comp- 
ton matrix element multiplied by the propagators 
Dr(k;*)Dr(k2*), where De(k?) =1/k,k*. 

Next we relate the virtual Compton scattering to 
real Compton scattering. Limiting ourselves to the 
terms generated by the magnetic moments, we do this 
by multiplying the matrix elements for the real Comp- 
ton process by the magnetic form factor of the nucleon, 
F,,(k?), where k is the four-momentum transferred by 
the virtual photon to the nucleon.’ The justification 
for this can be found in a relativistic dispersion analysis 
of production of pions by electrons.’ There it was shown 
that the magnetic dipole matrix element for pion pro- 
duction by a virtual photon is equal to the corresponding 
matrix element for a real photon, multiplied by F,,(k?). 

We write then 
(16weiwerlp Ep2) tM 

= Ty Dr (kv) Dr (ko) Fm(h1?) ”), (8) 
where 7,, is the amplitude for real Compton scattering. 


We approximate 7, by the static model, retaining 
only the magnetic dipole terms, 


(go— gn)? 2 2m? 
T y(k2,k1) =e@——— (— :) —T,»,», (9) 
16M? \ke—m2/) def? 


where 7,°,° is the scattering amplitude for 7°+p— 
r+ with initial and final pion momenta e:Xk; and 
e.Xko, respectively; g,—gn=4.7, and f?=0.08. 


8 Precisely F(k?)=(F1(k?)+xpF2(k?) ]/(1+«,) in the notation 
of reference 1. Within experiments F; =F». 
®Fubini, Nambu, and Wataghin, Phys. Rev. 111, 329 (1958). 


wy, Yamaguchi. (unpublished, 1955); Karzas, Watson, and 


Zachariasen, Phys. Rev. 110, 253 (1958). 


743 


We are interested in electron-proton scattering 
through large angles, where the form factor analysis 
(to order e?) leads to a small cross section and the 
correction terms are anticipated to be of the greatest 
relative importance. Therefore we keep only the spin- 
flip terms and obtain in Eq. (9), upon inserting the 
well-known scattering phase shifts, 

” é —z,)? 


T y7(Ro,k )= —o-[ ( e:X ki) X (e2X kp) | 


1 1 
———_-—— —), (10) 


w-wrtiTl wtwRr—-il 


x— 


where w is the common frequency of the scattered 
photons in the center-of-mass system, wr=2.2m,, and 
l'=0.7m,. Of course the first term is the contribution 
from the (33) resonance and the second term preserves 
crossing symmetry." 

Using (8), (9), and (10) we have evaluated the 
integral in (7) for large-angle scattering. The contribu- 
tion due to the interference between 7°! and the 
leading term in Eq. (2) was calculated and it was 
found that the cross section is increased by ~ 1% in the 
energy range ~ Bev. The resonance contribution to the 
radiative correction is thus seen to be no more im- 
portant than other” corrections to the form factor 
analysis which are characterized by the parameter 

= 1/137. 

Two comments are of interest in connection with 
this result. First of all it is insensitive to choice of form 
factors F, since the integral is finite even in the limit 
F,,— 1. Secondly, unlike the situation in the real 
Compton process, the (33) resonance does not play a 
dominant role here. This can be understood from Eq. 
(10) where the matrix element depends strongly on the 
resonance only for w~wr. However, as noted earlier,’ 
the in-phase contribution from the resonance, which 
interferes with the lowest order Born term, is odd about 
the resonance so that the region ww,» is unimportant 
here. 

We do not feel that it is safe to extend our results 
much beyond the Bev energy range in view of the non- 
relativistic treatment of the nucleon in the model 
with which we calculate. 


IV. CONCLUSION 


To conclude, we have shown in this paper that the 
form factor analysis of electron-proton scattering (cor- 
rected of course for the Schwinger radiative correction 
to the electron current) is accurate to ~e?=1/137 for 
all angles and energies into the ~ Bev range. In par- 


1 G. Chew, Encyclopedia of Physics (Springer-Verlag, Berlin (to 
be published) ]. 

2R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 
In this paper the static charge corrections are computed; this 
result holds also for charge-moment cross terms. 
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ticular we have used dispersion theory methods to 
formulate the electron-proton scattering amplitude in a 
manner which allows us to evaluate the e* contribution 
due to Compton scattering of the virtual intermediate 
photons by the proton. In this way we have extended 
an earlier result® and have shown that this Compton 
scattering, which leads to a big resonance in real 
photon-proton scattering, plays a minor role for the 
virtual photons in electron-proton scattering up 
through ~ Bev. 


APPENDIX 


In order to exhibit the dependence of the amplitude 
(1) on the momentum transfer ¢ we pass to a special 
coordinate system, which we shall call the “Breit 
system,” in which one can see explicitly the independent 
variation of the matrix element with respect to § and ¢. 

We define 

r=q tak, 
a=qot+ak, 
K =q2— pi=qi-— p2, 
K?=8, 


It is then easy to verify that 
K-a=K-r=0, 
r=a?=m*—a’s. 


By the “Breit system” we mean that system of co- 
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ordinates in which @ has only a time component and 
therefore K has only space components. 

We rewrite Eq. (4) in terms of these variables by a 
simple shift of coordinate origin, 
—¢ 

—(2mr)5*(pot+ge— pi— 91) 
a1 ope)! 


(poge|T | pigi)= 


x fate e~***n(x)((a—aK)|{O.(1+ax), Ont (ax)},| 
XLe+(1+a)K]). (A1) 


We then consider the matrix element (Al) as a 
function of 
to= (a: r)/(m?—a3)}, 


keeping K® fixed. The whole dependence on such a 
variable is contained in the exponential (since x- K=0). 
The further derivation of a dispersion relation en- 
counters similar difficulties due to the nonphysical 
region as the usual treatment of pion nucleon scattering. 

One extra difficulty found here is that the “Breit 
system” does not always exist. The vector K is space- 
like only for rather large momentum transfers. Indeed 
in terms of the laboratory energy of the incident elec- 
tron, Eo, and the scattering angle, @, 


2Eo 2Eo 
ear —_-— cos(/2) / [1+ sint(/2)] 
M M 


i ve 


and K*<0 only for 2£»cos*(6/2)>M. We do not 
understand the meaning of this limitation but, in any 
case, are interested in scattering conditions which 
satisfy it. 
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The problem of quantizing general relativity using the Schwinger action principle is considered. The 
advantages of this technique are discussed and the general formulation of the action principle using the 
Palatini Lagrangian is given. The difficulty in quantizing general relativity is due to the constraint equations. 
Two types of constraints are distinguished: algebraic constraint equations and differential constraint equa- 
tions. The former may be dealt with trivially in this formalism. The latter arise due to the presence of 
function-type (“gauge”) group invariances. In order to eliminate these variables one must make use of the 
group transformations themselves. Thus in general relativity the transformation from the full set of variables 
to the independent canonical ones is a coordinate transformation. The linearized theory is treated in detail 
from this viewpoint and the full theory is briefly discussed. 


1. INTRODUCTION 


LTHOUGH the general theory of relativity has 

been the subject of considerable investigation and 
application since its conception, it has been treated to a 
large extent in a manner apart from the other field 
theories of physics. The reasons for this lie in two 
fundamental characteristics of the Einstein theory, 
namely, the identification of the field variables of the 
theory with the metric structure of physical space-time 
on the one hand, and the thoroughly nonlinear nature 
of the field equations on the other. Further, the historical 
applications of the theory have tended to stress the 
static solutions rather than the field as a dynamical 
entity. 

Modern techniques for the treatment of classical or 
quantum fields have dealt with them as systems of 
infinitely many degrees of freedom to be investigated by 
Lagrangian or Hamiltonian formalisms. For the simpler 
Lorentz-covariant field theories where either no con- 
straint variables exist or alternatively the constraint 
variables may be eliminated by algebraic manipulation, 
the canonical treatment follows simply that of ordinary 
particle mechanics. In the case of fields such as the 
electromagnetic one where the existence of a gauge 
group implies that constraints exist, which cannot be so 
eliminated, the analysis becomes more complicated. For 
these cases, the problem resides in obtaining an explicit 
determination of the true dynamical field variables from 
among the total number required for relativistic in- 
variance. The identification of these canonical variables 
is most immediate when the field equations are cast in 
first-order Hamiltonian form. It is well known that any 
Lorentz-covariant field of integral as well as _half- 


* The writing of this paper was done while both authors enjoyed 
the hospitality of the working conference on general relativity and 
elementary particles in Switzerland, summer of 1958, sponsored by 
Wright Air Development Command, United States Air Force. 

t Supported in part by a National Science Foundation research 
grant. 

t Now at Physics Department, Brandeis University, Waltham, 
Massachusetts. 


integral spin can be put in such a Kemmer form.! While 
it may seem purely a matter of preference as to whether 
one formulates a set of field equations in first-order or 
second-order form, it is essential, as already mentioned, 
even in the classical theory, to utilize first-order equa- 
tions in order to determine what variables are truly 
canonical. Further, in the quantum theory, it becomes 
even more necessary to make this choice. This fact has 
been stressed by Schwinger® in his formulation of 
quantization which we shall employ here. The advantage 
of doing so resides in the rigid connection this procedure 
establishes between field equations and commutation 
relations among the canonical variables. 

The usual Lagrangian formulation of general rela- 
tivity views the metric tensor, g,,, as the only field 
variable. The conventional Lagrangian is then quadratic 
in the first derivatives of g,,, yielding, upon variation, 
the second-order Einstein field equations. Such a 
Lagrangian leads to difficuliies in the determination of 
the canonical variables for the reasons mentioned above. 
The large amount of nonlinearity of the theory leads to 
a further difficulty at the quantum level in that there 
exists many admissible Hermitian quantum Lagrangians 
which may be formed from the classical one by re- 
arranging the order of the operators. Both these prob- 
lems can be circumvented by making use of the Palatini® 
formulation of the Einstein theory. This technique, by 
making the metric tensor and the affinity, I'*,,, inde- 
pendent field variables reduces the Lagrangian to a 
structure linear in their derivatives. The relation be- 
tween the metric and the affinity now results as an 
extra set of field equations. Thus the Palatini method 
plays the role of the Kemmer formalism for general 


1Q. Klein, Arkiv Mat. Astron. Fysik 25A, No. 15 (1937); N. 
Kemmer, Proc. Roy. Soc. (London) A173, 91 (1939). 
2 J. Schwinger, Phys. Rev. 82, 914 (1951); Phys. Rev. 91, 713 


(1953); and lecture notes, Stanford University, 1957 (un- 
published ). 
3 See, for example, E. Schrédinger, Space-Time Structure (Cam- 


bridge University Press, Cambridge, 1950). 
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relativity and hence is admirably suited for use in the 
Schwinger action principle. 

Returning to the question of finding the correct 
canonical variables, the difficulty of reduction from the 
full number of field quantities (now fifty in number) 
resides in the invariance of the theory under a function 
group. In electrodynamics, this group is the gauge group 
while in general relativity it is, of course, the group of 
general coordinate transformations involving four inde- 
pendent functions. The decrease in the number of 
independent variables is implicitly contained in the 
differential constraints not involving time derivatives 
(thus the equation ¥-E=0 in electrodynamics elimi- 
nates the longitudinal photons). The viewpoint to be 
taken in the present work is that the “gauge” groups 
themselves may be utilized to extract the true canonical 
variables from among the original variables. Thus 
starting from an arbitrary “gauge”’ frame the procedure 
involves making a “gauge” transformation to that 
particular frame in which all variables are canonical. In 
electrodynamics this corresponds to making a trans- 
formation to the radiation gauge, which owes its 
significance to the fact that the Maxwell equations take 
on pure Hamiltonian form. While the dynamical vari- 
ables will have been arrived at by going to a special 
gauge, it should be emphasized that these variables are 
gauge scalars. In the gravitational case, the corre- 
sponding operation is a coordinate transformation to a 
particular frame. These points will be elucidated ex- 
plicitly in the following work. 

In Sec. 2 the action principle formulation for general 
relativity in the Palatini scheme will be discussed. 
Section 3 will be concerned with the linearized gravi- 
tational theory; the analogies to electromagnetism will 
be examined. Section 4 will give a preliminary dis- 
cussion of the full gravitational theory as well as of 
specific differences that may be expected between the 
classical and quantum theory of this field. The detailed 
treatment of the Einstein theory will be given in a 
subsequent paper in collaboration with C. W. Misner. 


2. ACTION PRINCIPLE FOR THE PALATINI 
FORM OF GENERAL RELATIVITY 


The Schwinger action principle’ for relativistic fields 
g 
may be written in the following form‘ 
5(a’o1| b"a2)= i(a'o1| BW 12| 6’), (2.1) 


where the action, Wy, is a four-dimensional integral 
between space-like surfaces o; and o2, 


“1 
Wr f d‘x L(x). (2.2) 
o2 


4 We employ natural units h=c=1. Further we set «=82y/ct=1 
(y is the Newtonian gravitational constant). This sets the scale of 
length. Throughout this paper Greek indices run from 0 to 3, 
Latin indices from 1 to 3, and 2°=¢. A comma in a subscript or the 
symbol @, will denote an ordinary partial derivative, 
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a’ and 0’ represent eigenvalues of two complete sets of 
operators on the respective surfaces o; and o2. The 
Lagrange density, L(x), is to be written in a form linear 
in the derivatives of the field variables. The general 
form assumed is 


L(x) =43[x (x) BYOux (x) — Aux (x) Bx (x) J—H (xa). (2.3) 


In Eq. (2.3), x is a column symbol whose components, 
Xa, are the field variables (in the first-order representa- 
tion), B* are a set of four numerical matrices (unique 
for every field) and H(X,) is a scalar density function of 
the field variables X, (but not of their derivatives). 
Variation of the transformation function on the left 
hand side of Eq. (2.1) consistent with the dynamics 
gives rise in general to two types of terms: first a change 
of the complete set {a} on the surface and second vari- 
ations of the surface corresponding to the space-time 
displacement of the system. Thus 


5(a’o, | b’a) = i(a’oy | G(o3) —G(o2) | b’’a2), (2.4) 
where G(c) is the generator of the two types of variation. 
These are represented in the Hilbert space by infini- 
tesimal unitary transformations. In general, then, 

G(c)=G,(¢)+G.(c), 
where G,(o) generates the changes in the complete set 
on the surface o and G,(o) generates the space-time 


displacements. From Eqs. (2.1) and (2.4) one sees that 
the dynamics of the system is specified by 


(2.5) 


o1 
if L(x)d*x=G(o1)—G(o2). (2.6) 


o2 


The vanishing of the variation of the action in the 
interior region between a2 and «; [ which is contained in 
Eq. (2.6)] gives rise to the Lagrange equations of 
motion. As may be seen from the structure of the 
Lagrange density in Eq. (2.3), these equations are of the 
Kemmer form. Thus the action principle yields three 
results: the Lagrange equations of motion and the two 
generators ; these must be internally consistent with one 
another. From the generator, G,(a), one may define the 
energy-momentum vector of the system, P*, which 
allows one to derive the Heisenberg (commutator) 
equations of motion. One employs the generator G,(c) 
to obtain the canonical commutation relations in such a 
fashion that the Heisenberg and Lagrange equations are 
identical. Thus for any Lagrangian, the Schwinger 
action principle yields a unique set of commutation 
relations whose consistency with the equations of mo- 
tion is a test of the quantizability of the theory. Further, 
it should be stressed that the principle involves only 
quantum operators and does not make use, therefore, of 
the correspondence principle. 

The Palatini Lagrange density in general relativity is 
given by 
L(x) = — 9" Rys=Q""- (Pye, e— 3 (Pp, eT vee, uw) 


—g"’-[ (Tap: Ts) — (T4.6-T*,») ], (2.7) 
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where g”’ is the metric tensor density, I’*,, is the affinity, 
and 

A-B=}(AB+BaA). (2.8) 
In Eq. (2.7) the fundamental field quantities are g“” and 
I'*,,. These quantities are to be varied independently. 
Note that it is the metric tensor density that is the basic 
field variable in contradistinction to the usual treatment 
in which the metric tensor, g,», is taken as primary. The 
symmetrization introduced into L insures its Her- 
miticity. Further, 


Rw= _ T4,,, ot d(T*,0, oF Pt, a 

+1 .5°T*,p—Te5-T*,,, (2.9) 
is still a second-order tensor (the symmetrization does 
not disturb the transformation properties but merely 
guarantees Hermiticity). There exist other possible 
Hermitian quantum generalizations of the classical 
Lagrangian. These, however, cannot be written in the 
form g“’-R,,. In any event, as will be indicated later, all 
these Lagrangians yield the same Lagrange equations of 
motion and the same G,(a) but perhaps different G,(¢). 
Since the Heisenberg equations of motion are obtained 
from G,(c), the question of order of factors is to be 
settled by invoking the consistency between the Heisen- 
berg and the Lagrange equations. 

Addition of a divergence to L(x) allows it to be put 
into the standard form (2.7) where x is a fifty-component 
column symbol, x= (q#’,P'*,.), and H(X,) is the cubic 
structure in Eq. (2.7) (with positive sign). Thus the 
Lagrangian has the form of a usual Lorentz-covariant 
theory with cubic interaction. The numerical matrices 
B* are clearly real and antisymmetric. As has been 
shown by Schwinger,’ fields whose B¥ have the above 
properties, which are Lorentz-covariant, and which 
possess a lowest energy state, obey Bose-Einstein 
statistics. Thus in the present case, the intrinsic field 
variations 6q”” and 6I'*,, commute with all field quanti- 
ties. It is for this reason that the various possible 
symmetrizations of the Lagrangian yield identical 
Lagrange equations and G,(c) since variations of the 
cubic term can produce but one Hermitian quadratic 
structure. 

The equations of motion resulting from L(x) are 


R,,(T',.)=0, (2.10) 


Q*. Gr" at’: I’ patQ’’: T4 .a— qe: rea): (2.1 1) 
The second of these equations yields the usual relation 
between affinity and metric in classical theory. Upon 
substitution of the Christoffel symbol for I'*,, into the 
first equation one then obtains the usual classical 
Einstein field equations. The two sets of equations 
actually obtained correspond to the two sets of Hamilton 
equations in ordinary mechanics and are likewise of first 
order in the time derivatives. 


5 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 44, 223, 617 (1958). 


THEORY OF GRAVITATION 


3. LINEARIZED GRAVITATIONAL THEORY‘* 


As a preliminary to treating the full gravitational 
theory, we consider in this paper the simpler example of 
the linearized theory in which arise many of the con- 
cepts there required. In this section we shall often stress 
the analogy between gravitation theory and the known 
electromagnetic results. The Lagrangian for the line- 
arized theory reduces to 


L(x) = 7" (Ts, 0-3 (Tne, tT 0,2) ] 

—' Tau T%p—TF ag: Tyr |, (3.1) 
where 7’ is the Lorentz metric (and is thus not a 
variable) and y*’ is the first-order deviation of q#” from 
n“”. Equation (3.1) follows directly from Eq. (2.7) by 
expanding Q“” to first order and noting that I'*,, has no 
zeroth-order terms. As may be seen, the linearized 
theory differs from the full theory only in the reduction 
of the cubic H(x) term to a quadratic form corre- 
sponding to the lack of self-interaction of the linearized 
field. In this section raising and lowering of indices will 
be done with the Lorentz metric since this is clearly 
sufficient. The theory admits a group of infinitesimal 
coordinate transformations which we also shall call 
gauge transformations, 


ye > yt are + are — "dak", (3.2) 


Pe,,— T%,»— Opsé%, (3.2b) 
where 0,= 0/dx*, 0*=n“"0,, and 0,,= 0°/dx*dx’. Equa- 
tions (3.2a) and (3.2b) represent the first-order part of 
the general coordinate transformations when the gauge 
functions, &“, are viewed as first-order quantities. Thus 
if #4= «*+ £ is an infinitesimal coordinate transforma- 
tion, then 


OX"/ Ox” =56",+0,E4. (3.3) 
Finally, y“” and T¢,, are second- and third-order tensors, 
respectively, under Lorentz transformations. 

In line with the general theory, the action principle 
yields the equations of motion and the two generating 
functions. These are, respectively, 


Tey ath (Tye, etl ve, s)=0, (3.4a) 


=P Tq HT" pa-+ IT 8e8= 7" 0) (3.4b) 


(3.5) 


G,= fortron, yl", |, 


G,= fo LOS, 


(3.6a) 


6 The linearized theory has been treated independently along 
similar lines by J. Schwinger (private communication to S. D.). 
We should like to thank Professor Schwinger for showing us the 
results of his work. 
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where’ 


T” =n"”"L— Af yor" Hon. oo — YO? Th 0, 2 
—y al Haan? +y 4 Tr | 
~(Elen4 Elen), (3,6b) 


and 


Elesly— 27 lry#l vl’, ety ntl a 


—Sh yg OT, ley“, 8). (3.6c) 


In Eq. (3.6b), the notation “[ ]” in the superscript 
means the antisymmetric part of the tensor and “( )” 
implies the symmetric part. The integrals in Eqs. (3.5) 
and (3.6) on the right-hand side are over space-like 
surfaces which have been chosen to be ‘=constant for 
convenience. 6x, is an arbitrary constant space-time 
translation and rotation. 

These results are analogous to the known ones ob- 
tained in electrodynamics’ when viewed as a first-order 
theory. Here the Lagrangian is given by 

L(x)=}3([A,-0,F”—0,A,-F"" ]4+4F"’F,,, (3.7) 
where F*’= — F’*and A, are to be varied independently. 
One obtains from Eq. (3.7) the following results: 
(3.8a) 


(3.8b) 


oF ,,=0, 


0,A,—0,A,=F yy», 


G, = fer 3 Fo6A “—_ A OF g kl, (3.9) 


(3.10) 


tess f rT”) 8%, 


where (7¥*’)em is the electromagnetic stress-energy 
tensor. The equations of motion can be split into two 
parts, i.e., those involving time derivatives and the 
constraint equations : 


0A 4=Fortd4Ap, 
oF o4= OF jx, 

F x= 0jA4—04A;j, 
dF jo=0. 


(3.11a) 
(3.11b) 
(3.12a) 
(3.12b) 


Equation (3.12a) represents the simple, algebraic type 
of constraint which allows one to eliminate the magnetic 
field in terms of the vector potential. Equation (3.12b) is 
the differential constraint that arises because of gauge 
invariance. For this case the full content of this differ- 
ential equation is, of course, that the electric field is 
transverse. Thus, writing 


A,=A 4.7 +0;,A(x), 0;A .7=0, (3.13) 
where A(x) is arbitrary, one sees that Eqs. (3.11) 

7In deriving the stress-energy tensor of Eqs. (3.6), the sym- 
metrical form of the Lagrangian, Eq. (2.3), was used. 
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decompose into purely Hamiltonian form 
dAT=—E, (3.14a) 
d9E= — VX (V XA’). (3.14b) 


Similarly, it is easy to see that the generating functions 
depend only on A? and E. Thus all physical quantities of 
the theory depend on the two pairs of canonical 
variables A’ and E. The commutation relations between 
the canonical variables now can be obtained easily and 
shown to be consistent with the generators, P,, of space- 
time translations. 
In general the vector potential may be written as 


A,=A,2+0,A(x), (3.15) 


where A,?=(0,A7). Equation (3.15) represents the 
gauge transformation from an arbitrary gauge to the 
radiation gauge. Thus the radiation gauge plays a 
central role in defining the dynamical coordinates (for 
example, the A, in the Lorentz gauge would not be 
canonical variables). On the other hand, it should be 
stressed that A’ is a gauge scalar® and thus the dynami- 
cal Eqs. (3.14) are gauge invariant. 

In the linearized gravitational theory, we again 
decompose the Lagrange Eqs. (3.4) into constraint 
equations and those involving time derivatives. The 
equations relating the affinity and the metric may be 
recast as follows: 


Ooh ¢;= — 2155+ (hos, ;+ho;, 3), 
Ooh* = —5** (hoo, <—T ‘00) +26”T oo, 
Pi p=— 3 (hij, eth, j—Ajn, i); 

TY 9 = 5"*(—hox, +154) +6” Sh00, i, 


(3.16a) 
(3.16b) 
(3.16c) 
(3.16d) 


where h“’= g*’—n*” is the first-order deviation of the 
contravariant metric tensor from its flat-space value. 
Similarly, the field Eqs. (3.4a) become 


a] _— 1 
O01 5= — 30 hi;, cathe, ij 
—hy;. jk—le;, ik— hoo, i], 


(3.17a) 
(3.17b) 


(3.17¢) 


Ise, e— Tee, , =0 
hj;, ig has, jj=0. 


Equations (3.6c, d) represent the algebraic constraints 
analogous to Eq. (3.12a). They have, in fact, been used 
in the foregoing to eliminate T'‘;, and I“; from the other 
equations. Similarly, Eqs. (3.17b, c) are the differential 
constraint equations arising from the gauge invariance 
of the theory. Equations (3.16a) and (3.17a) corre- 
spond to Eqs. (3.11a, b) and will yield the canonical 
equations of motion when the “gauge variables” have 
been separated away. That Eq. (3.16b) is not a true 
equation of motion is already to be expected from the 


5 It is clear that the radiation gauge is not a Lorentz-covariant 
concept and consequently A” is different in different Lorentz 
frames. The A? of two Lorentz frames, however, differ by a 
canonical transformation which is all that is required. 
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fact that no equation canonically conjugate to it is to be 
found in the set (3.17); it will be seen below that this 
equation is merely the defining equation for I“. 

The full content of the constraint equation (3.17b) is 
to restrict T;; to the form 


1 5= (1945)? — 04;¢°(x), 
9:(I%j)77=0, (T%;)77=0, 


(3.18a) 
(3.18b) 


where £(x) is an arbitrary function. Thus, the three 
differential constraints eliminate three components of 
T°;;. Similarly (3.17c) restricts h;; to the form 


his= (hij)? 7 +0 (x) +0 ;€,(x), 
(hi:)7? =0, 0,(h,;)77=0, 


(3.19a) 
(3.19b) 





(To) 9=( (155)? 7; (Tj)? — HE (lees) 7, wt (een)? 7, =— (Cheju) 7, 3} 5 (Tso)? 7= (Tun) 77], 


(hy»)?2= (h;;)?7. 


Substituting Eqs. (3.21) into the generator G, yields 
(upon appropriate integration by parts and neglect of a 
total variation) 


Gy= J dr (hg;)775(1%;3)??. (3.23) 


A lengthier calculation shows that G, also depends only 
on the dynamical variables. The energy-momentum 
vector P* can be formed from Eq. (3.6) by restricting 
6x, to be a translation e,, 


G=¢,P¥. (3.24) 


From the fact that ¢.P°= — «°P® is the generator of time 
translations in the direction ¢’, one can derive the 
Heisenberg equations of motion 


[x?, P?]= idx”, (3.25) 


where 


pr= f rE (1,,)7P(E%,,)77-+4(his)??, 4s)? 2] (3.26) 


and x? is any one of the dynamical variables. Making 
use of the canonical equations of motion, one finds 


[G.P']=i fa o(M45)775 (1, 5)7? 
_ f d'r(T?,,)?78(1%,;)77, (3.27) 


On the other hand, the left-hand side may be viewed as 


generating a change in P® due to G,, 
[G,,P°]=16pP°=iLP°(r??—6F77)— Pr??))}. (3.28) 


The second equality in Eq. (3.28) follows from compari- 
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where &; is an arbitrary vector. Here one component of 
hi; has been eliminated. One may now divide Eqs. 
(3.162) and (3.17a) into their transverse and longi- 


tudinal parts. The transverse parts are the canonical 


equations of motion, 
do(hij)7? = —2(1,;)7?, 


do(I;;) TT = — } (hy;)77, kk- 


(3.20a) 
(3.20b) 


The longitudinal parts plus Eq. (3.16b) allow one to 
write 


r,,= (T,,)?— Out, 


hyy= (lyr)? + OE +9,E,, 


(3.21a) 
(3.21b) 


where 


(3.22a) 
(3.22b) 


son with the right-hand side of Eq. (3.27). From this we 
see that G, is the generator of unitary transformations 
which send (I™,;)77 into (T;;)77—6(I;;)77. This inter- 
pretation arises from the requirement of consistency 
between the Heisenberg (commutator) equations of 
motion and the Hamiltonian ones. From this interpre- 
tation of G, follow the commutation relations. Thus 


L(T°,;) TT Gy] = i5(T;;) ‘,, 





(3.29) 
or 


[1,5 (1) 7? gr(e’)?? = 410 (8461; +8105; 
— 25,16;;)6(r—r’) ]?. (3.30) 

Similarly one may show that all other equal-time 
commutators between the canonical variables vanish. 

Returning to Eq. (3.21), we note that it is just of the 
form of the coordinate transformations (3.2). Thus, as in 
electrodynamics, the separation of the dynamical vari- 
ables from the redundant total number is achieved by 
making a gauge transformation to the correct “radia- 
tion” gauge. Again, the dynamical variables (M™,;)77 
and (h,;)7? are gauge invariant, i.e., scalars under 
infinitesimal coordinate transformations. 


4. GENERAL THEORY 


In this section a preliminary discussion will be given 
of the problem of finding the canonical variables in the 
general theory of relativity and of their quantization. 
As was seen in the previous section, the difficulty in- 
volved in quantizing a theory invariant under a gauge 
type of group stems from the existence of differential 
constraints. The elimination of the variables associated 
with these constraints, however, was performed pre- 
cisely through use of the gauge invariance inherent in 
the theory. For the linear theory, this procedure was 
relatively transparent due to the additive nature of the 
infinitesimal coordinate transformations. For general 
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relativity, the gauge group is the group of arbitrary 
coordinate transformations and is, of course, multi- 
plicative in nature. However, just as in electrodynamics 
where, in the full vector potential, the transverse part (a 
gauge scalar) is isolated, there exists a part of the metric 
tensor which is coordinate invariant. Thus in the tensor 
transformation formula 


0&* agF 
ur(X) ts —p' ap(€), 
Ox" Ox” 


(4.1a) 


Ox* 97E8 
P"* e(Q)+-— ’ 
age 


Ox"x” 


O&" JET Ox 
r,,(x)=— — 
Ox" Ax” OF" 


(4.1b) 


part of the metric tensor changes but certain combina- 
tions of the components of g,, are scalars. That this is 
possible can be seen naively from the fact that the four 
gauge functions, £*, cannot really affect all ten compo- 
nents of the metric tensor when the proper combinations 
are chosen. Hence, the problem of finding the canonical 
variables in general relativity resides in finding the 
coordinate transformation which leads one to the “‘radi- 
ation” gauge where all the variables are dynamical. The 
actual treatment of this program will be given in a 
subsequent paper in collaboration with C. W. Misner. 

The preceding approach tends to treat general rela- 
tivity as a Lorentz-covariant field theory with a gauge 
invariance. The gauge invariance then summarizes the 
geometrical interpretation of relativity. However, since 
this method concentrates on the gauge-independent 
aspects of the theory, the geometry is kept in the back- 
ground in comparison with the Lorentz-covariant fea- 
tures. In a certain respect the Lorentz covariance is not 
merely a formal property but is intrinsically tied to the 
physical interpretation of the theory. For any field, in 
general, an essential requirement for the carrying out of 
quantum measurements is that there exist an apparatus 
that is not unknowably distorted by the field to be 
measured. In the gravitational case, because of the 
universal coupling of the gravitational field to all 
matter and because of the fact that coordinate frames, 
being mathematical constructs, cannot be distinguished 
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physically from each other, one must assume that the 
measuring devices are anchored in a known metric (the 
simplest example being a Lorentz metric). Thus we 
assume that at spatial infinity, where the measuring 
devices are fixed, space is flat. As a further point such 
physically important quantities as the action integral 
and the energy-momentum vector, P“, would not exist 
unless the space became asymptotically flat. 

The action principle furnishes us with a stress-energy 
tensor and therefore with an energy-momentum vector. 
These will depend only upon the dynamical variables. 
In this sense the classical radiation problem becomes 
well-defined as in electromagnetic theory. 

The nonlinear nature of general relativity produces 
effects in the quantum theory that are different from 
those found in other fields. Equation (2.11) gives the 
quantum relation between the affinity and the metric. 
The anticommutator appearing in this equation will 
change the usual relation between affinity and Christoffel 
symbol due to quantum effects. Thus the quantum 
theory will produce fluctuations outside of the classical 
Riemannian space. Similar ordering questions will arise 
in defining the canonical commutation relations. Thus 
one does not expect that correspondence methods of 
quantization would in general produce valid results. 

The applications of the quantum relativity theory 
would be expected to lie in the domain of elementary 
particle theory. In particular, it is to be expected from 
previous considerations’ that the divergence difficulty of 
Lorentz-covariant theories will be ameliorated. Once the 
dynamical variables have been isolated, it should be 
possible to set up a functional integral expression” of the 
theory involving only these variables to investigate such 
questions further. 
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